SOLUTIONS TO CHAPTER 1 



rrublem 1.1 

(a) Since the growth rate of a variable equals the time derivative of ir* log ? as shown by equation (1 . ] 0} in 
cbe itnt, we can wnte 



Zft) din Zft) j h[X(t)Y(t)] 
Z(t) dt dt 



Since the lo£ of the product of two- variables equals the sum of their logs, we have 
^ Z(i) d[lnX(t) + lnY(t)] dlnX<l) dlnY(t) 
u) Z(tj d( dt " dt f 

or simply 

Z(t) _ Xft) YttJ 
Z(t) " Xft) Y(t) 



ft) Again, Slice the growth rate of a variable equate the time derivative nf iu log, we can write 
Zft) din Zft) d ln|X(t)A r (t>) 

' 4) Zft)" dt dt 

Since the log of the rafso of two variables equals the di.rtc:unt£ ici theer logs, we have 
Zft) d[lnX(t)-ln Yft)] d En Xft) din Yft) 

(5) - ’ — 

Zft) dt dt dt 

or simply 

M 

} Zft) "Xft) Y(t) 



fc) We have 

Z(t) din Zft) dlrt[XO) a l 
{ Zft) dt dt 

Using the fact that lit[X(t)“ ] - alnXft), we have 
Zft) d[q]nX(t)! din Xft) Xft) 
(8i Zft)" dt df ” a Xft) ’ 

where we have used the fact that a is a constant. 



Problem 1.2 

(a) Using 'Jr: infannatiOiL provided ui the question, die 
path of the growth rate of X> X(t)/Xtt) s is depicted in 
the figure at rs^ft. 

■. 

From time 0 to time t| p the growth rafts of X is constant 
and equa t to a > 0. At time U , the growth rate of X 
drops to 0 From time t , to time t; a the growth rate of 
X rises gradually from Cl to a Note thart wc have made 
the assumption that fr(t)/X(t) rises at a constant rate 
from tj lo Ij , Fbatly, after timo t z h the growth rale qf 
X is constant and equal to a again 
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0) Note that the slope of EnX(t) plotted a^amst time is 
equal to the growth rate of X(t). Hurt i 3h we know 
jJn X(t) Aft) 
dt " X(t) 

(Sec equation (I 10) in the test,) 

Front time 0 to time ti the slope ofJnXft) equals 
s > 0. The EnXft) Jocus has an inflection point at t L s 
when the growth rate of X(t) changes discontinuously 
from * to 0. Between tj and ta p the slope of IrOtft) 
rises gradually front 0 to s. After time t 3 die slope of 
lnX(i) is constat and equal to a > 0 again. 

P rnhJgrn 1 .3 

fa) The sEopo of the break-even m vestment Ime is 
gsven by (J 1 + g 4 fi) and thus * fall m the rate of 
depreciation, 6, decreases the slope of the break-cvm 
investment line. 

"Hie Actual investment curve, sffk) is unaffected. 

From the figure fit right w? can see that the balanced- 
growth -path level of capital per unit of effective labor 
rises from k* to . 





©) Since the slope of the break-even investment line 
is given by (n 4 g ■+ 6k a rise in the rate of 
technological progress, makes the break-even 
investment line steeper 



The actual investment curve, sffk), is unaffected 

From the figure at right w* can sec that the balauced- 
growth-path level of capital per unrt of effective labor 
falls from k* to 
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(c) The break-even investment line, (n + g + 6)k h is 
unaffected by die nse in capital's share, a.. 

The effect of a change in a on ihc actual investment 
curve, sk' 1 , can be determined by examining the 
derivative c^sk^j/ca It is pa&sib lc id show that 

(1) ^-=sk*lnk 

For 0 ^ a c ] , and for posilive vaEues of k, the sign 
of ^Cfik^ySa it determined by the sign of Ink. For 
Ink > 0, of k > 1, c^k Q /^a > 0 and so the new actual 
investment curve lies above the old one. For 
Ink < 0 or k < 1, isk* 1 /da < 0 and so the new actual investment curve lies below the old one At k = 1 , so 
that hik = 0, tlae new actual investment curve intersects die old one 

In addition, the effect of a rise in ci on k* is ambiguous and depends on the relative magnitudes of s and 
(n + g + Sj. Et is possible to show that a rise in capital's share, r*. will cause k* to rise if s > (n + g + S). 
This is die case depicted in the figure above 



(d) Suppose we modify the intensive form of die 
production function to include a ran -negative 
constant, B, so that the Actual investment curve is 
given by &B f[k), B > 0. 

Then workers everting more effort, so that output psr 
unit of effective labor is higher than before, can be 
modeled as an increase in B. This increase in B 
shifts ihe actual imostaMt curve up 

The break-even investment Sene, {u + g + £)k, is 
unaffected. 



From the figure at rtgfit we can see that the balanced-giuwih^pjstli level «of capital per unit of effective labor 
rises from k* to k^i* 





Problem 1,4 

(§i) At some time, cull jl t^, „ there is a discrete upward jump ua the number of workers. This reduces ihe 
amount of capital per umt of effective labor from k* y> kf^ . We can sk this by simply looking at the 
definition, k = k^AL . An increase in L without a jump in K or A causes k to fall. Since f p <k> > 0, this 
fall in, the amount of capital per unit of effective labor reduces the amount of output per umt of effective 
labor as well. In the figure below, y falls from y* to . 
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(b} Now at this lower Knew , actual 
nn vestment per unit of effective labor 
break-even investment per 
unit of effective tabor That 
) > (£ + SJIgnew . The 
eec^omy is now saving and investing 
more than enough to oflfegt 
depreciation and technological 
progress at ibis lovter khtw . Thus k 
twBina rising back toward k*. As 
capital per unit of effective tabor 
begins rising, so does output per unit 
of effective labor That is, y begins 
rising from y f{EW back toward y*. 



Investment 
v'etf. tab. 




- > = Hk .3 

At + $* 



ksKML 



V S? mv ^lT^ r iSL V 2SS" r,5e ™ £iI lt "“"S"*™* to the carnal level of 

d® r 2 !^n T " n ^ feCtIW ab0F 3 ^ m JUSt 1 * ° ffset progress and 

SSelf d ^ T*"* SLn “ k returns tC JtS flli *“ al vaS " e of k * the ect.no™ 1£4tn returns 

vt ilS" SrDW ^ path ' P* unil rf labor also returns to its ongwaf v*Eu* of 

v rjK | 

Problem 1 .5 

Jjj J* Tf 10 " dCSCrftiag ^ * vd “ t ™ ofthe stock per unit of effective labor is given bv 

(1) k-sf(k)-(n+e-r 5 }li 

Substituting in for the intensive form of the Cobb-Douglas, flkj = k’, yields 
k - sk“ -{n 4 -g+S)k, 

Qn^ie balanced growth pad), k is zero; investment per unit cf effective labor is equal to breakeven 

rfklTS* ^tT* '!?** “ dE ° k rEniatfls CCTutart Noting the baUrwed^owth-path value 
of k as k*. we hare sk* = + g + 6 jk* Rearranging to solve for k» wL 

(2) k*=^Cn4 S+ 6)] W - ft > 

T"fJ, ^^'“^^rovwh-pndivalue of output per unit of effective labor, substitute equal™ (2) into the 
intensive form of the prixJuctioii function.,, y = k i- 

( 3 ) y^^ln+gti)]^, 

Cwtsumplioti per unit of effective labor on the balanced growth path is given by c* = {! - s>y* 

Substituting equation (3) into this expression yields " ’ 

( 4 ) e*»(l-*[tfn+g+£j g * 1 ^ 

dcfinitioii, (he golden-rule level of the capital stock is that level at which consumption par unit of 

T ° *™ thi ‘ K ' 1 ^ “■» «*»«» <«• -u* «j»Z a. b.fe oorf . 

growth-path level of k, and rearrange it to solve for s 

( 5 ) s = (n-v g + 6 )k <l ’“. 

Now substitute equation (5) into equation (4)- 

c’ = [ E - (a + g + 5)k * 1_n J[( tt + g +B)k * / fn + g +6)] MHi) 

After some straightforward algebraic manipulation, this simplifies to 
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( 6 ) c* = k** - {n + g + $)k* 

Equation (6) -can be easily interpreted Consumption per noil of effective labor is cquaE to output per unit 
of effective labor, k* a , less actual investment per unit of effective labor, which on the balanced growth path 
is the same as break-even Investment per unit of effective labor, (n4g + £)k*. 

Mow use equation (6) to maximize c* with respect to k* The first-order condition is given by 
dc */Sk * ^ ak -(n +g +5) = 0, 
or simply 

(7) ak^ l = (m- g + ^) 

Note chat equation (7) is just a specific form off(k*) = (n +g +5), which is the general condition that 
implicitly defines the golden-rule level of capital per unat of effective labor Equation (71 has a graphical 
interpretation - it defines the level of k at which the slope of the intensive form of die production function ls 
equal to die slope of the break-cven investment line. 

Solving equation (7) for the goidm-nile lava] of k yields 

(8) k* GR =[«/<n + E+6)} W ^ } . 

(c) To get die saving rate that will yield die golden-rule level of k a substitute equation fS) into (5) - 

hjft-Oi+S+^Oi + g+B)] 0 ^ 1- ^, 
which simplifies to 

(9) Sot = a 

With a Cobb-Douglas production function, the saving rate required to reach die golden mle is equal to the 
elasticity of output with inspect to capital or capital's share in output (if capital earns its marginal product) 

Problem 1.6 

(a) Smce there is no technological process. we can carry out the entire analysis sn terms of capital and 
output per worker rather than capital and output per unit of effective labor With A constant, they behave 
the same Thus we can define y = Y/L and k ■ K/L. 

Use fall in the population growth rate snakes the 
break-even investment line flatter, In the 
absence of technological progress, the per unit 
Time change in k, capital per worker, is given by 
k = sf(k) - {Si- n}k Sinco k was 0 before the 
decrease in n — the economy was an a balanced 
growth path — the decrease in n causes k to 
become positive. At k*, actual in vestment per 
worker, $fl (k*). now exceeds break-even 
investment pei worker* (n^w + SJk*. Thus k 
mov^s to a new higher balanced growth path 
level. See the figure at right. 

As k rise's, y - output per worker — also rises. 

Since a constant fraction of output is saved, c — 
consumption per worker - n&ss as y rises. This 
is summarized eh die figures below. 
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(bj By definition, output can be written as 
Y = Ly, pius the growth rate of output is 
Yf Y = LJ L + y/y , On the init ial balanced growth 
P^thp V fy ~ 0 - cutpuc per worker is constant - 
so Y/Y ^ L/L = 11. Or. the final balanced growth 
padi, y/y = D agat n - output per worker is 
constajit again ™ and 50 V/Y = 1/L * n^w < n 
In the end, output will be growing at a 
permanently lower rate 




U-liar happens during the transit™ ? Examine the production fiinction Y - F{K h AL). On the initial 
balanced growth path AL, K and thus Y art all growing rale n. Then suddenly At begins jewing at 
some new lower rate n h xw. Thus suddenly Y will be growing at some fate between that of K (which is 
growing at n) and that of AL (which is growing al TbttE„ during the transition, output pows more 

rapLdJy than it will on the new balanced growth path, but [css rapidly than it would have widiout the 
decrease in populate growth As output growth gradually slows down during the transition, 50 does 
capiEal growth until] finally K„ AL, and thus Y are all growing, at the new IpwornwEw. 

Problem I J 

The derivative of y* = flfle*) with respect to n is given by 
(1} oyVch = f 

To _ fi " d tlcV *- U£e thc Iwthe evolution of the capital stock pet dui of effective labor, 

k = sffk) - (n + g + e)k . li, ftJdhion. use the fact that on a balanced growth path,k = D r k=k*and dm* 

sflk ) - {n +■ g + S)k*. Taking tlie derivative of hath sides of this expression wsih respect lo n yields 

* 

sf'Hi*)— =(n +-g + 8)— - + k\ 

™ &n 

and rearranging yields 



dn sf J (k*J-(n-i-g + 6)" 

Substituting equation (2) into equation (1) gives us 
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k * 

sf r (k*) -fn -+g + £)_' 



Rearranging the condition that implicitly defines k*, sft.k*> = (n +■ g + &)k* and solving for s yields 

(4) s^(n + g+ 

Substitute equation (4) into equation (3). 

&y* P(k*)k* 

(5) - J —= — — 

da [(B + e+B)f-[k*)fc*/flk')l-(a+B+a) 

To turn tins into the elasticity that we want, multiply bath sides of equation (5) by n/y 4 : 
ii ay* n f r (k*}k Vf(k # ) 

y * “ (n+fi+5>[f (lc*)k*/f(V)}-! 

Using the definition that (k*) = f '(k*)k*/fft*) gives uc 

«. n *V* " a K< k *> 

y * tn (n+fi+S)L I 



Now, ^ith ax (k - *) = 1/3,. g = 2% and 5 = 3%, we need to calculate the effect on y* of a fall in n from 2% 
to 1%. Using die midpoint of n = D.&I5 to calculate (ho elasticity gives us 
_n_£y^__ 0.0! 5 { m ) 

y* ch __ C0U]5 + 0(E+0.a3)l)-]/3J ;= ~ 012, 

So this 50% drop in the population growth ia(e h from 2% to 1%, will lead to approximately a 6% increase 
sn the level of output per unit of effective labor, suice (-0.50)(-0.12) 0 06. Tins calculation illustrates the 

point that observed differences m population growth rates across countries are not nearly enough to 
account for differences in y that we see. 



Vroblem 1.8 

(a| A permanent increase in the fraction of output that is devoted io investment from 0. 15 to G.iS 
represents a 20% increase in die saving rate. From equation (1.27} in the text, the elasticity of output with 
respect to the saving rale is 

S gy* tt K (k *> 

y* as i-o K (k*)’ 

where ft*) is the share of income paid to capital (assuming that capital is paid its marina! product) 



Substituting (he assumption (hat oct (k 4 ) = 1/3 into equation (1) gives us 
s a K (k*) _ 1/3 _ I 

y + ds " l-a K (k*)~ 1-1/3 2 ' 

Thus (he elasticity -of output wrth respect to (he saving rate is 1/2 So this 20% increase in the saving rate 
“ from s = 0. 15 to s^w = 0 IS - will cause output to rise relative to what it would have been by about 
3 0%. [Note that (he ana lysis has been tarried out in terms of output per unit of effective labor . Since the 
paths of A and L are not affected,. however, if output per unit of effective labui rises by 10%, output dself 
is also 10% higher than what rt would have been.l 



fb) ConsumpttDfi will rise less titan output. Although cutpur wmds up 10% higher than what it would 
have been, (he fact that the saving rate is higher means (hat we are now consuming a smaller fraction of 
output. We can calculate (ho elasticity of consumption with respect to die saving rate On the balanced 
growth palh, consumption is given by 
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0} c* - [1 - tjy* 

1 aking the derivative with respect to s yields 
cte* „ cy* 

To turn this into an elasticity, multiply both sides of equation (3) by s/c*: 
pc * s — y * s dy* s 



as c* ( 1 — sj y 



■+(1“S> 



£$ (l - s)y * ' 



^hefe we have substituted c* = (1 - s)y* on die right-hand side. Simplifying gives ns 

<q ■ 

ih C* (1-J) /Js (l-s)y* 



From pan (a), the second term on the right-hand side of (4), (he elasticity of output with respect to the 
saving rate, equals 1/3. We can use tire midpoint between s - 0. 1 5 and skew = 0. 18 to calculate tire 
elasticity: 

Sc * s -0.165 



ps c* (1-0165) 



+ 03=0.30 



Thus the elasticity of consumption with respect to the saving race is approximately O.3. So this 20% 
utcrease in the saving rate will cause consumption to be approximately 6% above what it would have been 



(V) The immediate effect of the rise ill investmmt as a fraction of output is that consumption falls 
Although y does not jump immediately ~ it Only begins tg move toward its new, higher balanced -growth- 
path level -- wc are now saving a greater fraction, and thus consuming a smaller fraction, of this same y* 

At the moment of the rise in s by 3 percentage points - since c*(I - s)y* and y* is unchanged - c falls. 

Li fact, the percentage change in c will be the percentage change in f] - js) Now, ( l - $) falls from 0 85 to 
0.82 : which is approximately a 3.5% drop. Thus at the moment of the rise in s, consumption fall* bv about 
three and a half percent. 



Vte can use some results from the text on the speed of convergence to determine the length of tune it takes 
for consumption to return to what it would have been without the increase in the saving mte. After the 
initial rise in s, s remains constant throughout. Since c - (1 - s)y, this means that consumption will grow at 
the same rate as y on the way to the new balanced growth path In the text it is shown tf tat the rate of 
convergence of k and y, after a linear approximation, is given by X = (1 ■ ct K Xn + g +5). With fa + g + 6) 
equal to 6% pur year and ti k = 1/3, this yields a value for X *f about 4%. 131]* means that k and y move 
about 4 % of the remaining distance toward their balancod-growth-path values ofk* and y* each year, 

Since c is proportional to >■ ~c = (1 - i)y-- it also approaches its new balanced -growth -path value at dial 
same constant rate . Tliat is, analogous to equation ( 1 ,3 ] ) in the text, we could write 
(5) eft) - c* = a ' «tU)t ^ ^ _ c * j 
or equivalently 
(M e -u s «&Zil 

c(0)-c* 



The term on the right-hand side of equation (6) is the fraction of the distance to the balanced growth path 
that remains to be traveled. 



We know that consumption falls initially by 3.5% and eventually will be 6% higher than it would have 
been. Thus it must change by 9.5% on the way to the balanced growth path. It will therefore be equal to 
what it would have been about 36 8% (15*^ 5% = 36 8%) of the way to the new balanced growth path. 
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Equivalently, this is when die remaining distance to the new balanced growth path is 63 2% of die original 
distance. In order to -detent line toe length of time this will take, wc need to fold a t* that solves 
(7) e ^ - 0.632, 

Taking logs of both sides of equation (7) yields 

-U* = \n{0.6 32 ). 

Rearranging to solve for t gives us 
r = 0 45m<K h 
and thus 

{§) t*= = 31.5 years 

It will Lake a fairly long time — over □ decade — for consumption to return to whut it would, have been in the 
absence of the increase in investment as a fraction of output. 

Problem 1 l9; 

(a) Define the marginal preduct of labor asw = ?F(K, AL)/cL. Then write she production function as 
Y = ALfrk ) = Al.frK/AL), Taking the partial derivative of output wrth respect to L yields 
f n w = W/fiL = ALf ' ft)[-K/AL* ] 4 Am = A[(-K/AL)f 1 ft) +■ flk)] = A[flk) - kf 1 ft)], 
as required 



(b) Define the marginal product of capital as r - [3F(K p AL)fi5K] - £ Agam r writing toe producti-M 
function as Y = ALfft) - ALf[K/AL} and n^ ! taking the partial derivative of output with respect to K 
yields 

(2) r = [dY/dK] - 5 = ALf 1 ft)[L/AL] - 5 - f 1 1 <k) - 5 
Substitute equations (l) and (2) into wL 4- rK: 

wL 4 f K - A[fft) - kf"®] L + [F ft) - fl]K = ALfrk) * f 1 1 (k)[KML]AL + f r ft)K -SK. 
Simplifying gives us 

Q) iyL + rK = .ALf Ik) - f 1 (k)K 4 f ■ ft)K - &K = Alfft) - 3K - ALFfK/AL, 1) - fiK. 

Finally, since F is constant returns to scale, equation 0 ) can be rewritten as 
(4) wL + rK = F(ALK/AL, AL) - &K = F(K, ALj - fiK. 



(C) As shown above, i = f '(k) - $ Since 5 is a constant and since k Ls constant on a balanced growth path, 
so is f Tk) and thus sd is r. In other words, on a balanced growth path, r/r = 0. Thus the Solow model 
does exhibit the property that the return to capital is constant over time, 

Since capital is paid its ma igmai product, the share of output going sc capital is rK/Y. On a balanced 
growth pa to, 

(5) !' tk ~T = f/f + K/K - Y/Y= 0 + (n +g) - (n + B > = 0 
{fK/Y) 

Hsus, on a balanced growth path, die share of output going to capital is constant. Since she shares of 
output going to capstal and labor sum to me, this implies that the share of output going to labor is also 
constant cn the balanced growth path. 



We need to determine the growth rate of the marginal product of labor, w, on a balanced growth path. As 
shown above, w = A[fft) - kf 'ft)J Taking the time derivative of the log of this expression yields she 
growth rate of the marginal product of labor 



w A [f(k) 

(6) — «—+7~ 

w A lf(k) 



- k F '(k )] [ f'(k)k - kF’<lt) - kf'tk)k J 



■kHM] 



= £-•" 



= s + 



-hf *(k)k 

f(k)-kf'Ck) 



f(k)-kfU) 
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On a balanced growth path k = 0 and so w/w = g . That is, on a balanced growth path, the marginal 
product of labor rises at the rate of growth of the effectiveness of tabor 

W A? shown in part (o), the growth rate of the marginal product of labor is 

M w -kf p (k)£ 

(6 ) — = p + . 

w f|k) - kf (k) 

If k < k* P then as k moves toward k*, w/w > g . This is true because the denominator of the second term 
on Ihe right-hand side of equachsi (6) is posrtive because fl[k) is a concave function. The numerator of that 
same term is posrtive because k and k a re positive and f lr (k> is motive. Thus, as k rises toward k\ tine 
rttargtnal product of labor grows faster than on the balanced Growth path. Intuitively, llac marginal product 
of labor fiscs by the rate of growth of the effectiveness of labor on the balanced growth path. As we move 
from k to k*, however, the amount af capital pex umt of effective labor is also rising which also makes 
labor mare productive and this increases the marginal product af tabor even more. 

The growth r^e of the marginal product of capital, r, is 
(7 . r [f f {k)j _ f'QQk 
r f'(k) " f'<k) 

As k rises coward k*, this growth rate is negative since f 1 (k) > 0, f 11 fk} < 0 and k > 0 Thus, as die 
economy mqv« from k to k\ the marginal product of capital falls That is, it grows ar a rate less than on 
the balanced growth path whem its growth rate is 0. 

Problem L1Q 

(a) By definttion a balanced growth path occurs when all the variables of the mode! are growing at 
constant rates. Despite the differences between this model and Use usual Sokrw model, it Turns out that we 
can again show that the economy will convene to a balanced growth path by examining the behavior of k = 

K/AL 



Taking die time derivative of both sides ofthe definition of k t K/AL gives us 

/ __F ■ _ - 1 . T . f _ 



(1) k 



K 

Ul 



K£A_ L)-K[LA-AL] K 
(AL) 1 AL 



JcJla+al 

alL 



AL 



-kf— \ 

AL \L A) 



Substituting the taprtal -accumulation equation, K = [ffF(K ? AL^tfKjK-SK, and the constant growth rates 
of the labor force and technology, l/l = n and A/ A = g , into equation (1 ) yields 
[cy(K t AL).m]K-SK (?F(K,AL) , 

AL (ft+8) a K 



Q) k = i 



- k - 6k - fn + g>k . 



Substituting dTiK'AiyOK = f '(k) into equation (2) gives us k - f (k}k -5k - (n +g)k Or simply 
0) k=[f'(k)-(n^5)]k. 



Cap ital per unrt of effective labor will he constant when k = 0, i .e . when [F ’ (k) * in + g + &)] k = 0. This 
condition holds if k = 0 (a case wc will ignore} Of f 1 (k) - (n - g + fl) = 0. Thus the ba]anced-gfowlh-j>ath 
lovel of the capital stock per unit of effective labor is implicitly defined by f flt*) = (n + g + 6) Since 
capital per unit of effective labor, k = K/AL, is consrant on die balanced growtli path, K must grow at the 
same rate as AL, whidi grow? at rate n +■ g. Sine--? the production function has constant returns to capital 
and effective labor, which bc$h grow at rate n -t- g on the balanced growth path, output must also grow 
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rate rt - g on die balanced growth path. Thus wc have found! a bglanwd yrofwth path where all the 
variables of the model grow at constant rates. 

The next step is to show that the economy actually tenverges to this balanced growth path. At k = k* r 
f 1 (k) = (n + g +5). If k > k*, f 1 Os) < {it +■ g + £). This follows from iho as.siitrrpt.Lari that f n (k) < 0 which 
means that f{k) frills as k rises Thus if k > k*, we have i < 0 so that k will fall toward its balanced- 
growth -path value. If k < k* H f 1 (k) > (n + g + 6) Again, this follows from the assumption tlut f 11 fk) < 0 
which means that f 1 ft) fiats as k falls Thus LFk < It*, we have k > 0 so that k will Fi&e toward its 
balanced -growth -path value. Tims, regardless of the initial value of k (as long as it is not zeroj, die 
economy will converge to a balanced growth path at k\ where all the variables in the model are growing at 
constant rates. 

(b) The golden-mle level of k ■■ the level of k tliat maximizes consumption per unit of effective labor - is 
defined implicitly by f '(k^) = fn. 4-g + 5). Graphically, this occurs when die slope of the production 
function equals the slope of the break-even investment lino Note that this is exactly the Level of k that the 
economy converges to m this model -when? all capital income is saved and all labor income is consumed. 

In this, model, we are saving capital's contribution to output, which is the marginal product of capital times 
the amount of capital. If that contribution exceeds break-even investment, (n +■ g +■ £)k n then h rises. If it h 
less lhaii break-even investment* k falls- Thus k settles down to a point where saving, the marginal product 
of capital times k, equals break -even investment,. (n4gf 6)k. That is, the economy Settles down to a point 
where f 1 (k)k = (n 4 g +■ £jk or eqniva lastly f 1 (k) = (ti + g +■ S). 



Problem I J 1, 

(a) Ths production function with capital-augmenting technological progress is given by 
(l) Y{t) = [ACOK(t)]“Ut) 1 ^. 

Dividing both sides of equation (!) by Aft)®* 1 ' “1.0 yields 
V(t> r A(l)K<t) TT L{t) 



ut) LA(tr ;u ■ LfO J L A(ty 



and simplifying. 
Y(t) 

and thus finally 



A(t) 1-a ^ 1 “ a> K ( t ) 



A(t»- =| 






Ttow, do fining $ = a/(l - a), k<t> = K(t)/A(t)*L(t) and y^tj = Y(t) ; Aft)*L{t.) yields 
(2) y{t) ■ k(t)“. 

In order to analyze the dynamics of k(t), take the lime derivative of both sides of k(t) = 

- Kft)| ^A (t) H A(t>HO+ Ut)A(t J»] 

|A(t)*Ut)| a 
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k(t}i 



Kit) 


K(t) 




A(0*L<t) 


A(t)* L(t) 


- A(t) 



Ml 

L(t> S 



and (hen using k(t) = K(.t)/A(l)*L([), A{t)/A(t) = jt and L(t)/L(t) = n yields 

(3) k(t) =K(t)/A(t) + L(t)-^ + n)k(t). 

The evolution of the total capital stock is given by the usual 

(4) K{0 = sY(t)-5K(c). 

Substituting cquaitictt (4) into (3) gLvcs u% 

k(t> = sY(t)/ Mt)* Mt) - 6K(t)/A(t>+ Mt) - (<M + n)k(i) =sy(t) - t+|i+ n +5)k(t> . 
Finally, using equation [2), y(t> = k(tf l we have 
{5) k(t} = sk(O q -(foi+n+&)k(t). 



Equation (5) is very similar to the basic equation 
fiavminE the dynamics of the Solow model with 
h bor-a ugmentmg technological progress Hers, 
however., we are measuring in units of A(t)*L(t ) 
ra£her thgn in units of effective tabor. A(t)Lft). 

Using the same graphical technique as with the 
basic Solow models we can graph both 
components of k(tj . See the figure at right. 

When actual investment per umt of 
skftT, exceeds break-even investment per unit of 
given by +■ n + Sjkfth fc will rise 
toward k*. When actual investment per unit of 
A(t)*L(t) falls short of break-even investment 
per unit of A{t} p Lft) h k will fall toward k* Ignoring Use case m which die tnitial level, of k Ls zero, the 
« ortomy will converge to a srtuatioai in which k is constant at k* Since y = k" y will also be constant 
when the economy converges to k*. 




Tiie EotaE capital stock, K, can bo written as A*Lk Thus when k ta constant, K will be growing at the 
constant raw of ijjp. + n. Similarly, total output, Y, tan be written as A*Ly. Thus when y is constant, 
output grows at the constant rate of $|a + n as well Since L and A grow at constant rates by assumption,. 
we have found a balanced growth paib where all the variables of the model grow at constant rates. 



{b) The production function is new given by 

f6) 

Define I(t) a J{t)/A(t). The production function can dien be written as 
(7) Y(t) = [A(t)J(0] a L{t) 1 ^. 



Proceed as in part (a). Divide bt*li sides of equation (7) by Ait)^ 1 - a, L(t) and simplify to obtain 



W 



Y(t) 






A ( t J w<} •'* > Kt) LAftj^^noJ 



Now, defining ^ - o/(l - a), jft) = and yft) = YftyAfD^t) yields 

yft) = 
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Tn order to analyze the dynamics of j(t> n take the tune derivative of bsth rides of j(t) = 
, i(t)[A(l>° Lftj] - Till 1 Aft) L(t) + Ut}A(t) i J 

[Aft) + L(t)) 2 

w > = ^ - J(1> [ MK Ml 

A(t) # Lft) _Aft) + Lft). Aft) L(t)J' 
aid then using j(t) = JftJ/Aft^Lft), Aft)/A(t) = g and tft)/Lft) = n yietds 
<I0) jft) = T(t)/A(t)« L(t) - (fei + n)](t). 



The next step is to get an expression tor j ft) Take the time derivative of both sides of Jft) = Jft)/ Aft); 

ift) Af0 J(f) 

Aft) 2 " A ft)' Aft) Aft)' 

Now use Ift) = Jft)/Aft), Aft)/Aft) = jj, and jft)* s Aft)Yft|-5J(t) to obtain 
, sA(t)Yft) 57(t) 7f . 

or simply 

01) jfl)=sY(t)-^ + S)Itt) 

Substitute equation ( 1 1) into equation (IQ). 

JW = sY((]/ A(t)^ L(t) - CM Att’J*' Ut) - + n)](t) - jyft) - [n. -I-&+ p(l ■’"♦)] jft). 

Finally, using equation {% y(t) = j(t) 11 , we have 

(!2) jft) = sj(t}“ - [rt + 6 4 n<| + (())] j(t) . 

Using the same graphical technique as in the basic Solow model, we can graph both ccmpcnenfs of ](t). 



See Ihe figure at right. Ignoring the - . 

possibility Chat the initial value of j is 

zero, the economy wilt converge to a , y 7 

situation where j is constant at j + . y/ 11 1 l ' ^ * 

Since y = j ° h y will also be constant when / — ? 

the economy converges to j *. 

The I eve] of total Output; Y, can be ‘ X^r 

'vritten as A^Ly. Thus when y is X X 

constant, output grows a| the constant rate / X 

of (|jp t n. f X 

By definition, Ja A^Lj. Once the _ _ 

economy converges in tin? situation wliere jk l 3 * 1(0/ A(t) L(t) 

j is constant, J grows at the constant ' 

rate of <|^ + n. Since J * J A ? the effective capital stock, J, grows at rate + n +■ p or n + p{l - Thus 
the Economy does converge to a balanced growth path where all the variables of thus model are growing at 
constant rates. 



j(t) = JtC/ A(t>* L<t) 
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(c) On the balanced growth path, J(t) = 0 and thus from equally (12). 

s j a = |n +8 +■ M-{l ■(■$)] j j l- ° =a/|n h fi -t-jj.<l i $)]„ 

and thus 

( 13 ) ]* = ^( n + 64 pO + i)H ]/(l ' a >. 

LuS e gw^^ l3) 1 " 1 ° eqUatlW ' (9> W get ali eXpre3Sian for Qut V'X P* r «it A(im> on the 

(H) y* = [V(„+S +f i<l+^)]^ 1 ^ 

Tak& [he derived vie of y* wtth respect to s’ 

y _r « | ' o r^HT i -I 

^ Ll"aJ[n + 5 + ^i(L + ^} J [n +6 + ji(l+^) 

mtzssis: ^ m - ,fe ty **• *• «?— ■ f« >• «- «,»«=,, 

»!_L_r..g T » - p<T-«Mr j 1 C s W(l-> 
ft y* L|- B J[n+S+^|+t)j [n + 6 + n(l4 ^>j s j_ n J 

Simplifying yields 



n +6 + n[Ufl} " ir s 1 
y L s _ L n + & + p{ ] -i-^) j 1 



and thus finally 

(]5) *!J- = _S_ 

ft y* I -a 

™ f ^^ rder Tsyt0r appraKjmatlon of f tta bal M «d- e rowth-path value of y - y* wtfl be of 
(16) y*}. 



Taking ih? tstne dcnwitive of both sides of &quation (9) vieLds 

(17) y^'j. 

Substitute equation (12} into equation (IT)- 

y=«r r [sr-(n4-5 +P i(i+^)j|, 

or 

(IS) jr = S^j 2 ^ -1 -aj i fn454^(| +( f,)]. 

Etjuatccn (IS) egresses y in terms of J. We ean express J in term, of y: smce y = J“, wc can w, rte 
j * y ' cy /ffy evaluated at y = y* is given by 

; ^| y=r = l Sa ^ ft “ Df a - ] >-0 J r ] ( n+ 6 +J »<l + «j] 

Now, y f|ia> ” iia simply J , ' 11 since y= J* and thus 

i J.y, = S(2a "' ' WlMlJ " +5 + rt I ++)J - X2* - Of-' - o[n + S 4 M (| + ^)J . 



• - :t 
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* 

\ 



Finally, substitute out for s by rearranging equation (13) to obtain s = j l-C£ [n + & 4- p<l -»-+)] and thus 

y=y* 
or simply 

(\ 9 ) =-(l-a}[ii + G+h(l + »] 

47 r-r* 

Substituting equetson (to) into equation (16) gives the first -order Taylor expansion: 

( 20 ) j=-(i-«>[n+5+^l + it>)] |y-y*J 

Solving this differentia] equation (as in the tort) yields 

<213 y( t)-y* = e Hl ^ [n ^ 1<+!T \m-y*] 

This means that the economy mov^s fraction (1 - a)[n -I- 5 + p(l + t)])] of the remaining distance toward y 1 
cadi year. 

(e) The elasticity of output with respect to s is the satne in this model as m the basic Solow model. The 
speed of convergence is faster in tins mode], in Hie basic Solow model* the rate of convergence is given by 
(i - a)[n + 6 + 11], which is less than the rate of convergence in this model, ( 1 - a)[n +■ ft + ji{1 + $)], since 
^ * a/( 1 - -ft) is positive 




Problem U2 

(a) The gjuwth-accnunting technique of Section 1 .7 yields the following expression for tile growth rate of 



output per person- 
_ Y(t) Ut) 



Ut) til) 



^ r ^ ‘ ■■ T -‘ 

Y{t)~L(t) =aKt LK(t> _ Ut) 






where (t> js the elasticity of output with respect to capital at tune t and Rft) is the Solow residual. 

Now imagine applying this growth -accounting equation to a Solow economy that is on its balanced growth 
path. On the balanced growth path, the growth rates of output per worker and capita? per worker ^re both 
equal to g, the growth jate of A. Thus equation (I) implies that growth accounting would attribute a 
fractal of growth m output per worker to growth in capital per worker. It would attribute (he rest - 
fraction 1 - ~ to technological progress, as this is what would be left in the Solow residual So with our 

usual estimate of « 1/3, growth accounting would attribute about *7% of the growth in output per 
worker to technological progress and about 335^ of the growth in output per worker to growth in capital 
per worker. 



(b) In an accounting Sense, (he result in part (a) would be true, but Ln a deep^f sense it would not: the 
reason that the capital-tabor ratio grows at rate g on the balanced growth path is because the effectiveness 
of labor is growing at rate g That is, (be growth in the effectiveness of labor — (lie growth in A — raises 
output per worker through two channels First* by directly raising output but also by (for a given saving 
rate) increasing the resources devoted to capital accumulation and thereby raising the capital-labor ratio. 
Growth accounting attributes the rise in output per WOfiter through the second channel (o growth in the 
capital-tabor ratio, and not to its underlying source. Thus, although growth accounting is often instructive, 
Lt as not appropriate to interpret it as shedding light on the underlying determinants of growth. 



juiuiilujs [o L.napier i 



Problem 1 .1 t 

«p] M 4 tpr> variat]e q j S ° fa re ® fession 

fl) ln [f v H J-1 h[(y/N) [ 5 J = a + bfn[(v/N) j|m |’ tfi>ilIJt , 

per person viariabirL U SL™j" nM '^ ,a ' 5d ^ ™ A ™ ft the (nje ^observable [870 mj:ome 

Subnku: mg Ration ( 2 ) into (I) ajid ranging yields 

0> 1/111 ^ /N Jl 97^ ] - If V/N) r I70 1 = a ^ b tn[(Y/N> , ^ - C | + b) u ] 

s rr ^ ■<■**5 s“™s sir rf * * 1 

d ’ C “ ptal,toiy variabJe will ji 0 longer be Corre[a[ed 0LS wU “Wawd £*« 

faa, one afthe ™ MUie a prob!em for 0LS estimation and is. in 

convergence If ] (70 income per capital l ^ a bias toward finding 

a Tij^i initial income country growing stowfv SimilarbTlf 71,18 !oo!c s like convergence; 

f™ “ "‘T ** ,‘° ™“ l0,,, ' *■>«■» ™»ou«mm 

“ “rtaaaalr * « 8^ f Cr „ , lven ) S70 £ thef ' T “? 870 “*“• 1 bccm* 

^ranv given 1870 nrcom* is jlJSC „ ^ ''™Y overstay ]979 ilKcme 
average equal to aero) Tims there is no was* fo r this^o s^mT* E™ 0 " 1 * error is on 

Convergence titan there really is in the data * stem Jticaify ea use us to see more or less 

Pfubleiti l td 

equation of motto, fcfSjjJ S* ^Jj a ™ T ** each 8 f0 <™8 at a constant rate. The 
K(t) Y(f) Sr (t) -oK(tJ, implies the growth rate of K is 

fl} ^7 =i ^- 5 

A£ in the mode] in the text Y/K mn« 

the growth rates of Y and K must be *^1°" * “* fofthe gro ' vth raie of K to be constant. That ^ 



y '; ) - K «" 

“.fe^sbd, *. „ f(2) ^ ,«U;“™ s ;;"“ ft,+l " L ' ,)) 



l~a-p- r 



, yields 
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(3) e Y (t) =ag K (t> + Pg R (t) + T j T (t) + (I - a - P- Tjlg A (t) + g L (t}| . 

Substituting in the facts that the growth rates of R., T, and L art at! equal to n and the growth rate of A :s 
equal to £ gives us 

B Y(t)=ag K <t) + pn + TH+<i-a-p->)(ij t-ij). 

Simplifying gives us 

£ Y tt) ="gK (t) + (P + yin +■ (I - a}n - (p + y)n + {l - a p - y)g 

(4) 

-®aKtt>+<l-«)n+(l-a-p-7)g 

Using the fact that gv and £k must bn equal on a balanced growth path Eeaves us with 
Sv = agy + (1 - a>i + (1 ■ ft - P - y)jj, 

<1 -a)g Y = (l -«>n + (l -a-p-y)g, 
and Ulus the growth rate of output on the balanced growth path is given by 
-bn {l-«)rt + (l-a-p-T)B 

(5) Sy ■ 

! - IX 



The growth fate of output per worker on i he balanced growth path is 

,Mp _ _ --b& 

fim -ay £l ■ 

Using equation (5) ajid the fact that L grows at rate n, we can write 
(l-ajn -f (l-a-p -y}g (I -a)n +<l -a-p 

?m = r~ n ~ ~ 

E - X l-a 

And thus finally 

k -&■ 



Equation (6) is identical to equation (1 5 0) in the text. 



: 
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Problem 2,1 

(a)- The firm's problem is toebogsetbe quantities of capital, K„ \ 
minimize costs, wAL + iK, subject to the production fiiaictioru V 
^ = wAL +■ rK + \[r- ALf(K/ AL)] . 

The first -order conditions are by 

— = r - ^ALfCK/ALld/AL)] = 0 => r = 



ALf'(K/ALK-K) / 



«(AL) 

Dividing equation (!) by equation (2) gives us 



™ um, as Shown m part fa), each firm chooses the same value of k arid since 
has the same value of A, we cat) write the total amount produced by the N cost-n 

£Y, =, ZAL s f(lt)= Affh)ZL = ALffk) 

i=t _ i=l ul 1 

where L is (he total amount of labor employed. 

Tlie single finn also has the same value of A and would choose the same value of 
not depend on Y Thus if itused aJJ of the labor employed by the N cost-mini mi a 
firm would produce Y = A l, ftk) This is exactly (lie same amount of Output pn* 
cost-mmunizing firms. 



Problem 2 

(a) The individual's problem is io maximise lifetime utility given by 
Ci !_& 1 rJ-« 

(1) 1 Cl — 

1-0 Up l-f) * 

subject to the lifetime budget constraint given by 

(2) P,C| +PjCi = W, 

where W represents lifetime income. 



Rearrange the budget constraint to solve for C, ■ 
(3) Ci = W/P, . CjP, /P ; . 

Substitute equation fJ) into equation (I); 

( « r-sr ^l’w-c,n;n,r 

i-e i+p t-e 

Now we can salve the unconstrained problem of 
to first period consumption, C , The first -order 
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pHt 

eu/^i = c, ^ +(i/i + pJc 2 -^-p, /p, ) - o 

or simply 

(5) C ] =(l4p)^(P2/P,)' & C i 



Cf B =(!/] + pH P,/P 2 ]C s “ b . 



In gfder to solve for C 2 , substitute equation (3) into equation (5): 



C 2 

of simply 
(6) C 2 = 



=w/p 2 -(up) w (p 2 /p ] } |tl c 2 (p l /p 2 ) 
W/Pn 



I [i+(i+p) 1 ' fl {p 2 yp l J (I ' 9)/s ]=w/p JI 







Finally, To get the optimal choice aFC - ! , substitute equation (d) into equation ( 5 )- 
mr 

(b) From equation (5), Lhe optimaE ratio of first -period to second-period consumption is 

{S) c l /c J =(]+p) l ' ie (p J /p l ) 1 ' 0 . 

Taking die log of both sides of equation (S) yields 

m ln(C] /c 2 ) = ( Vfl) ln(l +■ p) +( l/0)ln(p 2 /P, j . 

The elasticity of substitution between Ci and , defined m suds a way tliat Lt is positive ls given by 

^C,/C 2 ) ( Pg /P, j _ ^ln(c | /c 3 )[ = 1 

5<P2/F|) (c,/c 2 1 cjIMps/pJ] 6' 

where we have used equation (9) to find the derivative Thus higher values of £) imply that the tndivLduaJ is 
less willing to substitute consumption between periods 

Problem 2 J 

(a) We can use analysis similar to the intuitive derivation qfthe Euler equation in Section 2.2 of the test. 
Think of the household's consumption at lwo [namcnis gf time. Specifically, craisider a short (formaLly 
infinitesimal) period of tune At from (4 - £> lo {4 + e). 

Imagine the household reducing consumption per unit of effective labor, c, at [t Q - e) - an instant bdbre the 
confiscation of wealth - by a small {again, bifinrtesimal) auHttmt Ac . It then invests (his additional saving 
and consumes (he proceeds at (to h- e)_ If the household is optimizing, the marginal impact of this change 
on lifetime utility must be aero. 

This experiment would liave- a utility cost of u )Ac. Ordinarily, since the instantaneous rate of return 
i s nft), c at time (t fl + e) could be increased by Ac. But here, half of that increase will be 

confiscated. Thus the utility benefit would ho [l/SJu'fc^ ^ _ Thus for the path of 

consumption to be utility-inaximizing, rt must satisfy 

fl) )4e= ) B I*OHnl“4 Cl 

Rather informally, wo can canoe! the Ac's and allow At -* 0, leaving us with 
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(2) u (c before ^ = 2 U ^ ' 

Thus there will be a discontinuous jump in consumption at the time of (he confiscation of wealth 
Specifically h consumption will jump down. Intuitively, the household^ consumption will be high before u> 
because it will have an incentive not to save so as to avoid the weakh confiscation 

(b^ In this case, from the viewpoint of an individual household* its actions will not affect the amount of 
wealth that ts confiscaned For an individual household, essentially a predetermined amount of wealth will 
be confiscated at time r* and thus the household's optimization jind" 3 e s choice of consumption path would 
take this into account. The household would stilt prefer to smooth consumption over time and there will not 
be a discontinuous jump in consumption at time to 

Problem 2A 

Vifc need to solve the household's problem assuming log utility and in per capita terms rather than in units 
of effective labor. The liouseEtold's problem is to maximise lifetime mi lily subject to the budget constraint. 
That is r its problem is to maxirtuza 

U) u* 1 ■"P'lnCft)— dt, 

t*D n 

subject to 

(2) T c - R < t, C(t)^dt = ^ + J a - R(1> A(t>wm— dt. 

[=0 “ H t= $ H 

Now let W=— lp-+ f e' R(!) A(t)w(t)— ' J tft 
H t=o H 



We can use the inforrtul method, presented in the te\t, for solving this type of problem Set up the 
Lagrangian: 



J- I e 
1=0 



^ In C(t)— ^-d( + JL| 

JH 



W 



1 e - R(1) c 



1=0 



The first -order condition is given by 

cC(t) H H 

Canceling tile L(t)/H yields 

(3) c" pt C(0” < =^ R(t) , 
which implies 

(4) C(E> i c* h+ e Ri '\ 

Substituting this into the budget constraint, equation (2), gives us 

(5) T e -R< l )L-pt r 1 e R(t)|i^; dt = w 

t-Q 1 w 



H 



Since Lit) = e Dl L(Q) r this implies 

[6> x" 1 -^ te- ( ^ n)l dt = W 
H 1=0 

As long as p - n > 0 (which ii must be), thg integral is equal to l/(p - n) and thus X 1 is given by 
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SStstitirting equation (7} into equation (4) yields 

W-S-jp..) . 
ffl:™ Luo>/h J 

consumption is therefore 



E3qto"ttiat C(0) is consumption per person, W is wealth per household and L(0)/H is the number of people 
Fpfcr household. Thus W/JL(0).'H] is wealth per person. This equation says that mhial coaisirniptEisi per 
$ person is a constant fraction of initial wealth per person, and (p - n) can he interpreted as the margina l 
Bpcj^aniity to consume out of wealth With logarithmic utility, this propensity Id consume is independent of 
Stfepafth of the real interest rate Also note that die bigger is the liouachold's discount rate p - the more the 
^household discounts the future — the bigger is die fraction of wealth tliat it initially consumes 



■ Problem IS 

^The household's problem is to maximize lifetime utility subject to the budget constraint That is, its 
problem is to maximize 



Mure W denotes the household's initial wealth plus the present value of its lifetime labor income, t.e. the 
tight-hand side of equation (2.6) in the text. Note that the real interest rate, r„ is assumed to be constant. 

can use the informal method, presented in the text, for solving this t>pc of problem Set up She 

'Lagtangian: 



eDi# first “order condition i& gi^en by 



jPufercmiate both sides of equation (3> with respect la time: 

WS* [-OCtO^ 0-1 C(t)| - pe- pt C(t>- fl 4 rJU- rt = 0. 

^Tlui can be rearranged to obtain 

■W> ^^ e " Ptc < t >"*’F»' P, C(t)" 9 4rJ.fi- rt =0 

substitute the first ^oidcr condition, equation (3) ? into Equation (4): 
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-0— -p^e 11 =0. 

Canceling the Xe -ri absolving fot tine growth rate of con sumption, Cft}/C£iJ t vields 

(5) 

c(o e 

Thus with a constant real interest rate, the growth rate gf consumption Je a constant. If r > p — that is, it 
the rate that the market pays to defer consumption exceeds the household's discount rate — consumption 
wii] he rising over time The value of ft determines the magnitude of consumption growth tf r exceeds p. A 
lower value of 8 - and thus a higher value of the elasticity of substitute 1/0 - means that consumption 
growth will be higher for any given difference between r and p. 

W e now need to solve for the path of C(t). First, note that equation (5) can bo rewritten as 

( 6) *e®.iz£ 

dt a 

Integrate equation (6) fonwa.nl From time t = 0 to time t = t 

]" C(t) - In C(0) - [( r - pj/t) 1 ] 1 , 

which simplifies to 

(7) ]n[C(tJ/C(0)J = [(r - p)/o]t , 

Taking the exponential function of both sides of equation (7) yields 

C(t)/C(0)=el ,r '^^ l p 
and thus 

(.8) C(t} = C(0)J fr_ ^ :B h 



We can now solve for initial consumption, CFO), by using the foot that it must be chosen to satisfy the 
household's budget constraint Substitute equation (8) into equation (2): 

I e- rt C(0)el (r -^ t ^dt = W. 

t=o H 

Using the fact that L(t) = LfOJe 111 yields 

<9) C( y?> = w 

H 1-0 

As long as [p - r +■ ft(r ■ n)]/9 > 0 , we cjin solve the integral 

(ID) T = . 6 

M> p-r+ftfr-n)' 

Substitute equation (Id) into equation (9) and solve for C(0): 

t " ) C!0 »= 



Finally, to gel an expression for consumption at each instant in time, substitute equation (1 1) into equation 

w 



02 ) C(t> = c 



f(p-i) 



L(0)/HL 0 
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(a) The equation. describing the dynamics of the capita] stock per unit of effective Jahar is 
tl) k(t) = ft k(t>J - efr) - Oi - g)k(t.} 

For a given k, die level of c that Bcttp Ilfs k = 0 is given by c m ffk) - (n + g)k Th«s a fall in g makes the 
level of £ consistent with k = 0 higher for a given k That is, tlie k =■ 0 curve shifts up Intuitively, a lower 
g makes break-even investment lower at any given k and thus allows for more resources to be devoted to 
con sumption and still maintain a given k. Since (n + g)k falls proportionately more at higher levels of k r 
the k = 0 curve shifts up mom at higher levels of k. See the figure 



(b) The equation describing the dynamics of consumption per unit of effective labor is given by 



Thus the condition required for c = 0 i$ given by T <k) - p * % After the fall in g, f 1 h (k> must be lower in 
order for c = 0 . Since f " (k) is negative this means that the k needed for £= 0 therefore rises. Thus the 
£ = ft curve shifts to the right. 



(c) At the time of the change in g, the 
value of k, the stock of capital per un it of 
effective labor, h given by die history of 
the economy, and it cannot change 
discoiitiiiLLOusEy, It remains equal to the 
k* on the old balanced growth pads. 



In contrast, t f the rule at which 
households are consuming m units of 
effective labor, can jump at the time of 
[he shock. In order for the economy to 
reach the new balanced growth path, c 
must jump at the instant of the change so 
that the economy is on die new saddle 
path, 



However, we cannot tell whether the new saddle path passes above or below the original point E Thus we 
canncrt tell whether c jumps up or down and in fact, if the new saddle path passe? right through point E, c 
might even remain the same u the instant that g falls Thereafter, c and. k rise gradually to their new 
baJanced-gTOw-th-pafth values; these are higher than their values on the oogingl balanced growth path. 

fd> On a balanced growth path, the fraction of output that is saved and invested is given by 

ffpt*) - c'J^k*). Since: k is constant, or k = 0 on a balanced growth path then, from equation (1), we can 

write f[k*) - c 4 = (n +■ g)k*. Using this, we can rewrite the fraction of output (bat is saved cn a balanced 

growth path as 

(3) s = Itn + g}k+]/lft*) 

Differentiating both sides of equation (3) with respect to g yields 
... ft _ f(k*)[(n+sxai + k *] - (n + % )tfc * f V3 e> 



which simplifies to 
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d & [ftk *)] 1 

Since k* is defined by f \k*} = p + Sg, differentiating both sides of this expression gLves us 
f "(k*)(ek*/t)g) - &. Solving for gives ns 

(6) ck^=e/f K (k*)<0. 

Substituting equation {b) into equation (5) yields 
^ £b ( n -t g)[f (k‘) - k * f(k *)]P + k ♦ )k * rf k * ) 

The first term ui the numerator is positive, whereas the- second is negative and so the sign of £s/t^ is 
ambiguous Thus we cannot tell whether the fa Li in g raises or lowers the saving rate on the new ba Landed 
growth path, 



(el When the production function is Cobb-Douglas, ffk) ■ k* 
Substituting these facts into equation (7) yields 

cs (n +g)[k *“ -k *«k t “ ,_1 ]0-t- k k *«(« - l)k 



winch simplifies to 



which implies 



Troblem 2-7 

The two equations of motion arg 

m f r (k(t))-p-e s 



(a) A rise in 8 or a fall in die elasticity of 
substitution, i.^ : means that households become 
less willing to substitute consumption between 
periods. It also means diat the marginal Utility 
of consumption fails off more rapidly as 
consumption rises . If die economy is growing, 
this tends to make households value present 
consumption mote than future consumption 



The capitat-aceumuEalLosi equation is unaffected 
The condition required for c = 0 is given by 
f 1 (k)=p + flg. Since f“<k) < 0, the f v (k)that 
makes t = 0 is now h Igher . Thus xhg value of k 
that satisfies c - 0 is lower. The b =■ 0 locus 
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shifts to (he left. The economy moves up to point A en the new saddle path; people consume more now 
Movement is then down along the new saddle path until the economy reaches point E '. At that point, 

^nd k* am lower than their original values. 

(b] We can assume that a downward shift of the production function means that for any gtven k r both ftk) 
and f ' fk) are lower than before. 





The condition required for k = 0 is given by c = f(k) - [n rg)Js We tan s*e from the figure on the tight 
that the k - 0 locus will shift down rtve-re ai high&r levels of k Also, since for a given k h f (k) is lower 
now r the golden-rule k will be lower than before. Thus the k - Q locus shifts as depicted in the figure 

The condition required for c = 0 is gEven by f H (k) - p+ . f of a given k ? f 1 (k) Js now tower. Thus we 
need 3 lower k to k\xp f ' fk) the same and satisfy the c = D equation Thus the £ = 0 locus shifts left The 
economy will eventually reach point E " with Lower c* and lower k*. Whether c initially jumps up or down, 
depends upon whether the new saddle path passes above or below point E. 

(c) With a positive rate of depreciation, & > 0 r the new rapital-aecumuLatian equation is 

m itt) = am) - m - fn +$ +*«« 
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The level of saving and investment required just to keep any given k constant is now higher - and thus the 
amount of consumption possible is now lower — chan in the case with no depreciation. Hie lev*] of extra 

investment required is also higher at higher levels of k Thus the k = 0 locus shifts down more at high ei 
levels of k. 



Li addition die teal retmui on capital is now f 1 (k(t)> - $ and so the household's maximization wiii yield 
, -v eft) _ P~^g 



(4) 

m e 

The condition required for £ = 0 is f^k) ■= 5 < p-i-% _ Compared to the case with no deprecaaticn, f r (k> 
must be higher and k lower m order for c = 0. Thus the c = 0 Bogus shifts to the left, The economy will 

wind up at point E with lower levels of c* and k* Again, whether c jumps up or down initially 
depends upon whether the new saddle p aHh parses above or below the original equilibrium point of E. 

Problem 2,7 

With a positive depreciation rat*, 5 > 0, the Euler equation and the capital-accmnnlation equation are .given 

by 



* t(t) 0 



arid (2> tft) = f(k£t)) - c(t> -(n +• g i-fi)k(t) 



We begin by taking first-order Taylor approximations to (J)and ( 2 ) around k = k* and c ■ e* That j 



can write 

cfc 3c 

(3) c = — -[k- k ‘J + ^|c -c +J , 

ot pc 



and ( 4 ) fcAit-kl+Sfc-cl, 

rk dc 

vdrecc at /ck, dc /de F tffe/ck and Si /& are all evaluated at k - k* and c = c* 



Define t - c - c * and k - k - k *. Since c* and k* are constants, -c and k are equivalent to c and k 



respectively We can therefore rewrite (3) and (4) as 
and 



CQ — 

(5) ^-k4-F n 
rk oc 



( 6 ) iAA 

fie Ct 

Lising equations (1) and (2) to compute these derivatives ysqtds 



_ Sc, 
t7} = 
ac| i® 



f '(k*)e ' 

0 



^ ?| = 

*liw 



m*)-8-p-pg 

e 



■Q, 



m 



ik ' 

-£ -flFj-fn+g+S), 

f ' fcgii 



(10) 



Bit 




Substituting equations (7) and (8) into (5) and equations (?) and () 0) into (6) y raids 

<„ } * s l^ t(and 

( 12 ) E=[f'(h')-(n + g+S)]k-c 

= [(fi+p+&g)-(n + g + 5 )] k-c 

= p£-e. 



Tlra second line of equation ( 12 ) uses the fact that ( 1 ) implies that f 1 (k*> - fi +■ p + % Tlie third line uses 
the definition, of {S ■ p - n - -(I - Ojg, 






i 

I 



J 
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Dividing equation (I E) by c and dividing equation (32) by k yields 
arid! 



c f r (k*)c* k 

< l3 > 



k ? 
(H) F = P- f . 
k k 



Note that these are exactly the same as equations (2.31) and (2,32) in the text; adding a positive 
depreciation rate dees not after the expulsions for the growth rates of c and k . Thus equation {2.36), the 
expression for p„ the constant growth rate of both c and k as the economy moves towaid the balanced 
growth path, is still valid. Thus 

B- Jll 2 -4f"(fc*)e */0 

(15) — — — . 

where wc have chosen the negative growth raw £p that c and k are mijvEng toward c* and k*, not away 
from them. 



Now consider the Cobb-Douglas production function, ffk) = k a Thus 

(16) f'(k*)=ak* , *' , *r*+S , and (17) f'(k*) =a(«- l)k *' 

Squaring both sides of equation (16) gives us 

(IS) (r’*4i) I =[l I k* I, *" 2 > 

and so equation (17) can be rewritten as 

(r»4H6) 2 (fit-l) a-l(r*4$) 2 



-1 



(i<?) r{k *}-~ — 

ak* a 



m*) 



In addition, defining s* to be the saving rate on die balanced growth path, we can write the balanccd- 
giowth-path level of consutnptjon as 

(20) c* = (l - s 4 )f(k*). 

SubstrtuLmg equations (19) and (20) into {15) yields 

T5 _ ‘ 

k") 

\ \ d / ItK^P 

PM 

Canceling the f{k*) and Enultjplymg through by th-s minus sign yields 

P 






(21) |i[' 



1 4fl-a^ 2 



On the balanced growth paflh n die condition required far t = 0 it given by r * = p +- 0g and thus 

(22) f*+S = p~Gg + 5 

In addition, actual saving, s*F(]t*}, equals break-even IT1 vestment , (n +■ g + &)k*. and thuJS 

(n + g + 5)k * _ (n4g *flj _ n.( n + g-i-d) 

~~ - 



(23) S*: 



fft*) k**" 1 <r*-h5) 

where we have used equation (16), r* + -5 * ok* 3 ' 1 , From equation {23) ? we can write 

(r 9 f5)-fl(n -i-g + 6) 

(24) (1-s*)^ 

(r*+&) 

Substituting equations (22) and (24) into equation. (21) yields 
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P - JP + ;(p-t-l}g + E)Jp-i-0g -t-S-afn -t-g + fi)] 

{25) = — » " “ 

Equation (25) is analogous to equation (2.3?) in Lite test It expresses the rate of adjustment m terms of the 
underlying parameters of the mode! Keeping the values m the teal - a = 1/3, p - 4%, n = 2%, g = 1% 

and ft 1 "and using 6 ~ 3% yields a value for u s of approximately- $.t%. This is faster convergence 
than the -J.d % obtained with no depreciation 

Problem 2.9 

(a) The real after-tax rate of return on capital is now given by ( t - t)f 1 Thus the household's 

maximization would now yield the following expression describing the dynamics of consumption per unit of 
effective Labor: 

c(t) |(i-i)f'{k<t))-p-egl 

m e ' 

The condition required for c = 0 is given by (] - iff 1 (k) = p +■ ftg. The after-tax rate of return must equal 
p + 9^. Compared to the ca$c without a Lax m capital, f 1 (fc), the pre-tax. rate of return on capital* must be 
higher Md thus k must bn lower in order fer c = 0. Thus the c = 0 tecus shifts to the left. 

Thfl equation describing the dynamics of the capital stock per unit of effective labor is stilt given by 

(2) Mt) = f{k{t»)-c(t)-Cn+g)Ht) 

For a given k, tha le**l of c that implies k = 0 is given by c(t) = flk) - (n + g)k. Since the tax is rebated to 
households in die form of lump-sum transfers, this k^O locus is unaffected, 

(b) At time 0, when the tax is put in place, 
the value of k, the stock of capital per unit 
of effective labor, is given by the history of 
tiie economy, and it cannot change 
di^continuousty. ft remams equal to the k* 
on the old balanced growth path. 

In contrast, c, the rate at which households 
are consuming in unit? of effective Labor* 
can jump at the time the tas is 
introduced. TKes jump in c is not 
inconsistent with (he consumpcJon- 
smflothin^ behavior implied by the 
household's optimization problem smee the 
taz was unexpected and could not be 
prepared for 

In order for the economy to reach the new 
balanced growth path* it should he cfear what must occur. At time 0, c jumps up so that the economy is on 
the new saddle path, h the %u re, the economy jumps from pouiL E to a point such as A Sin w the return 
to saving and accumulating capital l& now lower than before, people switch away from saving and into 
consumption. 
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After tune Q fc the -economy will gradually move down the new saddle path until it eventually reaches the new 
balanced yiowth pith at E S t-iv . 



(t) Ois the new balanced growth path at E NK * , die distoitionaFy tax on investment mcomc has caused the 
economy to have a lower level gf capital per unit of effective labor as well as a lower level of consumption 
per unit of effective labor. 



(d) (l) Fngm the analysis above,, wii know that the hzgjiqr is the tax rg&? on investment income, the lower 
will be the balaiLted-griJwth'path level of k* n all else equal In terms of the above story, the higher is t the 
more that the i = 0 locus shifts to the left and hence the more that k* falls Thus i Wt&t < 0. 



On a balanced growth path, the fraction of output Chat is saved and invested* the saving rate, ls gLven by 
[fOO - c*]/flk*) Since k is constant, or k = 0 ? oji a baEaneed growth path then from 
kft) = f(k(t)) - o(t) <n + g)k{t) wo can write ftk*) gjfc* Using this wq can rewrite the 

fraction of output that is saved on a balanced growth path as 

(3) s = [(n + g)k+m*Y 

Use equation (3) to take (be derivative of the saving rate with respect to the tax rate, r; 
os (n -t gH ffk * ,'dz) f (k* ) - (n ■+ g] k * f r (k * ) (<5k */£t) 



Simplifying yields 

ds [n + &} ifk * (iM-g! 
dz " f(k") &i f(fc + ) 
Recall that k*f 1 = a, 

Since ckVdx < & we can write 
ds (n +g) £k* r . 



* f<k*) Sr L f(fc*) J 

(k*) is capital’s (pre-tax) share in income, which must be less than one. 



Thus the saving rate on the balanced growth path is decreasing in t 



(d) y i) Citizens in Jow-t ? lugh-k*, high-saving countries db not have the incentive to invest in low-saving 
countries. From part (a), the condition required for c = 0 is (i -i)f 1 (|c) = p +■ Og.. Thai is, the after-tax 
rate of rctum must equal p +■ Og, Assuming preferences and technology are die same across countries so 
that p, 0 and g arn the same across countries, the after-tax rate of return will be the same across countries. 
Since the after-tax rat? af return is thus the same in low-saving countries as it is in high-saving countries, 
there is no incentive to shift saving from a high-saving to a low-saving country 



(n + 6) k 




(n +g) f3t * 


f(k-) 


r(ic^> ot 


f(k*) Ftz . 



(*} Should the government subsidize investment instead and fund this with a lump-sum tax 7 This would 
lead to the opposite resutt from above and the economy would have higher c and k on the new balanced 
growth pash. 



■suumunMo LlnaptEr i 




niii ^ 5 ' WjJ no. Tbs origins] market outcOmE is 
already the one that would be chosen by a central 
planner attempt mg to ma xrmLzc the 1 j fetime utility of 
a representative household subject to the caprtal- 
ftccumu latJOn equation [t therefore gives the 
household the highest possible lifetime utility. 

Starting at point E, the implementation of die s ubsidy 
wouTd lead to a short-term drop in consumption at 
point A, but would eventually result in permanently 
higher consumption at point Enew . It w Qu Jd tum out 
um die utility lost ft cm the short-term sacri fice 
would outweigh the utility gained ui th? long-term ^a II 
J in present value terms .. appropriately discounted), 
i the reason dm households do not choose to consume at 
complete description of the welfare implications of this 
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® f™* ** f— ^ “* rebatt "« ^ ^™me to households but instead uses rt to make 
(2 ) fcft>=f(kft))-c(t>-Cft)-(n4-g}fc(t). 

The foot (hat die government is making purchases that do not add to the capital stock - it is assumed i* h - 
government consumption, not government investment - shifts down the k = 0 locus. 




After the unposition of the tan, the c = 0 
locus shifts to the left, just as rt dtd in the 
case in which the government rebated the 
tax to households. In the end, fc* falls to 
h + NF.w j ust as in the case where die 
government rebated die tax. Consumption 
per unit of effective labor on the new 
balanced growth path at E r<EW is lower 
than in the case where the tax is rebated by 
the amount of the government purchases, 
which is tf ' (k)k 

Finally, whether the level of c jumps up or 
down initially depends upon whether the 
new saddle path passes above or below the 
original balanced-growth-path point of E. 
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IJcfcuc the T3* ia put in place, i.e. Lmtil tune t 3 , the equations governing the dynamics of the 
El flCO nomy are 

wfe v f '(k{t)) - a- fls 

Win a ■ *nd (2) k(t) - f(k{t))-c(i) - (n +g)k(t). 



P?'.; The condition required for c 
p- ' affected when the tax [5 put 
ti?" fox, uct spending it. 



. s 0 is given by f 1 (k) = p + 0g. The capital -accumulation equation is not 
in place at time t E since we are assuming that the government is rebating die 



Since the real aftertax rate of return on capital i& now f 1 - t>f ' {k(t)) ? the household's maximization yields 
Uit following growth rate of con sumption - 
c(t) Cl - t ) f J ( k(t» - Os 



The condition required for c - 0 is ndw yivert by (1 - r)F 1 fk) = p + Gg. The- after-tax rate cf return cm 
capital must equal p + Sg. Ill us die pretax fate of return, f 1 (k), must be higher and thus k must be Iowa ■ 
in order for & - 0. Thus time t, , the e = 0 Iceus shifts to the Eeft 



The important point is Chat the dynamics of 
the economy are still governed fry die 
original equations of motion until die tax is 
actually put in place. Between the time of 
the announcement and the time the tax is 
actually put in place, it is the original t =0 
loots that is relevant. 



c = 0 Ibcf-pre time ti| 



When the lax is put in place at time t s , c 

j cannot jump discontinuous ly because 

/ \ h&uselioids know ahead of time that the tax 

/ k = i>\ will he implemented then. A disccutinuous 

/ \ jump in c would bt intcsisistelLt witll the 

/ \ consumption smoothing implied by the 

\ household's intertemporal opthniiaticffi, 

I __ \ The household would not want c to be Eow r 

^ I en-d thus marginal utLlity to be high, a 

- moment before t a knowing that C will jump 

up and be high, and thus marginal utility will be low, a moment after E*. The household would like To 
smooth consumption between the two instants in time 



(d) We know that c cannot jump at time t. We also know that if the economy is to reach die new 
balanced growth path at point E^w „ it must he right cm the new saddle path at Ih* tune that the tax is put 
in place Thus when the tax is announced at time t* r c must jump up to a point sneh as A Point A lies 
between the original balanced growth path at E and the now- saddle path. 
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At A r c se too high to mamlain the capital 
^ock at k* and so k begins Falling . Between 
to and l v , rhe dynamic of the system are still 
governed by the original c = 0 Joeu? The 
economy is thus to the left of the c = 0 locus 
and so conEumptEon begins rising. 

The economy move? off to the northwest 
until at ti , ii is right at pomt B on the new 
saddle pad]. The tax is then put in place and 
the system is governed by the new c 0 
locus Thus c begins failing. The economy 
moves down the new saddJe path, eventually 
reaching poant . 



(e) The story in part (d) impltes the following time paths for consumption per unit of effective labor and 
capitaE per unrt of effective labor 




Problem 1.11 

W The first point is chat consumption cannot jump at time t, . Households know ahead of time that the 
fax will end then and so a discontinuous jump in c would be inconsistent with the consumption-smooth ins 
behav^r implied by the household's intertemporal optimization. Thus, for the economy to return to a 
balanced growth path, we must be somewhere on Uie original saddle path right at time t, . 

Before the tan is put in place - until time t, - and after the tax is removed - after time t, - the equations 
govemmg the dynamics of the economy arc 

, n eft) MkwJ-p-flg . , . 

^ ? eft) 9 ' Md **■(*> = r(*=Ct)) — C (0 - (n 

The condition required for e = d is given by f ' (k) = p + Og. The capital-accumulation equation, and thus 
t 0 locus, is ms affected by the tan. The c = 0 locus is affected, however Between time to and time 
t, , the condition required for c = 0 is that ihe after-tax rate of return on capital equal p + 0g sothat 
\ “ P ' °S between U And t s , f ' <k) must be higher and so k must be lower in order for 

c = 0. That is. between time t } arid toe t E , die t = 0 locus lies to the left of its original position. 
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At time a the fas is put in place At 
paint E, the economy is still, on the 
E ~ ft locus but is now to the right of ihe 
new c=0 locus. Thus if c. did not jump 
up to a point Like A, c wou ld, begin 
falling. The economy would then be 
below the k = 0 locus and so k would 
start rising, The economy would drift 
away from point E in the direction of 
tiie southeast and could not be om the 
□rhinal saddle p^th right at tunc t, . 

Thus at tune % c must jump up so that 
the economy is at a point like A, Thus h 
k and c begin falling Eventual ly the 
tGOfumy crosses die k = C locus and so 
k begins rising. This can be interpreted as households anticipating the removal of die tax on capital and 
thus being willing to accumulate capital again. Point A must be such that given the dynamics of the 
system, the economy is right at a pomi Like B, on Lhe arigcnal saddle patli, at time t, when the tax is 
removed After t 3 , the original c Q locus governs the dynamics pf |ho system again. Thus the OSOrtOrtiy 
moves up (he original saddle path, eventually returning to the original balanced growth path at point E. 

fb} The first point is that consumption cannot jump at cither time ti or time t^ . Households know ahead of 
ti me that the tax will be imp lamented at t L and removed at t? . Thus a discontinuous jump in c at cithcF date 
would: be inconsistent with the consumption -smoothing behavior implied by the household’s intertemporal 
optimization. In order for the economy to return to a balanced growth path, the economy must be 
somewhere on the original saddle path right at time ti 



Before the tax is put in place - until 
time t fc - and after the tax ls removed - 
after lime ti — equations (!) and (2) 
govern (he dynamics of the system. An 
important point is that even during Che 
time between the announcement and the 
imp lamentation of the lax - that is, 
between time to and time t s — the 
original c= Q locus governs the 
dynamics of the system. 

At time E® , the tax is announced 
Consumption must jump up so that the 
economy is at a point like A. At A, die 
economy is still on the c = Cl locus but is 
ahovo the k = 0 locus and so k starts 
Falling The economy is then to the left of die c = ft lotus and so c starts rising. The economy drifts off to 
the north-west, 
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Problem 2,12 

^ith government purchases in die mode], the capita I -accumulation equation is given by 
(1) L(t> = f(.m) - e(t) - Gfl) - (n + g)k<t>, 

whcr<? C(t) repiesmis government purchases in units of effective tabor at time t 

intuitively, since government purchases are assumed to be a perfect substitute for pnvat 

changes in G vvill simply be offset one-for- ” 

one with change in c. Suppose that G(t) is q £ = 0 

initially constant at sc™ level G L . The / 

households maximisation yields / 

_?(*> fik(t))-p-e B / 



Thus the condition for constant 
consumption u still given by f 1 (b) = p + 
Gg. Changes in the level of Gi will affect 
the level of c, but wll not shift the c = 0 
locus. 



S uppose the economy starts on a balanced - f I 

growth p^th at pomt E At some time to , G 

unexpectedly increases to G Fr and 

households know this Ls temporary ; households know that at some future time t-i , 
will return to G L . At time k , the k = 0 locus shifts down; at each level of k, the 
resources leaving less available for consumption. In particular, the k = 0 locus i 
of the increase ui purchases, which h (Oft - Gi ). 



The difference between this case, in which c and G are perfect substitutes, and the case in which G does not 
affect private utility, is that c can jump at time t F when G returns to its original value. In fact, at ti . when 
G jumps down by the amount (Oh - G L >, c must jump up by that exact same amount. If it did not, there 
would be a disconttfiuoiis jump in marginal utility that could not be optimal for households, Thus at t| , c 
must jump up by (G H - G L ) arid this must put the economy somewhere tsi the original saddle path, If it did 
net, the economy would not return to a balanced growth path. What must happen is that at time to , c falls 
by (he amount (G H - Gt ) and the economy jumps to point Eme* . It then stays (here until tune ti . At ti , c 
jumps back up by die amount (Gji - G L > and so the economy jumps back to pomt E and stays there. 
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Why can't c jump down by less (ban (Gu - G L ) *t b "? If it did K the economy would be Above the new t = 0 
locu 5 n k would start falling putting the economy to the Left of the t = 0 locus. Thus c would start rising and 
5 o t he economy would drift off to the northwest. There would he no way far c to^ump up by (G H - G L ) at 
i] and still put die economy on the enigma! saddle path. 

Why can 1 ! c jump down by more that (G H ■ G L . ) at 7 Ef it did,, the economy would be below the new 
i = 0 locus, k would start rising putting the economy to the right of the c - 0 locus Thus c would start 
falling and so the economy would draft off to the southeast Agam, there would be ho way for c to jump up 
by «jh - G l ) at t L and still put the economy on die original saddle path. 

]p. summary, the capital stock and the real interest rate are unaffected by the temporary increase in G. At 
the instant ibat G rises, consumption falls by in equal amount. It remains constant at thai Level while G 
remains high At the instant that G falls to its initial value, consumption jumps back up to its original value 
and stays there 



Problem 2,13 

Equation {2.59) m the text describes the relationship between k, +J and k c in the special case of logarithmic 
utility and Cobb-Douglas production; 



(2.59) k t+L 



i I 

(l + n>(l + g) 2 +p 



(l-CL)k L a , 



(a) A rise in n shifts the k*.. function down. 

From equation (2.59), a higher n means a 
smaller k M for a given k. Since the fraction 
of their labor income that the young save 
does not depend on n, a given amount of 
capital per unit of effective labor and thus 
output per unit of effective lebgr in time t 
yields die same amount of saving in period t 
Tims it yields the same amount of capital art 
period t + 1. However, the number of 
individuals increases more from period t to 
period t ■+ I than it usod to- So that capital is 
spread out among more individuals than it 
would have been in the absence of the 
increase in population growth and thus capital per unit of effective Labor in period t + l is. lower for a given 

fa. 




(b) With the parameter B added to the Cobb-Douglaa production function, flic) = Bk a h equation (2.59) 
becomes 

m fct+i=“ ^ -7r(l-a)Bk t a . 

fl + n)(l -i"|) 2 i-p 

This fall in B causes the k,. j function to shift down See the figure from part (a). A lower B means that a 
given amount of capita I per unit of effective labor in penod t now produces less output per unit of effective 
labor in period t. Since the fraction of their labor income that the young save does not depend on B, this 
leads to less total saving and a lower capital stock per unit of effective labor in period t + I for a given k. 
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(c) We need to fctermme (he effect on k,. n for a given k, . of a change in a. From equation (2 59 ) 
(2J ^t+l 1 ! I fUc 1 



Air 



^ ( 1 +n)(t + g) 2 + pj_ 

We n«d to determine <V /ft*. Define ({a} = k, Q and n « e that bffa) = alnk, Tims 
( 3 ) fJinfla)/cti = Ink, . 

Now note (hat we can write 

5f(a) gf(n) 5lrtf(n) 1 cEnf(a) 

pin f(a)/ftf(a)[ fti 1 



w-1 



da 



fkf. tfln f( a) 

and thus finally 
<3> df{a.)/cKi = ffajlnfc . 

Therefore, we hat* cfc 1 /ft* = Ink, Subsuming this fact into ^uatLCii (2) fields 

<a%* 1 1 - 

or simply 

O) 



0+ii)(i + g )2-f-p^'’ 1C|fft + fI lnk d 

(k t *[(l-a)lnfc,-ljj 



1 



I 



(l+nxi+gji+p 1 

1 > °' ^ :> 1/(1 ; ,“>■ an mcrM * “ « 1 *™ a higher k,., for a given k, and thus 

Wr’l u" P T !! ™* ' '*■ Howevcr for ““ < IAI ■ ^ an mcreasc in « m**, a 

, ’ f0r 3 B 11 ^ k, . Thus the fc,., function shifts down over th.s ranee of k, > s fmally, neht at 
l 1 ■'( I ct), Che old and new ktn functions intersect. 

Problem 2A4 

(a) We need to f«d an expression for k, t as a foncucn of k, Next period's capita] stock is equal this 

P * "J Mp j (Ai *“*- P |lls ^ 11 vestment done (his period, less any depreciation that occurs Thus 
1 1) Ki+i ■ K| SV( - SKj . 

To convert this mto units of effective labor, divide both sides of equation (I) by A,-,L,.i 
-b+i_,MI-S?+sY, Krd-QtaY, Ml-g+rfft,) 



A,.r L, 



t+E 



G) It 



i+] 



A t+j L M 0 +n)(! +-S)A [ L 1 (l+nXI + e) 






1-6 1 


Lr , 


5 


L(l + nKl + i)J 


N +■ 


[( 1 +nXl+B). 



(b| We need to sketch km as a function of 
Nets that 

r 



ck 



t+1 



l-S 



(l+n)(|4g) 
and using the Inada conditions 
lim 

Jt-eO 5ki 



flt-nXl4-g)J fr(kl) >0 - “ d 



e 2 k, +l 



tf*(M 

5 k t 1 (1 + n)(li-g) 



<0, 



■ = oo 



Lim 

t -iK 



5k 



t+i 



1-S 



-<i. 



r ' - r, -‘ ~~T ^k( (l + fl)(L + g) 

^wl!! n * tWitUa,ly ^ sloi>c Jesi ^ 3[1 alc arid wil1 flwmfbre crass the 45 degree line at some 

point. Also, the function i; weJJ -behaved and will crass the 45 degree line mJv once. 
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As lottfi as k starts out at some value other than 0, the 
economy wii L converge to k * For example, if k sta rts 
out below k* r we see that k r +L will bo greater than k« 
and. the economy will move toward k* Similarly, If k 
starts out above k* p we see that k*. 3 will be below ki 
and a^iin the economy will mova toward k* Ae k*, y* 
= ffk*) is also constant and we have a balanced growth 
path 



(c) On a balanced gro^^rth path, k, +] = k, - k* and thus from equation (2) 



L{1 + tt)(!+g> j L (1 -»- n)(1 n- s>J 
which simplifies to 

1 I 4 n 1+5 ; & 

k 1 - 5 - = f(k*). 

L (1 + nKl + ft) J L<lH-n)(l + e>J 

Thus on a balanced growth path 
< 3 ) k*(n + 8 +n B + S) = s«fc*|. 

Rearranging equation (3) to get an expression tor s cm the balanced growth path yields 

(4) s = (n -i- g +■ ng 4 5)k*/ftk*) 

Totisurt^tjon per unit of effective labor on the balanced growth path is giv^n by 

(5) -sjffct). 

Substitute equation (4) into equation (5) 

e ,_ j (n +g + n6 + 6>k’ l . r f(k*J-l{*(n*B + ni^6) f 

L “ f<k’) J L f(kv J 

Canceling the t(k*) fields 

(6) C*=f*k*)-{ll4g + tlg4&)k*. 



To get an. expression fbr the f 1 (tc*) that maximizes consumption per unit of effective Labor on the balanced 
growth path, we need to maximize c* with respect to k*. The fif£t^>rder condition 15 given by 
dz*fd k * = f r (k*) - (n 4g 4 ng 4fl> ^ 0, 

TIills xho gulden-rule capital stock is defined implicitly by 
{?) f'<kt* ) (q-i- g -H ng - 1 - 6). 



(d) (i) Substitute 3 Cobb-Douglas production function, ) = k, a , into equation (2>. 



k, - k* Thus from equation ( 8 ): 



L(H-n)(l+l) 
Simpijfymg yields 



{l+n)Cl+e) 




^UItTT]M5£oOl l ipi er 2 



fc+nxi+a^fl.ju l r 

(■ Cl + nXl + g) - 

id riiMP ' 



1- J mtf 

“d thus finely 
^ ^* = fs/lfa + s + ng + S)J r f‘^J 

( d J (i»i| Using equation (8): 

JJ. } 



H + *)<1 7$ } k *“ =* ^ * s/fn + s + ng + 6j 



(10) 



fotjj 

<fk ( 



] -5 



: 2= — . 

1 k,*** < ]+I 0fl+g) + (I + nxTig) k 
SlitistHipring the baianctd-gnowth-path value otk* - 
^*£l| 1-6 „ t r , 

*■ L'S^riu^ 4 *^] 

*-<■*«>■ -■(.-«■ 

1 'kj-l* (1 +a)(| +g) 1 

SstnpJj lying fujtJ] er yj C j(j t 

<i ij ^±J t ti-axi-ai 
£tf<t lfc r =j£-* O + tlJfl+g)' 

Replacing equation (8) by it j ~r ., 

w « ™ + »w *s J(v“kT "* l ’ t ““ abre “ 

^^iSr^rr K,+e,i ^- k 'i 

E? ' r ? - 

3 ‘ *■ *■ •" *• - - 

Pr&Mem Zjj 

1" 



(1) Li,-- 1 " 1,1 j ^2,r+i 

.. ]-e i+<s 

subject to die budget constraint 

(2) C, ( + - — l — _r . 

^2M] = A,w r 



J+rt-,] - 

As in the text, with no depreciate »h* t, ^ , . 

0) sfr \ J ac J cn of income saved, s(r M }- fj.r >* 

w s(r, +] >= <_ > M / — ( J -L, if JA,w, , ;s g, vn , b 

J+fl + p) W (Uf t+J ‘«- 1Uft ■ 
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Ttus the way in which the fraction of Lncatne saved depots on the real interest rate, r v , , is unchanged. 

■rtw only difference is Chat the real interest rate itself is now f ’ {ki.i ) - &, rather than just f ’ (ki*i ) 

The capital stock in penod t + 1 equals the amount saved by young individuals in period t. Thus 

where' Si is the amount of saving done by a young person in penod t Note that 5, = sfa*i )A,w, , the 
amount of saving done is equal to the fraction of income saved times the amount of income. Thus equation 
(4J can be rewritten as 

(5) K^, - Us(r t *[ jAfWi . 

To get this into units of time t + 1 effective labor, divide both sides of equation (5) by iW*m ■ 

(6) a Ki l s T At L 

*i-+)k|+l rt L+tH+l . . _ 

Since V, = (I 4 g)A, , w? havt A, /A,* L = 1/(1 + g>. Sundariy, U fL M = 1/(1 +■ n). In addition, 

K rl /A ti |L 1 -]=^P- thus 

Finally,, substiftite for r M i = f ' Ovi ) ■ & and Wi = f(k, J - k,f 1 fk, ) 

(V k« = 

This should he compared with equation {2.5 B) in the text, the analogous expression with no depreciation, 
which is 

k - - tk<)1 

Thus adding depreciation does alter the relationship between k*n and k t , Whether k,. , will be higher ot 
lower for a given k, -depends on the way in which saving varies with fm . 

<b) With logarithmic utility, the fraction of income saved does not depend upon the rate of return on saving 
and in fact 

(9) s(r M )“ 1/(2 + p). H 

In addition, with Cobb-Douglas production, y t = \C, the real wage is w, » k," - - (1 - alk . Thus 

equation (8) becomes 

(IQ) ki-i = — (l-&)k t w j. 

1+1 (l + n)(l + B)L2 + p J 

We need to compare this with equation (2) in the solution to Problem 2 H. die analogous expression tn the 
discrete-time Sdow model, vp/Ox ihfi additions! sssumpuon of \QV&* depreciation {ie. & 31 1). 



The saving rate in this economy is total saving divided by total output Note that this ls not the same as 
s(r 1+1 } a which is simply the fraction of their Jabor income that the young save Denote the «o»omy s total 
saving jate as i . Then 5 will equal the saving of the young p lus the dissaving of the dd h all divided by 
total output and in addition, all variable? are measured in units of effective labor, 

Th e saving of the young is f 1/(2 + p)] (1 - flOfc,* . Since there is 100% depreciation, the old do not get to 
dissave by the amount of the cap ita I stock, there l& no dissaving by the old. Thus 
._ [Vt2 + p))(i-a)k, g 1 (1 ^ 



Thus equation (IQ) can be rewritten as 



M ■ 
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H ) k !+] - "5k l ct ■=. — — — m 

a+nKl+gJ L(l+n)(L+g)J 



model wjth C = 1 T^lt “ * fi “ ,cticn offr ‘ U1 ^e cfistret e-rime Soiow 

ttiu* chat version of the Soiow model dS 1 *" 11,8 "*?? t<? f robtem Z M WIth * =« ^ on* 

°f depreciation is quite unrealistic. roeeanoniLc bundatrons, tithough die assumption 

Frnbffrti 2-Tfi 

(aj (i) The uLilbty function is given by 
f,) bc M + Ml + p)]jnC 5t+1 . 

w Ht 4 s i - Awj - T, and 
(3J c 2,r+l =(l + r [+i )S, -t-O+nJT, 

of return on social security f 7? ** individuaJ ,s concerned, the rate 

(4 ) s t =-^!±UJl±5L T 

i4, i+i fl + rt+j) 

Now substitute equation (4) into equation (2): 

1 r,+1 0 + r r+|J 

Rearranging^ we get the intertemporal budget constraint: 

W) -< r *H- a >: t 

1+r <+l <l+r JtJ ) 

Safa - * *• i “ li ’ ia “ i *“ “ ! “™ »— II + PVO . ptrfhcr HWn, 



-- fT-lWbfc. ■ llUL' 

< S > Cu-lr^l Aw ( -'^iI|T 

K2 + p J[ ll + r M J‘ 



To solve for sa ving per person, substitute equation (6) into equation (2); 

S *— => 

(7) S, ^l/(7^ r )ja. | f^ 4 p)(N fU |)-(l + p)f f|J .| - [p i 

L ^ + p)(l + r t+ |) / 



ilfiKlZilL 

2 4 pj( I + r 1+ i Jj* 



than mo -for^e. ***** Jws 

Ae tspaa , nod , „ pehodl4 .| ^ b.^,^ 




Solutions to Chapter 2 ^ I 



{9) K^i = S a L, - 

Converting tfcts into unrts of effective labor by dividing both sides of (Q) by AWl and using equation (A) 

yields 

(10) k, +] *[|/lU«)][(]/(2 +P j)w t -Z t T/Aj. 

With a Cobb- Douglas production function, the real wege is giwn by 
(1 1> w E =(l -aJV 

Substituting (11) into {10) gives the new ncJatienship between capital in penod l + I and capital in penod t, 

a |J in units of effective Labor: 

( 12) k t+1 = [l/U + u}] |( VP + p)) (1 - i)k " - 2J/a| . 

(a) (ii) To see what effect the introduction of the social security system has on the balanced-growth-path 
value of k h w? must determine the sign of 2,. if it ls positive, the int reduction of the tas r T, shifts down the 
kiri curve and reduces the balajuoed-growtli-path value of k. We have 

{2 + p)(l 4 r 1+1 ) - (1 i pX J t+i - *0 _ (W 1 + gXl + r r+1 > - (1 4- pHV i • a) 



(2+p)(Hr <+J ) (2 + pXl + r 1+ i) 

and simplifying further allows us to sign Zi 

Q+f| + 1 )*(UpKUn) D 

I= (2 + pXl+i t +t> ' (2 + pH! + ft+i ) 

Thus, the Vi curve shifts down, relative to the case without the social security, and k* ls reduced 



(a) (iii) If the economy was initially dynamically efficumt* a marginal increase in T would result in a gain 
to the old generation thar would receive the extra benefits Howcwr, it would reduce k* further below 
and thus leave future generations worse off, with lower consumption possibilities. If the economy was 
initially dynamically inefficient* so that k* > B the old generation would again gain due to the extra 
benefits. In this case, the reduction in k* would actually allow for higher consumption fi?r future 
generations and would be welfare-improving. The introduction of the ta\ in this case would reduce or 
po&sibly eliminate the dynamic inefficiency caused by die over-accumubtion of capital. 



(b) (i) Ecfustion (3) becomes 

(13) C 3 ^ +1 = <1 -5- r t+1 JSn 4(1 4 r E +i )T, 

As far as the individual is concemcd, the rate of return on social security is the same as dial on private 
saving. Wo can now derive the intertemporal budget constraint. From equation (16), 

114) $ ( =C 2ft+ i/(l+r l+ ,)-T. 

Substituting equation (14) into equation (2) yield* 

Cit+^—^Awt-Ti-T, 

1,1 l+'t+l 1 
or simply 

,,,, „ ^2,1+1 t 
( 1S > C U +T— 

1 + r l+l 

Hiis ts just the usual intertemporal budget wnstraint in the Demand model. Solving the individual's 
ctBsi miiation problem yields the usual Euler equation 

Substituting this into the budget eonstrami, equation (15), yields 

(16) C [ r =[0 + p)/{24p)]Aw| 



Sorptions (g Chapter 2 



To get sav,n S t*rm* moa a#) ^ uaiion 

S,-A» ( -(| + pJ/f a+p }j Awt . Tj W ' 

ar Simp |y 

(17J S[ = f l/f 2 + p)| Aiv [ -T. 

The social security tax causes a ont-for-ora reduction in private saving. 

The capital stock in period t + 1 wiU be equal to the sum of n ■ 

amount invested by the government Hence " pn vaie sa wig of the young p| U5 -he total 

U8J K,.| =S l L, + TL 1 . 

'which SunpJLfies La 

k i+l =fl/ll + njJf|/(2 + p)J W( . 

L'smg equation (1 1) to substitute fo, the wage yields 
fl9> k t+l=flAS+n)J[i/(2 +p Jj f j_ (1 ,j k ft 

successive periods. Sy!lertl hai an *« relationship between the capita] srgck m 

same as itZ* ^ ^^‘^th-patb value ofk 

been wummg ih at the amoun, a(ths ^ is n , T ^erthT^ syst ™- Wot* chat we h #w 

have done in the absence of the tax). The basic idea rs that total ’ ° fsdvvt S cach dividual would 
each penod, the government is s imply doing some of rhr ? i ■ f" vie£1IT,ent * nd saving is still the same 

** 5actw of return as private saving inLXl f S ** yc ^®- Sin « *«*1 security pa « 

Problem 2.17 

(a) In the decentralized equilibrium .there will t»nri mij. 

to trade goods tide period fbr goods next pen* the cSSfeT" a '** ^ ’"»■* like 

Unfortunately, (he old will he dead - and thus m „„ ZI PP ar0Und t0 trade with are the old 

“ d fl,US 01 fl ° l**™* to “wptee the trade - next period 
■Hie individual's utility function is given by 

(U lnC ] t +lnC 2|+] . 

The constraints are 

(2) C, t + F t =A, and (j) c 2 , +] = K p 
where F, is the amount stored by the individual . ' 

(ntC« to ® *“ "» “—V- M*. —Ota 

»>• — - 

iaC M +hC ! M »i|A -c, , aJ 

The first-order conditions am given by 
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^/3C m = 1/C m -X = 0 => lfC v -K«A (5) 

&jfd C^i+i = V^2,t+1 ” V x = ® 2.1+1 - V 1 - (*) 

Substitute equation (5) into equation (6) and rearrange to obtain 

(7) Cj il+ i = *Ci, t ■ 

Substitute equation (7) into the intertemporal budget constraint, equation (4), In obtain 

c u + ItC W x = A > 

or simply 

t»)C| it =A/2. 

To obtain an expression for second-period cDUSiuriptLoti, substitute equation (8) into equation (7). 

(<?) C 2-H | = xA/2 

When young, each individual consumes half of her endowment and stores the other half; that is, fi = 172. 
This allows her Id consume kA/ 2 when old Note that with log utility, the fraction of her endowment that 
the individual stores does not depend upon the return ta storage. 

fb) What is consumption per unit of effective labor at time t? First, calculate tc*al frmsumptton at time t. 
C t =C L,L^< + C 2,t L H’ 

where there are L, young and L, . t eld individuals alive at time t, Each young pereon consumes the fraction 
of her endowment that she does not sore, (1 - f)\ r and each old person gets to consume the gross retu rn on 
die fraction of her endowment that she stared, fxA. Ulus 
C t =(]-f)AL l + fxAL 1 _ 1 . 

To convert tins into units of time i effective labor, divide both sides by AL, to get 
C,/AL, * (1- f) + f [*/<l + n)] 

Thus consumption per unit of time t effective labor is a weighted average of one and something less than 
one, since x < (L + n) It will therefore be maximized when the weight on one is one; that is., when t 0. 
(We could also carry out this analysis on consumption per person ahve at time t which would not change 
the result here). 

The decentralized equilibrium, with f = 1/2, is not Pateto efficient. Since intergeneratitmal trade is no? 
possible, individuals are "forced 11 into storage because that is the only way they can save and consume in 
old age. They must do this even if the return on storage, x, is low. However, at any paint in time, a social 
planner could take one unit from each young person and give ( l + n) units to each old person since there 
are fewer of them. With (1 +■ n) > x r this gives a better return than storage Therefore, the snmL planner 
could raise welfare by taking the half of each generation ’s endowment that it was going to store and instead 
give rt to the old. The planner could then do this each period. This allows individuals to consume A/2 
units when young - the same as in the decentralized equilibrium - but now they get to consume 
(3 + n)A/2 units when old. This is greater than the xA/2 units of consumption when old that they would 
have had in the decentralized equilibrium with storage 

Frohlcm l.lfl 

(□) The individual has a utility funaion given by 
<!} lnC, , +lnC 1(l+1 , 

and constraints, expressed in units of money, gavm by 

(2) P,C[ ( = P t A — P t F t - and 

(3) Pt + iC J> i = Pt+i^t+Mf, 

where IVlf is nominal money demand and is the amount stored. 




SoJuttDnj to Chapter 1 



of thinking about the problem is the follow™ 
decide how much Offer endowment to ™sl 
1 which to save, through storage, by holding r- 
ate the two decisions since the rate of return on 
Jowment that is saved. From the solution 
it in the first period, regardless of the 



i@- fie individual has Ewg decisions to make The 
une and how much to 'save* 1 Then sfe must decide 
nioney or a combination of berth With kg utility, w 
on saving will nt* affect the fraction of the first- 

mJof r ° b ?m 2 17 ' We Etnowah * ^ consume half ofthe 
rate of return on money or storage. Thus 



to hi IT ™ h thE otl * r haJ,? 71,31 depwd upon th< 
o the gross rate of return cn money-, which , s The 2 r* 

intLwdual can sell one unit ofoonsumptfon in period t and £7 

nsumption costs P, units of money and thus -one unit oFnii 

“ ' ‘ ndhidl *l , s Pr units of money will buy P^, 0 f 0 

CASE I »> P t /P (+ , 

- *■ 



any money since the rate of return on 



Sh t w a „„,„ mh-frfhe[CTd0 .„„ 



iTioncv; 



i storage pay the same rale of retu m She will 
as to how- much of the other hal f to store and f 
i of saving that is tn the form of money. Thus 

\fr P t =(l-n)A/2 M? /p, =a A/7 



(TjJ Equilibrium requires that 
We can derive expressions for 
real moti-ey dtrnarid 
aggregate mal money si 

The expression for 
are JLp /(I + 
grows at rate rt, L, 

We can then 



real money demand equal aggregate real money supply 
money demand and supply in period t: ' 



:Upp! >' " lL 0 /(I + u)jM/p t =jL t /(l + n ) t+i W P( 

n)J of S 8 jI^L S of Ply Jf faC£ th#t *■ peruid each «id jm 

use the equihbnum condition to solve for P, 

[M/P, => P ( =2M/| A (I+. n > t+l | (j) 

r^zir'r t 7 mon<y **“”* ^ ^ * + * 

I inone, demand = L, +| f A/2] =(] + n ) L t [A/2], and 
1 money supply = [l ,/(1 + n ) ,+l |M/p m . 
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(l+n)Lo[A/2] = 1^/(1 + a) l+1 jM/P 1+J =* P [+3 -2M/[AU4n> 1+2 j (t) 

Dividing equation {ti) by equation (5) yields 

P t+] /P |E |/(l+n) =* P| + i=P|/(l+n) 

This analysis holds far all lime periods t £ 0 and so iV s = Pi /{ 1 + ft) is an equilibrium. This shows thjtt if 
p&oney as introduced into a dynamically inefficient economy, storage will not be used The monetary 
equilibrium will thus result in attainment of the "gdden-nile" level of storage. See the solution to part (b) 
of Problem 2, U far an gxplansflion pf the reason that zero storage inaximLzo& consumption per unit of 
effective labor 



(cj This is the situation whem P, /P n .-| = a; the return on money is equal to the return on storage In this 
case, individuals are indifferent as to how much of their saving to store and how much to hold in the form 
of money Let a* e ft)* 11 be the fraction of savmg held in the form of money in period t. We can again 
derive expressions far aggregate real money demand and supply an period t 
aggregate real money demand = [ A/2] , JUld 

aggregate real money supply = [ L 0 /(l +■ n)] m/p l = [ L c /<! 4 n) 141 ] M /p t 



Wc can similarly derive expressions for real money demand and supply in penod t + 1 
aggregate real money demand = L t f| a 1+] [A/2] = (3 + n}L L o 1+ ,f A/2] 3 and 

aggregate real money supply = [ L t /<] 4 n) t+l | M /p (i q 
We can then use the equilibrium condition to solve for P H * L 

{Un)L^ l+1 {A/2] = [L t /tI + n) t+, jM/p t+l => P t+1 =2M/|« t+] A(l+ n ) l+2 ] <«> 

Dividing equation by (7) yields 

W^i =[«t/«t+l][VO+n)J- 

For P c + L /p, = 3/x r we need 

[ a t/«i+]J[Vci+")]=Vx => l tt i+i/«t]=[^n +n }J<J- 

Thus fer all t £ 0, Pe-j = Pi /s will be an equilibrium far any path of o's that satisfies <**] /a, = x/(3 4 n). 



(d) p, =oc - money is worthless - is also an equilibrium. This occurs if the young generation at time 0 
does not believe that money will be valued in the next period and thus that (he generation one individuals 
will not accept money for goods. In chat case, in period 0* the young simply consume half of their 
endowment and store die rest, and the old have some useless pieces of paper to go along with their 
endowment. This is an equilibrium with real money demand equal to zero and real money supply equal to 
zero as W I [f no one bed ieves the next generation will accept moraey far goods , this equilibrium continues 
far all future time periods 



This will be the only equil ibrium if the economy ends at some date T The young at date T will not want to 
sell any of their endowment. They will maximize the utility of their one-penod life by consuming all of 
their endowment hi penod T, Thus, if the old at date T held any money, they would be stack with it arid it 
would be useless to them. Thus when they are young, in period T - I , they will not sell any of their 
endowment for money, knowing that die money will be of no use to them when old. Thus, if die old at date 
T - 1 held any money, they would be stuck with it and it would be useless- to them. Thus the old at 
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L_1 *' ] LTZ7\T y m0nC> ' ^ are y °^ B “* 50 « w ° r( ™g toward, no one wwid over 
Vrant to s^ll ^oods far money and money would not be valued 

Problem 2, 1 1 ) 

Wfi) The individual has a utility function given bv 

(1) U = biCu + JnC^i , 

and a lifetime budget ecaist raint givcji by 

a) Q- C,, + Qm C if([ = Q, (A * S, ) +■ Q m *S, . 

frari ProbJ^n 2 17 we know (hat with log utility, the individual wants to consume A/2 in the first period 
The way in which the individual accomplishes this depends on the gross rats of return on stofaeo x 
relative to the gross rate of return on trading 8 1 ’ 

2? “ll" (lLI3i Sell .°°" of the . ^ m P eriod * Q, In period t + I, il costs Q„ , to obtain one 
mitoftheeood or equivalently, rt costs one to oUarn 1 /Qm unit* of the good Thus for Q, it is possible 

n ;o ^hs of fi °7 Th 1 L,S 4!" inB a ^ of Uie ^ “ P criod 1 a!lows «J» iidi«*ill to buv 

Qt ■ Q» i units of the good m penod t + I , Thus the gross rate of return on trading is Q r /Q M 

New, Q,, = Q, fit for ail t > 0 is equivalent tox= Q,/Q 1>f for all t > 0. In other words, the rate of return 
“ tqUaJ * 09 r f ^ retum m «— « ^ ^ the individual is ^different as to the amount to 
"17 JTT t0 tra 7 ^ 6 u present the fraction of "saving", A/2, that the uid.vidital 

amount o/m !n uVr - md T dUal * Hs ^ (A/2) w P orjod 71,15 aI1 °^ the individual to huv the 
"M^g'^Thu^* 1 XA/2J W she ,s dd 111 J*™ 3 1 + I The individual stores a fraction (1 -*) of her 

(3) S, -f| - a, tfA/2). 

£55^;^ 1 + ' wUI be ***' t0 1(16 “ ^vkfuel buys Pius the amount she has 

(4) C^I - «, (Qt /Qt-| )£A^) + (| - Cr+ )x(Ai''2). 

Since we are considering a case in winch Q, /Q M = x , equation (4) can be rewritten as 
<5) Cz,M = a. *(A/2) + (1 - O, WA/2) » MM2). 

Consider some period t + l and let L represent the total number of individuals bom each penod which is 

m , S ? PP y 111 Perl0d 1 + ' “ 10 *• total nurnber rf ™ individuals, L. multiplied 

b> the amount that each young individual wishes to sell, oc,, r (A/2) Thus 

(6) Aggregate Supply,*! = La ,, , (A/2). 

Agnate demand ui period t M is equal to the total number of old individuals, L multiplied by the 
amount each old individual wishes to buy, (Q r /Q M Jo, (A/2) Thus 

(7) Aggregate Demands, = L(Q l /(i* 1 )a, (A/2). 

For the market to clear, aggregate supply must equal aggregate demand or 
i*,-! (A/2) = L(Q r , Q E . a Jq, (A /2). 
or simply 

(8) a,*, =(Q,/Qi. l )a f . 

^ena 5 Pr0,,OSed ^ *“* ^ = <3 “ ^ e ' 5uiiibrium “"‘toian given by equation (8) can also be 

(9) Om = xot, . 

Now consider the situate rn period 0. The old individuals simply ccoisume their endowment Thus we 

^ s. ““ ftr *' ”** to ^ ° w ^ ™ 
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The resulting equilibrium is the same as that in part (a) of Problem 2 ] 7 The individual consumes half of 
1 &T endowing 1 - in the first period of life, stones the rest and consumes *A/2 in the second period of life. 
Mote that with \ < 1 + n here (since n = O and x < l) r this equilibrium is dynamically inefficient Thus 
eliminating incomplete markets by allowing individuals to trade before die start of time does not eliminate 
dynamic inefficiency 

(a) (it} Suppose the auctioneer announces Q,,i < Q s /x or equivalttitiy Jt < (Q r rtj-i ) for some date I. This 
fiicans that trading dominates storage for the yo-ung at date t. Tins means that the young at date t will warn 
to sell all of foes* saving - ct, = 1 so that they want to se31 A /2 — and not stonft anything. Thus agtpegste 
supply in period t is equal to L(A/2). For the old at date t, Q,.] is irrelevant They based their decision of 
how much to buy when old on Q c / Qn which was equal to x. Thus as described in part (a) (i), old 
individuals were not planning to buy anything Tims aggregate demand in period t is zero. Thus aggregate 
demand will be less than aggregate supply and the market for the good will nt* dc w Thus foe proposed 
price path cannot be an equilibrium. 

Suppose instead that the auctioneer announces Q,_ 3 > Q c /* gj- equivalently x > (Q, /Q,.| ) for some date t. 
This means that storage dominates trading for the young at date i. This means that tho young at date t will 
wane to store their entire endowment and will want to buy A/ 2 . For the old at date t s Q l+ l is irrelevant 
They based thear decision of how much to trade when old on Q* /Q,. r which was equal to x. Thus each old 
indi vidual was- not planning LO buy or sell anything Thus aggregate demand exceeds aggregate supply and 
the market for the good will not clear Thus the prop&EDd price path cannot be an equilibrium. 

(b! Consider the social planners problem. The planner can divide the resources available for consumption 
between the young and foe old in any matter The planner can take, for example, one unit of each young 
person's endowment and transfer it to the old. Since there are the same number of old and young people in 
this model, this increases foe consumption of each old person by one. With s < l> this method of 
transferring from the young to die old provides a better return than storage. If the economy did ms end at 
some date T, the planner could prevent this change from making anyone worse off by requiring the next 
generation pf young |o make the same transfer in the following ponod. However, if the economy ends sit 
some date T_ the planner cannot do ibis Taking anything from foe young at date T would make them 
worse off since foe planner canrus give them anything in return foe next period' there is no next period. 
Thus foe planner cannot make some generations better off without making another generation worse off. 
Thus foe deCeutiaLizcd equilibrium is Parctu-cfficLcnL 

{c} h is infinite duration that ls foe source of foe dynamic inefficiency. Allowing individuals ta trade 
before the start of time requires a price path that results in an equilibrium which is equivalent to foe 
situation where sucb a market does nt* exist. This equilibrium is not Pa ret inefficient; a social planner 
couid raise welfero by doing the procedure described m pari (b). However, removing infinite duration also 
removes the social planner's ability' to Pareto improve the decentralized equilibrium, as explained in pan 
ft) 



Problem 2.20 

(a} The individual has utiltty r function given by 



(D 



-l fc t 



1-6 



2.E+T 



1-6 



B< I 



1-0 i-e 

The constraints expressed tn units of money are 



( 2 ) 



and 



W = K- 



Combining equations (2) and (T) yields the lifetime budget constrain! 
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{4) PiC | t +P 1+1 C; E+] =; P t A. 

p. If.., . rises, ft. uL J^Z*^ ’ *' rf '“™ “^^-*** 

The in^diajs problem is (o maximize (l) subject to (4) Set up the Lagrange 

nr + ~ - ptc,, ~ p (+ ,c iJ+l ] 

The first-order conditions art 



; C| r[ ^-AP ( =0 



,<V 

X -~^ > *' d 



^ 2 „<+] ” ^ P(+t — 0 



c l,t+l 8 - *- p t^ ■ 



Substitute (5} into (6) to obtom 

= ( c =«./c.,,) 8 .p 1 /p„ = c, w/ c M =(p,/ P| „) I '», 

^ ^2,1+1 = (P(/P(+lJ C|t. 

7i, “ ,S The EuJ ' r ft5U3tl0n ' ,Ch C3n “* * “***“"* MO the budget „«** (4) 
PtCl.t+^tiPt/PHi) ' C lit =P ( A. 

Dildding by P, yidds 

C M + (P t+ |/P [ )fP i /%) , '\ u =A > 

and simplifying yields 

cu4^,rc„.* = c,. 1 [,*(p,/ Pw )^>].*. 

Thus cojisuinpttcrt when young is given by 
(8) C n = - ^ 

l " di,Hd011 ■* <» - »™>. — » 

(2> M?/p ( =A-C |(( . 

Sobstttirte equation (3) into O') to obtam 

Mf a r 

SinipEifyirtg by getting a common denoimriator yields 

P ' “(Ps/Pw)^ 



Dividing the top and bottom of the nght-h^d side of ^ ualL ^ < 9) ^ ( P t /P t+| )< J ^ ^ ]di 
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t*-i >/i a 



Thus the fraction of her endowmerrt that the individual sctls for money L! 



It is straightforward to s haw that the fraction of htr endowment that die agent sells for money is an 
increasing function of the rate of return cm holding money: 

ah, 



Wc can also show that as the rate of return on money goes to zero, the amount of her endowment that the 
individual sells for money goes to zero. Use aquation (9) to rewrite h t as 



(b) The constraints expressed in real terms are 

(2 1 ) C, , = A - M?/P t , and O') C 2 M - M? /P l+[ 

Since there is no population growth, we can norm.atize the population to on# without loss of generality. 
From (3 ! ), a generation bom at time t plans to buy /FVi untts of the good when it is old. Thus, the 
generation bom at time 0 plans to buy M d a fP\ units when it is old {in period 3) Us# equation (10) to find 
M*a. Substituting t = 0 

M d PqA Mq [Prj/P]]A 

Mu= (Po/Pl r^ +1 =* 

FiOm equation (2 1 ), a generation bam at IrnuC L plans to sell M d e f? t units of the good fbr money Thus the 
generation bom at time. I plans to sell M d j fP\ units of the good. Substituting t = l mto cquaticm (10) gives 



i $-m 



In order for the amount of the consumption good that generation 0 wishes to buy with its money, given by 
equation ( 12 ), to be equal to the amount of the consumption good that generation 1 wishes to sell for 
money, given by equation ( 13 }, we need 

r„ in 1 ± , t n -n „ 



Now with Pa ^P] - 1* we need 

and since (0 - i)& is negative, this implies 
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<c) berating This reason Jig forward, the rate of return ™ money will have to be falling over time, Tbit is. 



l>JM- 



y an fa) - *” m f BS ** ^ <**« ^Tiient that is add for money will a [ 30 g0 to 

S iod A « V Tr? ! " 1 *** intodua] * ™« their enure endowment in £ first 

P , a '* aE1 jw^l bCUim pa[jl !? tfle 5en5e tIlat eveTy £lme P enod > TOtfcets will clear. Each period, the 
Y the y0U " g ™ to eq “ al to real supplied by the old and they w,H bA go to 



(d> If P^i > I. « obtain the oppose result for the path of prices That is, P, /?„ will rise over time 

^SST^l ?* SW dl31 *“ m T 5 1 11 *' 015 *“**" ° f dlC ntonwt Sold for money will go to 
^f° my appr ° a ' hes **“ situatlCm «!»• "0 consumes anything in the first 
^ T 1 " 6 for “W Tto* ^al money demand will goto A, 

, . ° the ^ k4l " e normahjed the population to one) But with this path of puces the 

™re Jnt^r” rf™ 0, w ' i, ^’. niE f s &ai Ieal mon? >' supplied by the old goes to infinity. Thus tins cannot 
eq r . P ’' lJl J* *5* “"I* there will be a time period when real money 5U pp[v 

will exceed real money demand and the market will not dear. 
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Problem 3.1 

The production functions for output and new knowledge are given by 



(1) Y(t) = A(t)(l - a L )L(t), 



(2) A(t) = Ba L ?L(t)U(tr 



(a) On a balanced growth path, A(t)/A(t) = g A * = yn/(l - 0). (3) 

Dividing both sides of equation (2) by Aft) yields 
(4) A(t)/A(t) = Ba L y L(t) y A(t) 0 - 1 . 

Equating (3) and (4) yields 

BajL(t) 1 'A(t) e - 1 =yn/(l-G) => A(t) 0 -' = yn/(l-0)B ai VL(t) y . 

Simplifying and solving for A(t) yields 
L. / 1 1/0-9) 



(5) A(t) = [(l-0)Ba L y L(t) y /yn 



(b) Substitute equation (5) into equation (1): 

Y(t) = [(1 - 0)Ba L y L(t) y /y n] (1 -a L )L(t) = [(1 - 0)B/y n] 1/(1 ' 0) a L r/0-9) (i _ a L )L(t) fy/(1 ‘ 0)1+1 . 
We can maximize the log of output with respect to a L or maximize 

In Y(t) = [1/(1 - 0)] In [(1 - 0)B/y n] + [y/(l - 0)] In a L + ln(l - a L ) + [(y/(l - 0>) + l]ln L(t). 

The first-order condition is given by 
dlnY(t) y 1 1 

da L (1-0) a L l-a L 

Some simple algebra yields an expression for a L *: 

(6) aL * = (I^7 

The higher is 0, the importance of knowledge in the production of new knowledge, and the higher is y, the 
importance of labor in the production of new knowledge, the more of the labor force that should be 
employed in the knowledge sector. 

Problem 3.2 

Substituting the production function, Y* ft) = IQ (t) e , into the capital-accumulation equation, 

Kj (t) = SjYj (t) , yields 

(1) K i (t) = s i K i (t) 9 , 0 > 1. 

Dividing both sides of equation (1) by IQ ft) gives an expression for the growth rate of the capital stock, 

Sk,.: 

(2) g K4 (t) . K; (t)/Ki (t) = SjKj (t) 0 - 1 . 

Taking the time derivative of the log of equation (2) yields an expression for the growth rate of the growth 
rate of capital: 

(3) gK.i(t)/8K.i(t) = (e-l)gKd(‘). 

and thus 

(4) g K ;(t) = (0-l)gK,i(t) 2 . 
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Equation (4) is plotted at right. With 0 > 1, I . 

gKi will be always increasing. The initial ’ g /J 
value of gK,j is determined by the initial capital K 

stock and the saving rate; see equation (2). j 

Since both economies have the same K(0) but / 

one has a higher saving rate, then from J 

equation (2), the economy with the highers / 

will have the higher initial gK,i (0). From / 

equation (3), the growth rate of gty is S' 

mcreasmg in g Ki Thus the growth rate of the 

capital stock in the high-saving economy will ^—***^'^ 

always exceed the growth rate of the capital " - 

stock in the low-saving economy. That is, we L___ &(0 

have tel (t) > g« (t) for all t > 0. In fact, the gap between the two growth rates will be increasmg over 

country 1, to output! rat ‘° ° f 0UtpUt “ the hi Sh-saving country, 

(5) Yj (t)/Y 2 (t) = [K , (t)/K 2 (t)J 9 . 

( 6) few y 2 (t) l = e Mo _ Kgjt) 1_ . 

[Yi(t)/Y 2 (t)J Kj (t) K 2 (t) J e l 8K -i (t)_g K,2(t)J>0. 

As explained above, gKj (t) will exceed gv, (t) for all t > 0 in r,n u 

increasing over time Thus the m-twh 11 1 ~ 0 “ fact - 8 a P between the two will be 

That is, the ratio of output in thfhidfsavins e^i^f ^ ^ ^ P ° Sitive ^ mcreasm 8 over time, 
continually „™ 8 . JS^an £ k »™*» «■”»■**« l» 

Problem 3.3 

The equatrons of the g K = 0 and g A = 0 lmes are given by 

0) g K =0 => g K =g A+n , 

and 

(2) g A =0 =» gK= lL- e )8A-yn 

TTie expressions for the growth rates of capital and knowledge are 

(3) g K (t) = c K [A(t)L(t)/K(t)] , - <x Ck =s(l-a K ) a (i-a L ) 1 - ct 



W 8 A (t) = c A K(t) (5 L(t) 1 'A(t) 6 
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(a) From equation (1), for a given g A , the 
value of gK that satisfies g K = 0 is now 
higher as a result of the rise in population 
growth from n to n^w. Thus the g K = 0 
locus shifts up. From equation (2), for a 
given g A , the value of g K that satisfies 
g A = 0 is now lower. Thus the g A = 0 
locus shifts down. 

Since n does not appear in equation (3), 
there is no jump in the value of gK at the 
moment of the increase in population 
growth. 

Similarly, since n does not appear in 
equation (4), there is no jump in the value 
of gA at the moment of the rise in population 
growth. 

(b) Note that a K does not appear in 
equation (1), the g K = 0 line, or in equation 
(2), the g A = 0 line. Thus neither the 

g K = 0 nor the g A = 0 line shifts as a result 
of the increase in the fraction of the capital 
stock used in the knowledge sector from a K 



From equation (3), the rise in a K causes the 
growth rate of capital, g K , to jump down. 
From equation (4), the growth rate of 
knowledge, g A , jumps up at the instant of 
the rise in a K . Thus the economy moves to 
a point such as F in the figure. 




1 



(c) Since 0 does not appear in equation (1), there is 
no shift of the g K = 0 locus as a result of the rise in 
0, the coefficient on knowledge in the knowledge 
production function. From equation (2), the g A = 0 
locus has slope (1 - 0)/p and therefore becomes 
flatter after the rise in 0. See the figure. 

Since 0 does not appear in equation (3), the growth 
rate of capital, g K , does not jump at the time of the 
rise in 0. 0 does appear in equation (4) and thus we 
need to determine the effect that the rise in 0 has on 
the growth rate of knowledge. It turns out that g A 
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may jump up, jump down or stay the same at the instant of the change in 0. Taking the log of both sides of 
equation (4) gives us 



lng A (t) = lnc A + pinK(t) + ylnL(t) + (0 - l)lnA(t). 

Taking the derivative of both sides of this expression with respect to 0 yields 
(5) dlng A (t)/d0 = lnA(t). 

So if A(t) is less than one, so that lnA(t) < 0, the growth rate of knowledge jumps down at the instant of the 
rise in 0. However, if A(t) is greater than one, so that lnA(t) > 0, the growth rate of knowledge jumps up at 
the instant of the rise in 0. Finally, if A(t) is equal to one at the time of the change in 0, there is no initial 
jump in gA . This means the dynamics of the adjustment to E\ew may differ depending on the value of gA at 
the time of the change in 0, but the end result is the same. 







Problem 3,4 

The equations of the g K = 0 and g A = 0 loci are 



(l)gK=° => gK=gA+ n > and (2) g A = 0 => g K = - 1 ^ 

The equations defining the growth rates of capital and knowledge at any point in time are 



(3) g K (t) = c K [A(t)L(t)/K(t)] 1_a 

(4) g A (t) = c A K(t) p L(t) r A(t) 0 - 1 



C K s s(l-a K ) a (l-a L ) 



1-a 



C A = ® a K 



V- 



(a) Since the saving rate, s, does not 
appear in equations (1) or (2), neither 
the g K = 0 nor the g A =0 locus shifts 
when s increases. From equation (4), 
the growth rate of knowledge, g A , does 
not change at the moment that s 
increases. However, from equation 
(3), a rise in s causes an upward jump 
in the growth rate of capital, g K . In the 
figure, the economy jumps from its 
balanced growth path at E to a point 
such as F at the moment that s 
increases. 

(b) At point F, the economy is above 
the 8 a = ^ locus and thus g A is rising. 

Due to the increase in s, the growth rate of capital is higher than it would have been - the amount of capital 
going into the production of knowledge is higher than it would have been — and so the growth rate of 
knowledge begins to rise above what it would have been. Also at point F, the economy is above the g K = 0 
locus and so g K is falling. The economy drifts to the southeast and eventually crosses the g A = 0 locus at 
which point g A begins to fall as well. Since there are decreasing returns to capital and knowledge in the 
production of new knowledge — 0 + p < 1 — the increase in s does not have a permanent effect on the 
growth rates of K and A. The economy eventually returns to point E. 




The production function is given by 

(5) Y(t) = [( 1 - a £ ) K(t)] a [ A(t)( 1 - a l ) L(t)] 1_a . 
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Taking the time derivative of the log of equation (5) will yield the growth rate of total output : 

(6) ~ y = ag K (t) + (l-a)[g A (t) + nj. 

On the initial balanced growth path, from 
equation (1), gK* = gA* + n. From equation (6), 
this means that total output is also growing at rate 
gK* = gA* + n on the initial balanced growth path. 

Thus output per person, Y(t)/L(t), is initially 
growing at rate gA* . During the transition period, 
both g K and g A are growing at a higher rate than 
on the balanced growth path and so output per 
worker must also be growing at a rate greater than 
its balanced-growth-path value of g A *. Whether 
the growth rate of output per worker is rising or falling will depend, among other things, on the value of a 
since there is a period of time when g K is falling and g A is rising. The figure shows the growth rate of 
output per worker initially rising and then falling, but the important point is that during the entire transition, 
the growth rate itself is higher than its balanced-growth-path value of gA*. In the end, once the economy 
returns to point E, output per worker is again growing at rate g A *, which has not changed. 

(c) Note that the effects of an increase in s in this model are qualitatively similar to the effects in the Solow 
model. Since there are net decreasing returns to the produced factors of production here — 0 + p < 1 — the 
increase in s has only a level effect on output per worker. The path of output per worker lies above the 
path it would have taken but there is no permanent effect on the growth rate of output per worker, which on 
the balanced growth path is equal to the growth rate of knowledge. This is the same effect that a rise in s 
has in the Solow model in which there are diminishing returns to the produced factor, capital. 
Quantitatively, the effect is larger than in the Solow model (for a given set of parameters). This is due to 
the fact that, here, A rises above the path it would have taken whereas that is not true in the Solow model. 

Problem 3.5 

(a) From equations (3.14) and (3. 16) in the text, the growth rates of capital and knowledge are given by 

(1) gRW = K(t)/K(t) = c K [A(t)L(t)/K(t)]’ where c K = s[l - a K ]“[1 - a L and 

(2) g A (t) s A(t)/A(t) = c A K(t) ^ L(t) T A(t) 0_1 , where c A = Ba K V. 

With the assumptions of p + 0 = 1 and n = 0, these equations simplify to 

(3) g K (t) = [c K L , - a ][A(t)/K(t)] 1<I J and (4) g A (t) = [c A L 7 ][K(t)/A(t)] p . 

Thus given the parameters of the model and the population (which is constant), the ratio A/K determines 
both growth rates. The two growth rates, g K and g A , will be equal when 

[ckL 1- ®] [A(t)/K(t)] = [c A L r ][K(t)/A(t)] fi => [A(t)/K(t)] 1<wP = [ Ca /<* IL** 9 . 

Thus the value of A/K that yields equal growth rates of capital and knowledge is given by 

(5) A(t)/K(t) = [(c A /c K ) L'- (1 ““ ) ] 1/(1_a+P) . 

(b) In order to find the growth rate of A and K when g K = gA = g*, substitute equation (5) into (3): 
Simplifying the exponents yields 
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* ={^C K (1 ~ a+ P) - ( 1 ~ a ) CA l-aL( 1_a ) + y( 1 -«)-(l-a) 2 J/( 1 ” a+ P) 



or simply 

(6) g* = [c K P c A 1 -“L (1 - <x >(r + «)] ,/(1 - a+p) 

'" 8 ™ srowh »•* rfd » t. 

(7) g* = [s p (l-a K ) aP (l-a L ) (1 " a) PB 1 ‘ a a K P< I -“)a L ^ 1 -“)L (, ' <x) <^] 1/(1 ' c ‘ +P) 

Taking the log of both sides of equation (7) gives us 

(8) hi g* = [l/(l - a + p)] {p In s + (1 - a)(y + a) In L + (1 - a) In B + p[a ln(l - a K ) + (1 - a) In a K 1 + 

(l-a)[pln(l ~a L ) + ylna L ]} . 

Using equation (8), the elast.cty of the long-run growth rate of the economy with respect to the saving rate 

(9) aing*/01ns = p/(l - a + P) > 0. 

Thus an increase in the saving rate increases the long-run growth rate of the economy This is essentially 

c^t rlm^th T r r f deVOted ;° PhySiCa ' Cap,tal accumulat > on and in this model, we have 
constant returns to the produced factors of production. 

ellwed“ rSoS* r 7 6Ct t0 3K *° determi " e fractI0n ° fthe capital stock that should be 
cSSSf " m maXmUZe 1116 1 ° n8 ' nm gr0Wth rate 0fthe e conom y . The first-order 

aing« _ p f - a (i_ a) ‘ 

da K (l-a + P)[(l-a K ) a K J = °- 
Solving for the optimal a K * yields 

andAuV 3 ^^ 1 '^ ^ «a K =l-a K + oa K -a =* 0=l-a K -a, 

(10) a^ = (1 - a). 

Jam ^ actl0 " 0fthe Capital stock t0 employ in the R&D sector is equal to effective labor's 

^owl^ productlon of output Note that p, capital's share in the production function for new 
owledge, does not affect the optimal allocation of capital to the R&D sector. The reason for this is that 

J* « ;/ -k" to P«*«» Of new capital more inbl,. and 

ma^im,™ * ! ^ 15 more output to be saved ^vested. This tends to lower the a K that 

axinuzes g since it implies that more resources should be devoted to the production of output rather than 
knowledge. In the case we are considering, these two effects exactly cancel each other out 

Problem 3.6 

(a) Substituting the assumption that x(i) = K/A for 0 < i < A into the production function gives us 
0) Y = [(l-aL) L ] 1_a ?[K/A] a di. 



Since (K/A) a is independent of i, this leaves us with 

( 2 ) Y = [(l-a L )L] 1 - a [VA] a tdi. 






wm 
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tdi = [A-< 



Since J di = IA - 0) = A , we have 
i=0 

(3) Y = [(1 - a L )L] 1 ‘ a K a A , ‘ ct , 
or, rearranging, 

(4) Y^l-a^AL] 1 ^. 

(b) (i) For ease of notation, define L Y = amount of labor employed by the firm. The firm's problem is to 
choose the quantities of labor and each capital good, x(i), in order to minimize cost, given by 

(5) wLy + tx(i)p(i)di, 

i=0 

subject to output being equal to one unit, or 

(6) L Y 1 - a )x(i)“di = l. 

i=0 

Thus the Lagrangian for the firm's cost-minimization problem is 
i + Aj l-L Y l ' a tx(i) a di] 



(7) J. = wL y + 



tx(i)p(i)di 



i=0 



i=0 






(b) (ii) The first-order conditions are given by 



( 8 ) 

and 

( 9 ) 



dj 



w - X(l-a)Ly 
dL Y i=0 



x(i) a di = 0, 



dJL 

^x(i) 



= p(i) - ^Ly 1 a ax(i) a 1 



(b) (iii) Since there will be full employment, we can find the demand for capital good i, x(i), with Ly and 
the p(i)'s taken as given. Dividing equation (8) by (9) gives us 

X(l-a)Ly - “ \ x(i) a di Ly^Ly 1 " 01 tx(i)“di 

nm JL = i=0 = ( 1 ~ g ) ifO . 

p(i) XLy^axCi) 01 " 1 a L Y 1_a x(i) a 1 

Using the cost-minimization constraint, equation (6), this simplifies to 

w (1-a) 1 (1-a) xp) 1-0 ' 

p(i) a L Y 2_a x(i) a-1 a Ly 2 a 

We can now solve for an expression for the demand for capital good x(i). Rearranging equation (11) yields 



(12) x(i) l ' a =— — 1 , 

p(i)l-a 

Taking both sides of equation (12) to the exponent 1/(1 - a) leaves us with 



2 -a 



]_ 

1-a 



(13) x(i) = 

Ll-a p(i) 

Using the fact that labor in the goods-producing sector is paid its marginal product, or 
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dY A 

w = — = (l-a)L y - a Jx(i) a di, 



dY A 

w ~ ^ = (1 -a)L y -a J; 

8L V i=0 

we can rewrite equation (13) as 



(14) X (i)= — - 



(l-a)Ly a Jx(i) 



a tx(i) a di 



l-a 


Ly 1 ^ tx(i)“di 




a i = 0 T 1— " 




u Lv 

P(i) Y 



(15) x(i) = 



aL v 1_ot 



l-a a l-a 

-P(i)J 1 



Note that we can write the elasticity of demand for capital good i as 

(16) ax (P P(0 _ glnx(i) 
dp(i) x(i) clnp(i) 

Taking the natural log of both sides of equation (15) gives us 

(17) lnx(i) = y- (lna-lnp(i)j + lnL Y . 

And thus the elasticity of demand is given by 

(18) P(0 _ glnx(i) 1 

5p(i) x(i) dlnp(i) l-a ~ ^ 

as required. 

; °/ a monopol,stic su PPl* er of capital good i, at the profit-maximizing 
pnce, is (1 - a)p(i)x(i), note that profit for a producer of capital good i is given by 
71 = tP(i) - c(i)]x(i), 

° f Pr0d " C "‘ “ Pi “' 8 “" 1 The '*“« ” »• 

fra a *(0 5p(i) 

( ) ^0 = ^ x(,)+p(,) - c ®=°- 

(20) — + i-i^ =0 

n p(0 

Solving equation (20) for p(i) gives us 

c(i) T]— 1 

P(i) ~ n ’ 
or simply 

(21) p(i) = — ^-c(i). 

n-i 

ms expression illustrates the fact that the price of the monopolist is n /( n - 1), times cost. Substituting the 
definition of q, which is q ^ 1/(1 - a), into equation (21) yields 
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dY 

w = — =( 1 - a )Ly 



tx(i) a di, 



we can rewrite equation (13) as 



(14) x(i) = 



(1-<x)L y -“ tx(i)“di 

— i=2 , 

1-a nfi) 



l-a 


Ly 1 -** tx(l) a dl 


_ 


ry— j~Q y 1— a 




u, Lv 

P(i) Y 



aLv 1_a 



a l-a 



05) x(i) = 



Note that we can write the elasticity of demand for capital good i as 

(16) dxQ) P(») _ glnx(i) 

5p(i) x(i) “ ainp(i) ' 

Taking the natural log of both sides of equation (15) gives us 

(17) lnx(i) = Y— [lna-lnp(i)]+lnL Y . 

And thus the elasticity of demand is given by 

( 18) dx(0 P(i) _ dlnx(i) 1 

5p(i) x(i) dlnp(i) l-a~ T| ’ 
as required. 

atlTn 3 ^ Pr ° fi i °/ a mon °P° listlc su PPlier of capital good i, at the profit-maximizing 
pnce, is (1 - a)p(i)x(r), note that profit for a producer of capital good i is given bv ° 

* = [p(i)-c(i)]x(i), 

S! “zfr of p,o< ‘" c " 8 “ p “' 8ood 1 1 p»»t, „ ,h C 

5 *(i) ^P(i) 

( ) ^ = ^ X(,)+ P (1) - C « = ° 

“ d <1!l “ *• ' *» 

(20) — + i-iW =0 . 

n p(0 

Solving equation (20) for p(i) gives us 
c(i) __n-i 

P(i)~ q ’ 
or simply 

( 21 ) p(i ) = - 3 - 0 ( 1 ). 

n-i 

d ^Z:;r iI U t rateS ^ Price 0f * e mono P olist * VOl - I), tunes cost. Subsfitutmg the 

definition of q, which is q s 1/(1 - a), into equation (2 1) yields 
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W, 

it. 



(22) p(i) = 



1/(1 -a) 



c(i) = [l/a]c(i), 



L[l/(l-a)]-lJ 

and so c(i) = ap(i). Substituting for c(i) in the expression for profit gives us 
7i = [p(i) - ap(i)]x(i), 
or simply 

(23) 7C = (1 - a)p(i)x(i). 

Problem 3.7 

(a) The present discounted value of the profit from renting out a capital good at time t is 

PDV 7 " t,r(s)dS 
(1) * FUV (t)= Je it(x)dt. 

T— t 

From equation (23) in the solution to Problem 3.6, profit at any point in time is n = (1 - a)p(i)x(i). We are 
examining a balanced growth path where x(i) and p(i) are independent of i and constant over time and 
where p and x = K/A are the balanced-growth-path price and quantity of each capital good. Thus 
equation (1) becomes 

T 

Jr(s)ds 



(2) ,""(*)- Je 



(1 - a)p xdx . 



i=t 



] r(s)ds = exp -r ] ds 



In addition, since the real interest rate is constant, exp| - J r(s)ds | = exp 
we have 

(3) 7i PDV (t) = I e _r ^ T_t ^ (1 - a)p xdx = (1 - a)px f e -r ^ T-t ^dx 

T=t X=t 

Solving the integral in equation (3) yields 



= exp(-r(x - 1)) , and so 



s=t J 



7t PDV (t) = (l-a)px 



and thus 
(4) 



1 



-r(T-t) r 



= (l-a)px 



1 1 
r ( ° _1) J ’ 



(b) The wage of a worker in the knowledge-producing sector will equal the marginal product of labor in 
the knowledge sector multiplied by the price of the good produced by the knowledge sector or the price of 
knowledge. More concretely, the price of knowledge can be interpreted as the price of a design for a new 
capital good. This price will be bid up until it equals the present discounted value of the profit that a 
monopolistic supplier of the new capital good can extract. Using equation (4) and denoting P A as the price 
of knowledge gives us 

From A = Ba L LA,the marginal product of labor in the knowledge-producing sector is 
dA 

(6) — - = BA. 
da^L 

Thus the wage of a worker in the knowledge-producing sector, denoted W A , is 
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!: ] 

! ■ f 



(1 -a)pxBA 
r 



(7) W A =- 

From equation (15) in the solution to Problem 3.6, the demand for capital good i is 



(8) x(i) = 



Lp(i)J 



1-a 



(8) ft ft. „ . o) , „ d „ , ^ 

(9) x 1 a = r L Y I_a 

P 

Solving for p gives us 



we can write 



(10) p=aL Y I -“x-( I -“) 

Substituting equation (10) into equation (7) yields 

(1 1) W A = (*~ g ) ct LY 1 ~ a x (1 ~°^xBA 

which simplifies to 



(12) W A - ^-^Ly'^xBA 
r 



(c) As in the solution to Problem 3.6, 



we can define L Y = (1 - a L )L as the amount of labor employed in the 



goods-producing sector. From the production function, Y=L y <- t x (i)“di 



we have 



Y ' x(i) di , on the balanced growth path 



(13) Y-Ly 1-01 tx(i) a di = LY^ 1_a ^x a A. 

Titus themarginal product of labor in the goods-producing sector is 
(H) ^7 = (1 - a > L V- a x a A. 



balanced growth path. TTiisTs mare' “J” T' ° f capitaI ’ eva,uated on the 

From equation (4) in the solution to Problem 3.6 



(15) Y = [(1 - a L )AL]'" ot K“ = L Y , ' a A , '“K a . 

Thus the marginal product of capital is 

(16) ^ =aL Y 1 ^ Al ' a K a “' =aL Y l ^f-'' a ' ! 

Since x = K/A , we can write 

8Y 

(17) — =aL Y l-“x“->. 



output when x(i) — K/A is given by 






i 

i 
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(e) Since labor is mobile between the goods- and knowledge-producing sectors, the wage in both must be 
equal or w = W A Since labor will be paid its marginal product in the goods-producing sector (the price of 
the output good is normalized to one), using equations (12) and (14) we require 
a(l - a)L Y 1_a x a BA 

(18) 1 = (l-a)L y “ a x A, 

r 

which simplifies to 

(19) aL Y B = r. 

Thus the amount of labor employed in the goods-producing sector is given by 

(20) L Y = (1 - a L )L = r/aB. 



(f) Since A = Ba L LA , the growth rate of knowledge is given by 

(21) ~ = Ba L L. 

On the balanced growth path, K, A, Y, and C all grow at the same rate, which we will denote g, and so 

(22) g = Ba L L. 

(g) We know that on the balanced growth path consumption grows at rate g, thus 

C r - p 

(23) c e =B3lL - 

From equation (20), a L L = L - (r/aB), and so (23) becomes 

r - n r 

(24) 



e 



: BL-— , 
a 



(25) ar - ap = aOBL - 0r. 

Collecting the terms in the interest rate, r, yields 

(26) r(a + 0) = a(p + 0BL), 

and thus the interest rate on the balanced growth path is 

( 27) r= 5<£±m 

Ot + 0 

Note that r is a decreasing function of individuals' patience. The more patient are individuals - the smaller 
is p, the rate at which the future is discounted - the lower is the balanced-growth-path value of r. 

Next we can solve for the balanced-growth-path value of aL , the fraction of the labor force employed in the 
knowledge sector. From equation (20), (1 - a L )L = r/aB, we can write 

(28) a L =l-"“~. 

aBL 

Substituting equation (27) into (28) yields 

a(p+0BL) (a+0)aBL-ap-a0BL 

~ (a+0)aBL ’ 



(29) a L = 1 

L (a + 0)aBL 

which simplifies to 

a(aBL-p) 



(30) a L = 
or simply 

(31) a L = 



(a+0)aBL ’ 

aBL - p 
(a+0)BL 



I 
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Finally, we can solve for the growth rate nf tu* ^ 

equation (3 1) into g = Ba L L gives us c °nomy on the balanced growth path. Substituting 

132) »-pt l-g BL ~P 1 



(32) g=BL[ 
or simply 



(a + 6)BL 



aBL- p 



t m '^ r ,“ S ~ ” 1 ■"»!*» 0» 

(a+ejBl/ 1 ° aBL -P>(a+G)BL o -p>0 B L 
- '«« « P, e, B, ,„ d B are all po*™, Sl « * ^ ^ „ 

However, from equation (3 1), a L can be negative if o > aBI i , v , 

are so impatient - p, the rate at which they discount the ftatre S W ° U ' d mean ** ^^uals 

knowledge are of no value relative to current consumjioa " *° ^ ~ ** ** &ture from extra 

(34) p - (1 - 0)g > o > Uie text ' wth assumption of n = 0, we require 

JaB t me p T Itty d06S n0t diVerge - Usi " 8 equatl0n < 33 > ** 8, this requires 

(35) (l-0) L __ J<p 

This simplifies to 

(36) (1 - 0)aBL - p + P 0 < ap + p0 

or ’ 

(37) (1 - 0)aBL < p(l + a ), 
which is equivalent to 

(38) 5 B t < 1+a 

P 1-0 

R ecall that a L will be negative if aBL < p or aBL/o < 1 w» t 

can be the case that ^ 1 Since for positive a and 0, (1 + a )/(i - 0) > j t 

(39) 

™ ** * lfetime Ut '% « Ante, it can still be the 

negative, we wilThav^ iomL^ sector Cannot actua,, y be 

balanced growth path will be zero since g = Ba L L. ^ C3Se ' 7116 Sr0Wth fate ofthe ec °nomy on the 

Problem 3.S 

From equation (31) in the solution to Problem 3 7 the hot ^ 

‘ S employed “ the knowledge-producing sector is givL ^^'S^-path fraction ofthe labor force that 
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aBL- p 

(1) 8l = (a+0)BL 

(a) From equation (1), 
da L -1 

( 2 ) — - = < 0 . 

w dp (a + 0)BL 

Thus a fall in p - a decrease in the rate at which individuals discount the future - raises the balanced- 
growth-path value of a L . If individuals become more patient, the future gains from research will be valued 
more, relative to current consumption. Thus more resources will be devoted to the knowledge-producing 
sector and balanced-growth-path growth will be higher. 

(b) From equation (1), 

da L aL[(a + 0)] BL - [aBL - p](a + 9)L 

(3) SB " [(a+0)BL] 2 

which simplifies to 

da T aBL 2 (a + 0) - aBL 2 (a + 0) + p(a + 0)L 

(4) = — z 

dB [(a+0)BLr 

Thus the sign of da L /dB is determined by the sign of p(a + 0)L, which is positive under our assumptions 
about p, a, 0, and L. Intuitively, an increase in B represents an increase in the productivity of labor in the 
knowledge sector. Thus the wage in the knowledge sector initially rises. The knowledge sector attracts 
more workers until the wage there is once again equalized with the wage in the goods-producing sector. 



(c) From equation (1), 

da L aB[(a +0)]BL - [aBL - p](a +0)B 

SL “ [(a+0)BL] 2 

which simplifies to 

da L aB 2 L(a + 0) - aB 2 L(a + 0) + p(a + 0)B 

(6) 5L “ [(a+0)BL] 2 

Tlius the sign of da L /c'L is determined by the sign of p(a + 0)B, which is positive under our assumptions 
about p, a, 0, and B. An increase in the overall labor force will lead to a higher fraction of the labor force 
being employed in the knowledge-producing sector. 

From equations (12) and (14) in the solution to Problem 3.7, we can see that initially, at the original a L , a 
rise in L increases the wage in the knowledge sector and decreases it in the goods sector. This causes 
movement of labor from the goods sector to the knowledge sector. That is, at rises until the wage is once 
again equal in the two sectors. 



Problem 3.9 

The relevant equations are 
(1) Y(t) = K(t)°A(t) 1_a , 



(2) K(t) = sY(t), and 



(3) A(t) = BY(t) . 



(a) Substituting equation (1) into equation (2) yields K(t) = sK(t)“ A(t) 1_a . Dividing both sides by K(t) 
allows us to obtain the following expression for the growth rate of capital, gic(t): 

(4) g K (t) - K(t)/K(t) = sK(t)“ -1 A(t) 1_a . 
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Substituting equation (1) into ( 3 ) gives us A(t) = BK(t) a A(t) 1_<x . Divid 
to obtain the following expression for the growth rate of knowledge, g A (t): 
(5) 8a (t) s A(t)/A(t) = BK(t)“ A(t) _ “ . 



Dividing both sides by A(t) allows us 



(b) Capital 

Taking the time derivative of equation ( 4 ) yields the growth rate of the growth rate of capital 
8k0) K(t) A(t) 

8 k (0 ( “ K(t) +( a> A(t) ’ I | ~T“ 



( 6 ) 8k W/Sk (0 = (1 ~ a) [g A (t)-g K (t)] • 

From equation (6), g K will be constant when g A = g K . 
Thus the g K = 0 locus is a 45° line in (g A ,g K ) space. 
Also, g K will be rising when g A > g K . Thus g K is rising 
below the g K = 0 line. Lastly, g K will fall when 
gA < gK • Thus g K is falling above the g K = 0 line. 



8k =0- [gK =8 a] 



Knowledge ' 

Takingthe tune derivative of the log of equation ( 5 ) yields the growth rate of the growth rate of knowledge- 
gA W K(t) A(t) 

g A < 0 ‘“K(t) _a A(t)' r S A -P [, r -s A | 

0r gK / 

( 7 ) 6A(t)/8 A (t)=a[g K (t)-g A (t)]. ► / 

From equation ( 7 ), g A will be constant when gK = g A • y' 

Thus the g A = 0 locus is also a 45° line in (g A ,g K ) / + 

space. Also, g A will be rising when g K > g A . Thus / 

above the g A = 0 line, g A will be rising. Finally, g A / 

will be falling when g K < g A . Thus below the g A = 0 ^ 45 ° 

line, g A will be falling. g A 

(c) We can put the g K = 0 and g A = 0 loci into one diagram. 

Although we can see that the economy will eventually 

arrive at a situation where g K = g A and they are g K = o 

constant, we still do not have enough information to Sk ✓ and 

determine the unique balanced growth path. I ► y' g A = 0 

Rewriting equations ( 4 ) and (5) gives us I s' 

( 4 ) g K (t) = sK(t) a ' 1 A(t) 1 - a =s[A(t)/K(t)] 1 ’ a , / 

and / 

( 5 ) g A (t) = BK(t) a A(t)“ a = B[A(t)/K(t)]~ a . J 

At any point in time, the growth rates of capital and / * 

knowledge are linked because they both depend on the /450 






Solutions to Chapter 3 65 



|v ' 




ratio of knowledge to capital at that point in time. It is therefore possible to write one growth rate as a 
function of the other. 

From equation (5), [A(t)/K(t)] a = B/g A (t) or simply 

(8) A(t)/K(t) = [B/g A (t)] 1/a . 

Substituting equation (8) into equation (4) gives us 

(9) g K w = s [®/g A (*)] ( 1-a)/<X • 

It must be the case that g K and g A lie on the locus 
satisfying equation (9), which is labeled AA in the 
figure. Regardless of the initial ratio of A/K the 
economy starts somewhere on this locus and then 
moves along it to point E. Thus the economy does 
converge to a unique balanced growth path at E. 

To calculate the growth rates of capital and 
knowledge on the balanced growth path, note that at 
point E we are on the g^ = 0 and g A = 0 loci 
where g K = g A . Letting g* denote this common 
growth rate, then from equation (9), g* = s[B/g *J (1_a)//a 
Rearranging to solve for g* yields 

(10) g* = s a B 1_a . 




Taking the time derivative of the log of the production function, equation (1), yields the growth rate of real 
output, Y(t)/Y(t) = ag K (t) + (1 - a)g A (t) . On the balanced growth path, g K = gA = g*, and thus 

(11) Y(t)/Y(t) = ag * +(1 -a)g* = g* = s a B 1_a . 

On the balanced growth path, capital, knowledge and output all grow at rate g*. 



(d) Clearly, from equation (10), a rise in the 
saving rate, s, raises g* and thus raises the long- 
run growth rates of capital, knowledge and 
output. 

From equations (6) and (7), neither the g K =0 
nor the g A - 0 lines shift when s changes since s 
does not appear in either equation. From equation 
(4), a rise in s causes g K to jump up. Also, the 
locus given by equation (9) shifts out. So at the 
moment that s rises, the economy moves from its 
balanced growth path at point E to a point such as 
F. It then moves down along the AA locus given 
by equation (9) until it reaches a new balanced growth path at point Enew . 
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Problem 3,10 

(a) Taking the partial derivative of output at firm i ~ Y t = K® [K* l/ 4, ] - with respect to K* , treating 
the aggregate capital stock as given yields 

£y ^ ^ / 



(1) r= ^ L=aK i ct “ lL i 1 “' x [ K ' |,L '1= a 



*L 

Ui 



rf 



In equilibrium, the capital-labor ratio is equated across firms. Thus K t /L* must equal the economy-wide 
capital-labor ratio, which is K/L. Substituting this fact into equation (1) gives us the private marginal 
product of capital, 

(2) r = o[ r J 



(b) We can employ the technique used to solve for the balanced growth path in the Solow model. Since 
Kj /Lj is the same across firms and the production function has constant returns, the aggregate production 
function is given by Y = K a L i<L [K* ] or simply 



( 3 ) y — j^(a+4>) j^l-oc-<t> 

Define k = K/L and y = Y/L. 

k'\ ch V 






Dividing both sides of equation (3) by L gives us 



J 



and thus output per worker is given by 
(4) y =r k a+4> . 

Taking the time derivative of both sides of the definition of k = K/L yields 



(5) k = 



KL-KL 

L 2 



K 

L 




Substituting the capital-accumulation equation, K = sY, and the assumption that the labor force grows at 
rate n, L/L = n , into equation (5) gives us 

(6) k = sY/L - nk = sy - nk. 

Substituting equation (4) for output per worker into equation (6) gives us 

(7) k = sk a4 ^ - nk . 



Just as in the Solow model, the economy will converge to a situation in which actual investment per worker, 
sk a+ *, is equal to break-even investment per worker, nk. Thus on a balanced growth path, capital per 
worker will be constant. Setting k = 0 gives us 
sk a+ * = nk => k 1 ^ = s/n, 

or simply 

(8) k* = [s/n] ,/(1 ’ cwW . 

Substituting equation (8) into equation (2) yields 
r = a[s/n]’ <1 ' <x ‘ 4>)/{l * a ' 4>) = ats/n]' 1 , 

and thus the marginal product of capital on the balanced growth path is 

(9) r* = an/s. 



(c) The analysis above does not support the claim. The value of 4> does not affect the steady-state value of 
the private marginal product of capital, r*. In addition, <j> does not affect the way in which this value of r* 
changes when the saving rate changes. From equation (9), dr*/ds = -(an)/s 2 , which does not depend on (j). 
That is, positive externalities from capital do not mitigate the decline in the marginal product of capital 
caused by a rise in the saving rate. Why? It is true, as the claim asserts, that a higher <f> means that r 
responds less to changes in the capital-labor ratio, K/L; see equation (2). However, it is also true that a 
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higher <j> means that the capital-labor ratio itself responds more to the change in the saving rate; see 
equation (8). In this case, the effects cancel each other out. 

Problem 3.11 

The production functions, after the normalization of T = 1, are given by 
(1) C(t) = K c (t) a , and (2) K(t) = BK k ( t) . 

(a) The return to employing an additional unit of capital in the capital-producing sector is given by 
dk(t)/c*K K (t) = B. This has value P K (t)B in units of consumption goods. The return from employing an 

additional unit of capital in the consumption-producing sector is 3C(t)/d[K c (t)] - a [K C (t)]“ 

Equating these returns gives us 

(3) P K (t)B = a [ K c (t)] 0-1 . 

Taking the time derivative of the log of equation (3) yields the growth rate of the price of capital goods 
relative to consumption goods, 

'RcM 



P K (t) B d 

+ — = — + (a - 1) 
P K (t) B a 



LK c (t) 






P K (t) K c (t) 

The last step uses the fact that B and a are constants. Now since K c (t) is growing at rate g K (t) and 
denoting the growth rate of P K (t) as g P (t), we have 

(4) gp (t) = (a - l)g K (t). 

(b) (i) The growth rate of consumption is given by 

(5) g C W - C(t)/C(t) = [r(t) - p]/o = [B + g p (t) - p]/o = [B + (a - l)g K (t) - p]/a, 
where we have used equation (4) to substitute for g P (t). 

(b) (ii) Taking the time derivative of the log of the consumption production function, equation(l), yields 

(6) g c (t) = C(t)/C(t) = a [ K c (t)/K c (t)j =ag K (t). 

Equating the two expressions for the growth rate of consumption, equations (5) and (6), yields 
a 8K( t ) = [B + (a-l)g K (t)-p]/o => a<7g K (t) + (l-a)g K (t) = B-p. 

Thus in order for C to be growing at rate g c (t), K c (t) must be growing at the following rate: 

(7) g k 0) = ( B - P )/[a a+ (1 - a)] . 

(b) (iii) We have already solved for g K (t) in terms of the underlying parameters. To solve for g c (t), 
substitute equation (7) into equation (6): 

(8) g c (t) = a(B-p)/[cxa+(l-a)]. 

(c) The real interest rate is now (1 - x)(B + g P ). Thus equation (5) becomes 

(l-*)[B + g p (t)]-p (l-x)[B + (a-l)g K (t)]-p 

(9) gcW = = . 

c o 

where we have used equation (4) -- which is unaffected by the imposition of the tax - to substitute for 
g P (t). Equating the two expressions for the growth rate of consumption, equations (9) and (6), yields 
(l-T)[B + (a-l)g K (t)]-p 

a g K (t) = => aog K (t) + (l-x)(l-a)g K (t) = (l-x)B-p, 

(7 

and thus 
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(10) g K (t)= r -- 1 T)B p 

[aa+ (1- x)(l - a)] 

Substituting equation (10) into equation (6) yields an expression for the growth rate of consumption as a 
function of the underlying parameters of the model: 

(id gc (t)=J (1_t)B " p 



aa+(l-T)(l-a)J 



In order to see the effects of the tax, take the derivative of gc (t) with respect to x: 



jgcjt ) 

dx 



- = -a 



B[aa + (1 - t )(1 - a)] - [(1 - t)B - p] (1 - a) J Baa+p(l-a) 



[aa+(l - x)(l-a )] 2 



Thus an increase in the tax rate x causes the growth rate of consumption to fall 



[aa+(l-x)(l-a)J 



^<0 



Problem 3.12 

(a) Note that the model of the northern economy is simply the Solow model with a constant growth rate of 
technology equal to g = Ba LN L N . From our analysis of the Solow model in Chapter 1, we know that the 
long-run growth rate of northern output per worker will be equal to that constant growth rate of technology. 



(b) Taking the time derivative of both sides of the definition, Z(t) = A s (t)/A N (t) yields 

(1) Z(t) A N( t ) A s(t)~A s (t)A N (t) 

A N (t) 2 

Substituting the expressions for A s (t) and A N (t) into equation (1) gives us 
2 (t) = A N(t)[MaLsLs(A N (t)-As(t))|-A s (t)[Ba LN L N A N (t)| 

A N (t) 2 ' 

Simplifying yields 

(2) Z(t) = [pa Ls L s ( 1 - A s (t)/A N (t))] - [ A s (t)/A N (t)] [ Ba LN L N ] . 

Substituting the definition of Z(t) = A s (t)/A N (t) into equation (2) gives us 

Z(t) = M^LS^s ~ paLgL s Z(t) - Ba L NL N Z(t) . 

Collecting terms yields 

(3) Z(t) = pa LS L s -[pa LS L s + Ba LN L N ] Z(t). 



The phase diagram implied by equation (3) 
is depicted at right. Note that equation (3) 
and the accompanying phase diagram do 
not apply for the case of Z > 1, since 
A s (t) = 0 for A s (t) > A n (t). 

The relationship between Z(t) and Z(t) is 
linear with slope equal to -[jxaLsL s + 
Ba L NL N ] < 0. From the phase diagram, if 
Z < Z*, then Z(t) > 0. Thus if Z begins to 
the left of Z*, it rises toward Z* over time. 
Similarly if Z > Z*, then Z(t) < 0. Thus if 
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Z begins to the right of Z*, it falls toward Z* over time. Thus Z, the ratio of technology in the south to 
technology in the north, does converge to a stable value. To solve for Z*, set Z(t) = 0: 

0 = jxaLsLs -[paLsLs + BaLN^N ]Z*. 

Solving for Z* yields 

(4) z * = 

f^LS 1 ^ +Ba LN L N 

The next step is to determine the long-run growth rate of southern output per worker. We have just shown 
that Z(t) = A s (t)/A N (t) converges to a constant. Thus in the long-run, A s (t) must be growing at the same 
rate as A N (t). In the long-run, then, the south is a Solow economy with a growth rate of technology equal 
to Ba L N L n . Thus the long-run growth rate of southern output per worker is equal to that growth rate. 

Note that in the long-run, the growth rate of southern output per worker is the same as that in the north. 
This means that aLs, the fraction of the south's labor force that is engaged in learning the technology of the 
north, does not affect the south's long-run growth rate. That growth rate is entirely determined by the 
number of people the north has working to produce new technology. 



(c) Dividing the northern production function, Y N (t) = Kn (t) a [A N (t)(l - aLN )Ln ] 1_a , by the quantity of 
effective labor, A N (t)L N , yields 

Y N (t) J K N (t) l a r A N (t)(l-a LN )L N l 1 ' a 
AnW^n _A]si(t)L N _ _ A N (t)L N 
Defining output and capital per unit of effective labor as y N (t) = Y N (t)/A N (t)L N and 
k N (t) = K n (t)/A N (t)L N respectively, we can rewrite equation (5) as 
(6) y N (t) = k N (t)“(l- aL N) , -°. 

Now we can use the technique employed to solve the Solow model to show that on the balanced growth 
path, k s * = k N *. Taking the time derivative of both sides of the definition of k N (t) = K N (t)/A N (t)L N yields 

, K N (t) K N (t) A N (t) 

N A N (t)L N A N (t)L N A N (t)' 

Substituting the capital-accumulation equation, K N (t) = s N Y N (t), into equation (7) gives us 

. Svt Yvt (t) A>q(t) Kxt (t) 

(8) k w (t)= A ~ a , t w L =s N y N (t)-Ba LN L N k N (t), 

A N (t)L N A N (t) A N (t)L N 

where we have used the definitions of y N (t) and k N (t) and have substituted for the growth rate of northern 
technology. Finally, using equation (8) to substitute for y N (t) yields 

(9) kisj(t) = s N k N (t) a (l-aLN) 1 a - Ba L NL N k N (t) . 

An analogous derivation for the south would yield 

(10) k s (t) = s s k s (t) a (l-a LS ) 1 ~ a - Ba LN L N k s (t), 

where we have used the fact that in the long-run, the growth rate of technology in the south is Bai^ L N 



Using the facts that s N = s s and a L N = , we can see that the equations for the dynamics of k are the same 

for the two economies. Thus we know that the balanced-growth-path values of k and y will be the same for 
the two economies. That is, we know that k s * = k N * and y s * = yN*. This implies 

(11) ys*/y N * = 1. 

Using the definitions of y s and y N , this implies that 
Ys/A S L S =1 ^ Ys/L s _ A s (n) 
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Equation (12) states that, on the balanced growth oath the ratin , . 

per worker in the north is equal to the ratio of tech 1 f per worker m 4,16 south to output 

(b), we know that A s /A N Snvergef to ^ m 2e^ °!Z ", m 4,16 north From part 

equation (12) leaves us with ® C( i untion (4) for Z* to substitute ' 

Y s/ L S pa LS L s 



into 



(13) 



y n/L n pa LS L s +Ba LN L N ' 

than output pL^rs^m Ae^orth *' Al^o nrt! |f SStha " one;out P ut P« r Person in the south will be lower 
person to the sol to ZZ Tetrad- dLt A ^ ^ ^ path ’ ** ratio of outpu4 P«r 

learning the north's tecldogy h ftt S “ 3ls ’ the , fractlon of sou then, workers engaged m 

thesouthtothatinthenorth fact ’ *e h.gher ,s a u , the closer will be the path of output per person 

Problem 3.1.1 

(a) We need to find a value of t such that fYw (t )/I ,, i/rv o i n i ,u - 

108 <» **• an expression for the growth rate of 

® I wt7-X^- 003 ' 

From the southern production function 

(4) Y s (t)/L s = A s (t). 

to STS? <3> by <4) *** “ »■»-*» f» «* «» of ourpp, per „o*„ in ft, .orft to 

(5) ^ Nfr>/ L N _ A N (t)(l-a r ) A N (t) 

Y s(t)/L s A s (t) ~A N (t-t) -e 

where we have used the fact that a L « 0, that A s (t) = A* (t - ,), and equation (3). 

F ° r .““To P r ,i ”“ ,e ”“’ ““^ a '”” te ”» l ' 1 '»^ a o,.f,0,„en«d,,„ftft„ 

0.03t = In(10), 

5e™ ft JUT, SE1 ,U 5 “ n ,?"»• realistic crok-eotoy 

transmission to be very slow Poor countrip SnUS ^° n °^ knowIed ge to poor countries requires the 
developed ip fte 1920s » order ,o explei, , ,«7ld 

£ ZEEZSEZX& ' p “ h T °? ' - — ■-** * 

V is implicitly defined by ^ break ^ ven investment, (n+g + 5)k*. Thus for the north, 

( 6 ) sf(k N *) = ( n + g + 6)k N * j 

where g = A N (t)/A N (t). 



in 
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We are told that s, n, 6 and the function f(») are the same for the north and the south. The only possible 
source of difference is the growth rate of southern knowledge. However, it is straightforward to show that 

A s (‘)/A s (t) = g also. 

We are told that the knowledge used in the south at time t is the knowledge that was used in the north at 
time t - x. That is, 

(7) A s (t) = A N (t - x). 

Taking the time derivative of equation (7) yields 

(8) A s (t) = A N (t-x). 

Dividing equation (8) by equation (7) yields 

A s (t) A N (t-t) 



The growth rate of northern knowledge is constant and equal to g at all points in time and thus 

(10) A s (t)/A s (t) = g. 

Therefore, for the south, k s * is implicitly defined by 

(11) sf(k s *) = (n + g + 5)ks*. 

Since k N * and k s * are implicitly defined by the same equation, they must be equal. 

(b) (ii) Introducing capital will not change the answer to part (a). Since k N * = ks*, output per unit of 
effective labor on the balanced growth path will also be equal in the north and the south. That is, yN* = ys* 
where yi* = [Yj /Ata ]*. We can write the balanced-growth-path value of output per worker in the north as 

(12) Y N (t)/L N (t)-A N (t)y N *. 

Similarly, the balanced-growth-path value of output per worker in the south is 

(13) Y s (t)/L s (t) = A s (t)y s *. 

Dividing equation (12) by equation (13) yields 
„ Y N (t)/L N (t) A N (t)y N * A N (t) A N (t) 

(14) = = = . 

Y s (t)/L s (t) A s (t)y s * A s (t) A N (t-x) 

The second-to-last step uses the fact that y N * = y s *. The last step uses A s (t) = A n (t - t). Using equation 
(3), we again have 

YnW/LnW _ a n(0 _ 0 O.O3t 

Y s (t)/L s (t) "A N (t-x)" e 

The same calculation as in part (a) would yield a value of x = 76.8 years in order for 
[Y N (t)/L N ]/[Y s (t)/L s ] = 10. 

Problem 3.14 

(a) Differentiating both sides of the definition of k(t) = K(t)/A(t)L(t) with respect to time yields 

_ K(t)A(t)L(t) - K(t)[A(t)L(t) + A(t)L(t)] 

(1) k(t) = : ~2 • 

{ A(t)L(t)] 2 

Using the definition of k(t) = K(t)/A(t)L(t), equation (1) can be rewritten as 

K(t) fA(t) ,L(t)l 



(2) k(0 A(t)L(t) LA(t) + L(t)J k(t) 

Substituting the capital-accumulation equation, K(t) = sY(t) -5 K K(t) , as well as the constant growth 

rates of knowledge and labor into equation (2) gives us 
sY(t)-5 K K(t) 

(3) k<,,= A(, ) i.5r- < ” 8)k(,) ' 
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Substituting the production function, Y(t) = [(1 - a K )K(t)] a [(l - a H )H(tXr °\ into equation (3) yields 

vll-ct 

-(n+g + 5 K )k(t). 



(4) k(t) = s 



(l-a K )K(t) 

L A(t)L(t) J 



(l-a H )H(t) 



A(t)L(t) J 

Finally, defining Ck = s(l - as )“(1 - a H )’■“ and using k(t) s K(t)/A(t)L(t) as well as h(t) s H(t)/A(t)L(t), 
equation (4) can be rewritten as 

(5) k(t) = c K k(t)“ h(t) 1_ “ - (n + g + 5 K )k(t) . 



Differentiating both sides of the definition of h(t) = H(t)/A(t)L(t) with respect to time yields 
_ , _ H(t)A(t)L(t)-H(t)[A(t)L(t) + A(t)L(t)] 

(®) ^(t) r ,2 

[ A(t)L(t)] 2 

Equation (6) can be simplified to 

H(t) 



(7) h(t) = 



A(t)L(t) 



A(t) | L(t) 
LA(t) + L(t) 



h(t). 



Substituting H(t) = B[a K K(t)] r [aj 1 H(t)]'*’[A(t)L(t)] 1 y * -6 H H(t), the human-capital-accumulation 
equation, as well as the constant growth rates of knowledge and labor into equation (7) gives us 

1 1— y— 4> 



(8) h(t) = B 



" a K K(t) T 


T a H H(t) ^ 


T A(t)L(t)" 


A(t)L(t) J 


LA(t)L(t)J 


L A(t)L(t) J 



- (n +g + 8 H )k(t) 



Finally, defining Ch = Ba^'an* allows us to rewrite equation (8) as 
(9) h(t) = c H k(t) 1 'h(t)* -(n + g + 5 H )h(t). 



(b) To find the combinations of h and k such that k = 0 , set the right-hand side of equation (5) equal to 
zero and solve for k as a function of h: 

Ck k(t)“h(t) I " a = (n + g + 5 k )k(t) => k(t)'^ = c K h(t)'~ /(n + g + 5 k ), 

and thus finally 

(10) k(t) = [ck /(n + g + 5 k )] 1;(l<t) h(t) 



The k = 0 locus, as defined by equation (10), is a straight 
line with slope [c K /(n + g + 5 K )] 1/(1 “ a) > 0 that passes 
through the origin. See the figure at right. From equation 
(5), we can see that k (t) is increasing in h(t). Thus to the 
right of the k = 0 locus, k > 0 and so k(t) is rising. To the 
left of the k = 0 locus, k < 0 and so k(t) is falling. 




To find the combinations of h and k such that h = 0, set the right-hand side of equation (9) equal to zero 
and solve for k as a function of h: 



c H k(t) y h(t)^ = (n + g + 5 h )h(t) k(t) Y = [(n + g + 5 H )/c H ]h(t) 1_4> , 
and thus finally 

(11) k(t) = [c„/(n + g + 5 h )rh(t) n ^. 



4 

I 

6 

m 



s 
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I 



The following derivatives will be useful: 

dk(t)/dh(t)| ii=0 =[(l-<t.)/r][cH/(n+g+5 H )] Y li(t) (1 " ,|, ' Y)/Y >0 ; and 

d 2 k(t)/dh(t) 2 1. „=[(!-♦- r)A][(l - <t>)/r][c H /(" + 8 + 5 h)] Y h(t) 0- *' 2Y)/Y > 0. 

The h = 0 locus, as defined by equation (1 1), is 
upward-sloping with a positive second derivative. 

See the figure at right. From equation (9), we can 
see that h (t) is increasing in k(t). Therefore, above 
the h = 0 locus, h > 0 and so h(t) is increasing. 

Below the h = 0 locus, h < 0 and so h(t) is falling. 




(c) Putting the k = 0 and h = 0 loci together, we can 
see that the economy will converge to a stable balanced 
growth path at point E. This stable balanced growth 
path is unique (as long as we ignore the origin with 
k = h = 0). 

From the figure, physical capital per unit of effective 
labor, k(t) = K(t)/A(t)L(t), is constant on a balanced 
growth path. Thus physical capital per person, 

K(t)/L(t) = k(t)A(t), must grow at the same rate as 
knowledge, which is g. Similarly, human capital per 
unit of effective labor, h(t) = H(t)/A(t)L(t), is constant 
on the balanced growth path. Thus human capital per 
person, H(t)/L(t) * H(t)A(t), must also grow at the same rate as knowledge, which is g. 

Dividing the production function by L(t) gives us an expression for output per person: 

(12) Y(t)/L(t) = [(1 - a K )K(t)/L(t)]“ [(1 - a H )H(t)/L(t)r. 

Since K(t)/L(t) and H(t)/L(t) both grow at rate g on the balanced growth path and smce the production 
function is constant returns to scale, output per person also grows at rate g on the balanced growth path. 

(d) From equation (10), the slope of the k = 0 locus is [c K /(n + g + 5 K )] 1/0-00 where we have defined 

c K = s(l - a K ) a (1 - aH ) l<l • Thus a rise in s will make the k = 0 locus steeper. Since s does not appear in 
equation (1 1), the h = 0 locus is unaffected. See the figure on the left. The economy will move from its old 
balanced growth path at E to a new balanced growth path at E '. 
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Output per person grows at rate g until the time that s rises (denoted time to in the figure on the right). 
During the transition from E to E both h(t) and k(t) are rising. Thus human capital per person and 
physical capital per person grow at a rate greater than g during the transition. From equation (12), this 
means that output per person grows at a rate greater than g during the transition as well. Once the 
economy reaches the new balanced growth path (at time ti in the diagram), h(t) and k(t) are constant again. 
Thus human and physical capital per person grow at rate g again. Thus output per person grows at rate g 
again on the new balanced growth path. A permanent rise in the saving rate has only a level effect on 
output per person, not a permanent growth rate effect. 



Problem 3.15 

The relevant equations are 

(1) Y(t) = K(t) a [( 1 - a H ) H(t)] ^ , (2) H(t) = Ba H H(t), and (3) K(t) = sY(t), 

where 0<a<l,0<p<l, and a + p > 1. 

(a) To get the growth rate of human capital - which turns out to be constant - divide equation (2) by H(t): 

(4) g H -H(t)/H(t) = Ba H . 

(b) Substitute the production function, equation (1), into the expression for the evolution of the physical 
capital stock, equation (3), to obtain 

(5) K(t) = sK(t)“ [( 1 - a H ) H(t)j ^ . 

To get the growth rate of physical capital, divide equation (5) by K(t): 

(6) g K (t) s K(t)/K(t) = sK(t)“ -1 [(l -a H ) H(t)| P . 

We need to examine the dynamics of the growth rate of physical capital. Taking the time derivative of the 
log of equation (6) yields the following growth rate of the growth rate of physical capital: 

(7) g K (t)/g K W = («-l)K(t)/K(t) + pH(t)/H(t) = (a-l)g K (t) + pgH . 

Now we can plot the change in the growth rate of capital, g K (t), as a function of the growth rate of capital 
itself, g K (t). Multiplying both sides of equation (7) by g K (t) gives us 

( 8 ) 8k W = ( a - D sk W 2 + PshSkW- 
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Note that we are assuming that a < 1 which 
means that there are decreasing returns to physical 
capital alone. The phase diagram implied by 
equation (8) is depicted in the figure at right. Note 
that g K (t) is constant when g K (t) = 0 or when 
(a - l)gK(t) + PgH = 0. Solving this expression 
for g K (t) yields g K * = [p/(l - a)]g H . 

Note that g K * > gH since a + p>lorp>l-a. 
To the left of g K *, from the phase diagram, 
g K (t) > 0 and so g K (t) rises toward g K *. 



Similarly, to the right of g K *, g K (t) <0 and so 

g K (t) falls toward g K *. Thus the growth rate of capital converges to a constant value of gK* and a balanced 
growth path exists. 




Taking the time derivative of the log of equation (1) yields the growth rate of output: 
(9) Y(t)/Y(t) = a K(t)/K(t) + p H(t)/H(t) = ag K (t) + Pg H . 

On the balanced growth path, g K (t) = gK* = [P/(l - <x)]g H and so 



:8h +PSh = 



ap + p - ap 



Y(tr(l-a) otl ' ron (1-a) ‘ 8H (1-cx) 8h 8k 

On the balanced growth path, output grows at the same rate as physical capital, which in turn is greater 
than the constant growth rate of human capital, g H = Ba H . 



Problem 3.16 

(a) From equation (3.55) in the text, output per person on the balanced growth path with the assumption 
that G(E) = e <f)E is given by 

( Y \ h & rpe^-e '" 7 

where y* = f(k*) which is output per unit of effective labor services on the balanced growth path. We can 
maximize the natural log of (Y/N) bgp with respect to E, noting that y* and A(t) are not functions of E. The 
log of output per person on the balanced growth path is 

(2) InQj-j 8P = lny*+lnA(t) + <(iE + ln[e~ nE -e -nT ] -In[l-e _nT j, 

and so the first-order condition is given by 

ain(Y/N) bgp , 1 „ 

0) — ^ " E (-")=o, 



(4) ♦(«-" E -e-“ T ).n.-" E . 
Collecting the terms in e'^ gives us 

(5) (<t.-n)e“ E = <i>e- T > 
or simply 

-nE ^ . -nT 



Taking the natural log of both sides of equation (6) yields 
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(7) - nE = - In(<f> - n)] - nT. 

Multiplying both sides of (7) by - 1/n gives us the following golden-rule level of education: 

(8) E* = T-— In -i- . 

n L4> ~ n _ 

(b) (i) Taking the derivative of E* with respect to T gives us 
dE * 

(9) — =1. 

dT 

So a rise in T - an increase in lifespan - raises the golden-rule level of education one for one. 

0>) (ii) Showing that a fall in n increases the golden-rule level of education is somewhat complicated 
rrom equation (6), we can write 

1101 e -n(T-E*) = t£ 



(11) l_ e -n(T-E*) = n 

♦ ' 

Multiplying both sides of equation (1 1) by «(i/n gives us 

(12) — [l-e~ n ^ T-E *^] = l 
n 

Now note that the left-hand side of equation (12) is equivalent to 

(13) V = ij> |e -ns ds . 

s=0 

Thus, totally differentiating equation (12) gives us 
dV dV 

l,4, 

and so 

(15) dE * 8V/8n 

dn dV/dE * ' 

Now note that 
dV 

(16) — = 4> J-se ns ds < 0, 
dn 



0?) ~~ = — 4 > e _n< - T—E *- > < 0 . 
dE* 

Thus dE*/dn < 0 and so a fell in n raises the golden-rule level of education. 

Problem 3.17 

(a) In general, the present discounted value, at time zero, of the worker’s lifetime earnings is 

(1) Y= Je~ a w(t)L(t)dt. 
t=E 

We can normalize L(t) to one and we are assuming that w(t) = be p e* E . Thus (1) becomes 
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(2) Y = Ie-' rt be gt e* E dt = be +E 

t=E t=E 

Solving the integral in (2) gives us 

(3) Y = be+ E — — — e _< ' f_8)t =— I 

L(f-g) t=E J f-s 1 

which can be rewritten as 

(4) Y = — f- e * E -( f -8) T +e [*- (f - g)]E |. 

r-g J 



_ e -(?-g)T +e -(?-g)E 



(b) The first-order condition for the choice of E is given by 

(5) ^ =— be* E - (f -S )T +t *-(r-g)]e^lE] =0 

dE r - g 1 J 

This can be rewritten as 

(6) [<t>-(f-g)]e (<Mf ~ 8)JE =4>e‘ t>E ^ ( ^ g)T . 

Dividing both sides by e* E and rearranging yields 
IT) e -<f-gX E-T) ♦ 

<t>-(f-g) 

Taking the natural log of both sides of equation (7) gives us 

(8) -(r-g)(E-T) = ln ■■ + . 

L+-(r-g)J 

Dividing both sides of (8) by -(? - g) and then adding T to both sides of the resulting expression gives us 

i r <t> 

(9) E* = T- In ± 

r-g U-(r-g)J 



(c) (i) From equation (9), 
dE* 

(10) = 1. 

oT 

Thus an increase in hfespan increases the optimal amount of education. Intuitively, a longer lifespan 
provides a longer working period over which to receive the higher wages yielded by more education. 

(c) (ii) & (iii) The interest rate, F, and the growth rate, g, enter the optimal choice of education through 
their difference, (r - g) . Intuitively, it should be clear that a rise in F, and thus a rise in (r - g) , will cause 
the individual to choose less education. Getting marginally more education foregoes current earnings for 
higher future earnings. A higher interest rate means that the higher future wages due to increased education 
will be worth less in present-value terms and hence the individual chooses less education. 

Showing this formally is somewhat complicated, however. Taking the inverse of both sides of equation (7) 
gives us 

(11) e ~ (f ~ gXT ~ E * ) = l|> ~(' : ~ g) , 



(12) 1-e 



-(f-gXT-E*) _ ( r ~g) 
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Multiplying both sides of equation (12) by <)>/(r - g) gives us 

(13) -i-[i- e -< f -^T-E*) ]=1 

(r-g) 

Now note that the left-hand side of equation (13) is equivalent to 
T-E* 

(14) V = <|> Je' (r ~ g)s ds. 

s=0 

Thus, totally differentiating equation (13) gives us 

av av 

(15) — — d(f-g) +— dE* = 0, 

d(r-g) dE* 

and so 

dE* _ gV/flr-g) 

( d(r-g) av/e E* 



Now note that 



4^ = /f-se- (f - g)s ds<0 > 



5(r-g) 



(17) ^- = ^W-E*) <0 . 

a e * 

Thus dE*/d(r - g) < 0. So a rise in T decreases the optimal choice of education; a rise in g increases the 
optimal choice of education. 



Problem 3.18 

(a) The representative producer's problem is to choose f, the fraction of time devoted to protection, to 
maximize output, which is given by [1 - L(f, R)](l - f)B. The first-order condition is 
(1) -B[l - L(f, R)] - (1 - f)BL f (f, R) = 0. 



This can be rearranged to obtain 




-L f (f,R) 
1 - L(f , R) 



This is identical to equation (3.63) in the text. Thus the value of B does not affect the producer's allocation 
of time between producing output and protecting it from rent-seekers. The optimal choice of f is still 



implicitly defined by the same condition as in the model in the text. 



(b) Equilibrium requires that income per producer and income per predator be equal. Thus equilibrium 
requires 

(3) [1 - L(f(R), R)][(l - f(R))B] = -^[(1 - f (R))B]L(f(R), R) . 

K 

Since f does not depend on B, we can see that at a given R, an increase in B will increase producers' income 
and predators' income by the percentage increase in B. Thus an increase in B shifts the producers' and 
predators' income curves up proportionately. See the figure below. 



Solutions to Chapter 3 79 



(c) Since the curves showing producers' and 
predators' incomes as functions of R both shift up 
proportionately, they will still intersect at the 
original equilibrium value of R. In the figure at 
right, the original equilibrium was at point E; the 
new equilibrium is at point E new . The fraction of 
the population engaged in rent-seeking does not 
change and the incomes of producers and predators 
both rise by the same percentage amount as the 
increase in B. 




Problem 3,19 
(a) (i) We have 

(1) 

dt 

Since y* is a constant, the derivative of yi (t) with respect to time is the same as the derivative of y* (t) - y* 
with respect to time and so equation (1) is equivalent to 

d[y.(t) - y*] 

(2) =-Myi(t)-y*], 

dt 

which implies that yj (t) - y* grows at rate -X. Thus 

(3) y i (t)-y* = e -? ' t [y 1 (0)-y*]. 

Rearranging equation (3) to solve for y, (t) gives us 

(4) yi(t) = (l-e V + e A, yi(0). 

(a) (ii) Adding a mean-zero, random disturbance to yi (t) gives us 

(5) yi (t) = (1 - e’V + (0) + Ui (t). 

Consider the cross-country growth regression given by 

(6) ^ (t) - yi (0) = a + p yi (0) + Ei . 

Using the hint in the question, the coefficient on y t (0) in this regression equals the covariance of 
y» (t) - yi (0) and yj (0) divided by the variance of y { (0). Thus the estimate of p is given by 
_ cov[yj (t) - y { (0),yj (0)] 

var[yi(0)] 

(If the sample size is large enough, we can treat sample parameters as equivalent to their population 
counteiparts.) Now, use the fact that for any two random variables, X and Y, cov[(X - Y), Y] = 
cov[X, Y] - var[Y] and so 

_ cov[y j (t), yj (0)] - var[y { (0)] _ cov[y j (t), yj (0)] ^ 

var[yj(0)] var[yj(0)] 

Using equation (5), 

(9) cov[yj (t),yj (0)] = cov[(l - e" Xt )y * +e“ X, yi (0) + u ; (t),y ; (0)]. 

Since y* is a constant, and Ui (t) and y» (0) are assumed to be uncorrelated, we have 
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(10) cov[ yi (t), yi (0)] = e w var[ yi (0)]. 
Substituting equation (10) into equation (8) gives us 

(ID p=i— ^iM_j 

varfyj (0)] 



(12) e~ Xt =l + p. 



Taking the natural log of both sides of equation (12) and solving for X gives i 



(13) X=- 



ln(l + P) 



Thus, given an estimate of p, equation (13) could be used to calculate an estimate of the rate of 
convergence, X. 

(a) (iii) From equation (5), the variance of yi (t) is given by 

(14) var[ yi (t)] = e" 2Xt var[ yi (0)] + varfu; (t)] . 

From equation (13), if P < 0 then X > 0. This does not, however, ensure that var[ yi (t)] < var[ y , (0)1 so 
that the variance of cross -country income is falling. The is due to the variance of the random shocks to 
output, represented b y the var[ Ui (t)] term in equation (14). Thus the effect of p < 0 or X > 0 which tends 

to reduce the dispersion of income, can be offset b y the random shocks to output, which tend to raise 
income dispersion. 

If p > 0 then X <0. From equation (14), we can see that this means var[ yi (t)] will be greater than 
var[yi (0)] . In this case, the effect of p < 0 or X > 0 is to increase income dispersion, and thus this works in 
the same direction as the random shocks which also tend to increase income dispersion. 

(b) (i) Since yi * is time-invariant, anal y sis equivalent to that in part (a) (i) would weld 

(15) Yi (t) = (1 - e~ w ) y * + e~^ yi (0) . 

(b) (ii) We will determine the value of X implied b y an estimate of p in this model and compare it to the 
value implied b y using the formula from part (a) (ii). In the cross-country growth regression given by 

(16) yi (t)- yi (0) = a + p yi (0) + Si , 6 3 

again we have 

(17) p cov fy. (0. y.(°)]~ var[ y ,- (0)1 = covfy, (t), yi ( 0 )] 

va r[yi (0)] " var[ yi (0)] _1 ‘ 

Then, since 

(18) yj (t) = (1 — e -Xt ) y * + e _Xt y i (0)+e i , 

we have 

(19) cov[ yi (t), yi (0)] = (l-e~ Xt )covf y *, yi (0)] + e _Xt var[ yi (0)]. 

Since 

(20) y t (0) = yi * + Uj = a + bXi + , 

we have 

(21) varfyi (0)] = b 2 varK ] + varfui ], 
and 

(22) covfys*, yi (0)] = covfa + bX, , a + bX, + Ui ] = b 2 varfXj ] 

smce X, and u, are assumed to be uncorrelated. Substituting equations (21) and (22) into equation (19) 
gives us tv/ 
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(23) cov[ yi (t), yi (0)] = (1- e _Xt )b 2 vartX; ] + b V Xt var[X ; ] + e M var[u; ], 
or simply 

(24) covfyi (t), y x (0)] = b 2 var[Xj ] + e~ Xt var[Ui ] 

Substituting equations (21) and (24) into (17) gives us 

b 2 var[Xj ] + e _Xt var[uj ] -(1 - e _Xt ) var[ujj_ 

b 2 var[XJ + var[uj] b 2 varfXJ + var[uj 

We can now solve for the value of X implied by equation (25) and compare it to the one we would calculate 
if we used equation (13). Equation (25) implies 

_i t b 2 var[X; ] + var[u ; ] „ 

(26) e + V 7 P. 

varfuj 

Taking the natural log of both sides of (26) and solving for X gives us 

b 2 var[X:] + var[u«] 

-In 1 + — — P 

var[uj] 

(27) X = 

Since (b 2 var[Xj ] + var[ui ])/var[ui ] > 1, using the formula given by equation (13) would lead us to 
calculate an estimate for X that is too small in absolute value. That is, if X > 0, using the method of part 
(a) (ii) would yield an underestimate of the rate of convergence. 



(b) (iii) Subtracting y { (0) from both sides of equation (18) gives us 

(28) Yi (t) - yi (0) = (1 - e- xt ) y * - (1 - e- M ) yi (0) + e, . 

Substituting equation (20) into (28) yields 

(29) yi (t) - yi (0) = (1 - e _Xt ) y * - (1 - e~ xt )[ y * +u i ]+e i , 
which simplifies to 

(30) yi (t)- yi (0) = (e- X, -l)u i +e i . 

Defining Q = (e~^ 1 - 1), we can see that the regression given by 

(31) y i (t)-y i (0) = a + Py i (0) + yX i + 8 i 

is equivalent to projecting Qu, + e, on a constant, y\ (0), and X* , where e» is simply a mean-zero, random 
error that is uncorrelated with the right-hand side variables. Rearranging yi (0) = a + bXi + u» to solve for 
Ui gives us 

(32) Ui = -a + yi(0)-bXi, 
and so 

(33) Qu i = -Qa + Qy i (0)-QbX i . 

Thus, in the regression given by (3 1), an estimate of P provides an estimate of Q and an estimate of y 
provides an estimate of -Qb. Thus, we can construct an estimate of b by taking the negative of the estimate 
of y, divided by the estimate of p, or 
y -Qb 

04 , - 
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Problem 4.3 

(а) The equations describing the evolution of technology are given by 

(I) lnA t =A+gt + X t , and (2) X t =p A A M +s At , -1 < p A < 1. 

From equation (1) and letting InAo denote the value of InA in period 0, we have In Aq = A + g(0) + Aq . 
Rearranging to solve for A 0 gives us 

(3) A 0 = lnA 0 - A. 

In period 1, using equations (1) and (2), we have 

(4) InAjsX + g + X,, and (5) A, =p A A 0 + e a 
S ubstituting equation (3) into equation (5) yields 

(б) A[ =p A (lnA 0 -a)+e a1 . 

Finally, substituting equation (6) into equation (4) gives us 

(7) InAj =A+g + p A (lnA 0 -A) + e ai . 

In period 2, using equations (1) and (2), we have 

(8) lnA 2 = A + 2g + A 2 , and (9) A 2 =p A X 1 + s A2 . 

Substituting equation (6) into equation (9) yields 

(10) A 2 = Pa [pa (^ n Ao -A) + 8 A J + 8 A,2 =PA 2 ( lnA 0 “ a) + Pa6a,i + 8 a^- 
Finally, substituting equation (10) into equation (8) gives us 

(II) lnA 2 = A + 2g + p A 2 (ln A 0 -A) + p a e a1 +e A2 . 

In period 3, using equations (1) and (2), we have 

(12) InAj = A + 3g + Xj, and (13) A 3 = p A A 2 +e a >3 . 

Substituting equation (10) into equation (13) yields 

(14) A 3 =p A [p A 2 (lnA 0 -A) + p a e a>1 +SA,2]+ 8 A,3 = PA 3 (l nA o ~a) + p a 2 e a>] +p a e a 2 +e A 3 . 

Finally, substituting equation (14) into equation ( 12 ) gives us 

(15) JnAj =A + 3g + p A 3 (lnA 0 -A) + p a 2 e a> i +p A s A2 +e a3 . 

(b) Using equation (7) to find the expected value of InA, yields 
E[lnA 1 ] = A+g + p A (lnA 0 -A), 
since E[ea,i ] = 0. 

Using equation^ 1) to find the expected value of lnA 2 yields 
E[lnA 2 ] = A+2g + p A 2 (lnA 0 -a), 
since E[ Pa Ea,i ] = p A E[eA,, ] = 0, E[e A2 ] = 0. 

Using equation (15) to find the expected value of lnA 3 yields 
E[lnA 3 ]= A + 3g + p A 3 (lnA 0 - a) 

since EtpA^, ] = p A 2 E[E A , ] = 0, E[p A s A2 ] = p A E[e a2 ] = 0, E[e a ., ] = 0. 
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Problem 4.4 

(a) We need to solve the household’s one period problem assuming no initial wealth and normalizing the 
size of the household to one. Thus the problem is given by 

max Inc + b(l - C ) l r /(I - y), subject to the budget constraint c = w£ 



Set up the Lagrangian: 

uf = Inc + b(l -O l ’ Y /(l -y) + k[wtf-c]. 

The first-order conditions are 

(1) dJ/dc = (1/c) - X = 0, and (2) dJL!U= -b(l - C)’ y + A-w = 0. 

Substituting the budget constraint into equation (1) yields 

(3) A,= l/c=l/(wO. 

Substituting equation (3) into equation (2) yields 
-b(l -6 )' Y + w/(w£ ) = 0, 
and simplifying slightly gives us 

(4) l/<T=b/(l-O y . 

Although labor supply, is only implicitly defined by equation (4), we can see that it will not depend upon 
the real wage. 

(b) We want a formula for relative leisure in the two periods. That is, a formula for (1 - 4)/(l - 4)- 
Assume that the household lives for two periods, has no initial wealth, has size Nj /H = 1 for both periods 
and finally that there is no uncertainty. Thus the problem can be formalized as 



max In CJ + b - 



-e p lnc 2 +e p b~ 

1-y 



subject to the intertemporal budget constraint given by 



C? W 2 ^ 2 

C ' + T77 =W, ' 1+ 7T7 



Set up the Lagrangian: 



- + e~ p lnc 2 + e p b 



-0,(1- <2)‘ 






1 1-y 1-y L 1+r i+rj 

There will be four first-order conditions: 

(5) dJ/dci = (1/c, ) - X = 0, and (6) 8JI8c 2 = (e' p /c 2 ) - [X/(l + r)] = 0, 

(7) 8IM y = -b(l - (\ )' r + 1£\ = 0, and (8) = -e‘ p b(l - ti V + /(I + 0] = 0 

Rearranging equation (7) yields one expression for X:X = b(l - 1\ )' T U\. 

Rearranging (8) yields another expression for X : X = [e’ p b( 1 - ( 2 )‘ r (1 + r)]/^,. 

Equating these two expressions for A yields 



e p b(l + r) b 

(1-* 2 ) Y w 2 (1-<,) T w, 



(l-^l) T _ 1 w 2 

(1-< 2 ) y e' p (l + r)w, 



and thus 



(1-<1> _j 1 w 2 j 
(l-< 2 ) Le“ p (l + r)w,J 
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a 



If w 2 /w! rises, then (1 - i x )/(l - 1 2 ) rises. That is, suppose the real wage in the second period rises relative 
to the real wage in the first period. Then the individual increases first-period leisure relative to second- 
period leisure, or reduces first-period labor supply relative to second-period labor supply. We can 
calculate the elasticity, denoting - for ease of notation only - (1 - i x )/(l -l 2 ) = £* and w 2 /W]S w*; 

dt * w* 1 [l/e“ p (l + r>] w * 

dw* t* y i * 

Substitute in the denominator for C* m (1 - i x )/(l - t 2 ) from equation (9) to yield 



dt* w* 1 [ 


l/e p (l + r) 


1/Y 

w 


*i/y 


dw* (* y j 


(l/e _p (l + r))w* 


1/y 



Thus the smaller is y - or the bigger is 1/y - the more the individual will adjust relative labor supply in 
response to a change in relative real wages. 



From equation (9), we can also see that if r rises then (1 - *,)/( 1 - 6 2 ) falls. That is, suppose that there is a 
rise in the real interest rate. Then the individual reduces first -period leisure relative to second-period 
leisure, or increases first-period labor supply relative to second-period labor supply. It is straightforward 
to show that 

a[(l-<l)/(l-«2>l (l + r) _1 

3(l + r) [(l-/,)/(l-/ 2 )]~ r 

Thus the smaller is y — or the bigger is 1/y -- the more the individual will respond to a change in the real 
interest rate. Note that with log utility, where y = 1, this elasticity is equal to one. 

Intuitively, a low value of y means that utility is not very sharply curved in t This means that * responds a 
lot to changes in wages and the interest rate. 

Problem 4.5 

(a) The problem is to maximize utility as given by 

(1) lnci + bln(l - t x ) + e' p [Inc 2 + bln(l - 1 2 )], 
subject to the following lifetime budget constraint: 

(2) c ' + !+ 7 C2 =W] ' 1 + T 77 W2 ' 2 



Set up the Lagrangian: 

(3) J - Incj + bln(l- + e p [lnc 2 + bln(l-^)] +X Wj^ +- w 2^2 ~ c i ~ J “ c 2 j 

The four first-order equations and some simple algebra gives us 
dj 1 1 

T = -X=0 => Cj (4) 

cj 1 X w 



do, 2 
dJl 



a -P 



*1 O-'l) 



c 2 l + r ° 
-b 

+ Xwj =0 



e" p (l + r) 



= 1 - 



Xwi 



(5) 

( 6 ) 
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0 £= -£Pb + Xw 1 = 0 => , 2 = 1 -(i±^. (7) 

d ( 2 (1 — ^ 2 ) 1 + r ^ w 2 

Now substitute equations (4) - (7) into the lifetime budget constraint, equation (2), to obtain 

1 e _p (l + r) L b ] w 2 ^ (l + r)e" p b 
— + = wi 1-- +“ — 1- — : • 

X X(l + r) [ ^ w lJ 1 + r L ^ w 2 

Multiplying both sides by X gives us 

[ Xvf \ -b] Xw 2 j" A,w 2 ~(l + r)e~ p b~j 



1 H 

L i 



Simplify further to obtain 

l + e -p = Xwi~b + — -e p b. 

1 + r 

Finally, solving for X yields 

(l + e' p )(l + b) 

(8) X = -p -r, 

[wj + w 2 /(l + r)] 

where we have used the fact that 1 + e‘ p + b + e _p b = (1 + e^l + b). 

Now to obtain an expression for first-period labor supply, substitute equation (8) into equation (6) to 
obtain 

b b[w] +w 2 /(l + r)] 



(l + e" p )(l + b) 



(l + e -p )(l + b)W] 



[w\ + w 2 /(l+r)] 

Finally, dividing the top and bottom of the second term by wj yields 

b[l + (w 2 /w 1 )(l/(l + r))] 

( 9 ) 6 = 1 -— • 

(l + e~ p )(l + b) 

Note that t\ is a function of the relative wage, W 2 /wi . Thus any change in Wi and W 2 that leaves W 2 /w t 
unchanged will leave t\ unchanged. 

To obtain an expression for second-period labor supply, substitute equation (8) into equation (7) to obtain 
(1 + r)e~~ p b t (l+Qe'Pbjw! +w 2 /(l + r)] 

<2 ~ (l + e~ p )(l+ b) ~ (l + e -p )(l + b)w 2 

[w! +w 2 /(l + r)] 2 

Finally, dividing the top and bottom of the second term by w 2 yields 

(1 -l- ^"^[(w! /w 2 ) + 1/(1 + r)l 

( 10 ) ^ 2 =1 — 1 L . 

(l + e“ p )(l + b) 

Again, note that i 2 is just a function of the relative wage, Wi /W 2 . Thus any change in Wi and W 2 that 
leaves Wi /w 2 unchanged will leave t 2 unchanged. 



(b) (i) The fact that the household has initial wealth of Z > 0 will not affect equation (4.23) in the text — 
the Euler equation ~ which relates consumption in one period to expectations of consumption the following 
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dJ -e p b Xw 2 „ , (l + r)e p b 

= + - = Q ( 2 =\- — ; . (7) 

dl 2 (1 — ^2 ) 1 + r ^ w 2 

Now substitute equations (4) - (7) into the lifetime budget constraint, equation (2), to obtain 

1 e _p (l + r) L b ] wj, (l + r)e“ p b 

— + = wi 1-- — +“ — 1- — : • 

X X.(l + r) [ ^ w lJ 1 + r L ^ w 2 
Multiplying both sides by X gives us 

[ Xvt\ -b] Xw 2 j~ A,w 2 ~(l + r)e~ p b] 



1 + e p = Xw 






Simplify further to obtain 

l + e -p = Xwj-b + —-Q p b. 

1 + r 

Finally, solving for X yields 
(l + e' p )(l + b) 

(8) X = -r T, 

[wj + w 2 /(l + r)] 

where we have used the fact that 1 + e‘ p + b + e'^ = (1 + e ^(l + b). 

Now to obtain an expression for first-period labor supply, substitute equation (8) into equation (6) to 
obtain 

b j b[w] + w 2 /(l + r)] 

(l + e~ p )(l + b) (l + e _p )(l + b)w, 

[wj +w 2 /(l+r)] ' 

Finally, dividing the top and bottom of the second term by wi yields 

b[l+(w 2 /w 1 )(l/(l + r))] 

( 9 ) e, = 1 -— . 

(l + e -p )(l + b) 

Note that t \ is a function of the relative wage, W 2 /wi . Thus any change in Wi and W 2 that leaves W 2 /wi 
unchanged will leave t\ unchanged. 

To obtain an expression for second-period labor supply, substitute equation (8) into equation (7) to obtain 
(1 + r)e~~ p b t (l+Qe'Pblw! +w 2 /(l + r)] 

<2 ~ (l + e~ p )(l+ b) " (l + e" p )(l + b)w 2 

[w i + w 2 /(I + r)] 2 

Finally, dividing the top and bottom of the second term by w 2 yields 

(1 + Oe^bflw! /w 2 ) + 1/(1 + r)l 

( 10 ) l 2 —\ — 1 L . 

(l + e“ p )(l + b) 

Again, note that i 2 is just a function of the relative wage, Wi /w 2 . Thus any change in Wi and w 2 that 
leaves Wi /w 2 unchanged will leave t 2 unchanged. 



(b) (i) The fact that the household has initial wealth of Z > 0 will not affect equation (4.23) in the text -- 
the Euler equation — which relates consumption in one period to expectations of consumption the following 
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period. The fact that the household has initial wealth does not change the marginal utility lost from 
reducing current consumption by a small amount today nor does it change the expected marginal utility 
gained by using the resulting greater wealth to increase consumption next period above what it otherwise 
would have been. That is, it does not affect the experiment by which we informally derived the Euler 
equation. The budget constraint, just as in the Ramsey model, only becomes important when determining 
the level of consumption each period. 



(b) (ii) The result in part (a) will not continue to hold if the household has initial wealth. The new lifetime 
budget constraint is given by 

1 1 
(11) c 2 =Z + w ^ + i + r w 2 ^ 2 . 

Clearly, this addition of a constant to lifetime wealth will not affect the four first-order conditions. Now 
take those first-order conditions, equations (4) through (7), and substitute them into this new budget 
constraint: 

«" p (l + r) 



I L 

X + Ml + r) 



= Z + w 



1-- 



Xw 



1 J 



1+ri 



1- 



(1 + r)e p b 



Xw- 



Following the same algebra steps as in part (a) will now yield 

02) x (1+e : P)(1+ - b) - 

( ' [Z + w 1+ w 2 /(l + r)]- 



Now to obtain an expression for first-period labor supply, substitute equation (12) into equation (6) to 
obtain 

b b[z + wj + wj /(I + r)] 

‘ l ~ (I +e -p )(l + b) ~ (l + e" p )(l + b)w, 

7 TW] 

[Z + W] + W2/O + r)j 

Finally, dividing the top and bottom of the second term by wi yields 

b[(z/wi) + l + (w 2 /wi)(l/(l + r))] 

( 13 ) <!= 1 — l - 

(l + e" p )(l + b) 

Taking the derivative of t\ with respect to wi - imposing the condition that W 2 /wj remains constant — 
yields 

gl _ bZ/w) 2 
5wi (l + e~ p )(l + b) 

Thus a change in Wi , even if it is accompanied by a change in w 2 such that relative wages remain constant, 
does affect first-period labor supply. In fact, a rise in the first-period wage will increase first-period labor 
supply. 



To obtain an expression for second-period labor supply, substitute equation (12) into equation (7) to obtain 

( (1 + r)e~ p b (l + r)e~ p b[Z+w, +w 2 /(l + r)] 

2 ~ (1 + e~ p )(l + b) ~ (l+e" p )(l + b)w 2 

[z+W[+w 2 /(l+r )] W2 

Finally, dividing the top and bottom of the second term by w 2 yields 
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iz 



(14) <2= l ~ 



(1 + r)e p b[(z/w 2 ) +(w, /w 2 ) + 1/(1 + r)] 
(l + e~ p )(l + b) 



Taking the derivative of 1 2 with respect to w 2 — imposing the condition that v/i /w 2 remains constant -- 
yields 

dt 2 (l + r)e~ p bz/w 2 2 Q 
5 w 2 " (l + e“ p )(l + b) 

Thus a change in w 2 , even if it is accompanied by a change in wi such that relative wages remain constant, 
does affect second-period labor supply. In fact, a rise in the second-period wage will increase second- 
period labor supply. 



Problem 4,6 

(a) The real interest rate is potentially random, so let r = Er + e where e is a mean-zero random error. 

The individual wants to maximize expected utility as given by 

(1) U = lnCj + ElnC 2 , 

and substituting in for C 2 yields 

(2) U = lnC 1 +EIn[(I + Er + 8)(Y 1 -C 1 )]. 

Set the derivative of equation (2) with respect to Ci equal to zero to obtain the first-order condition. 

(3) 3U/dC, = 1/C, + E[(-l)(l + Er + s)/(l + Er + e)(Y, - C,)] = 0, 
or simplifying 

yCi - E[l/( Y, - C, )] = 0 . 

Since l/(Yi - C\ ) is not random, it is true that E[l/(Yi - Ci )] - l/(Yj - Ci ) and thus after some simple 
algebra we have 

(4) C, = Y,/2. 

In this case, the choice of C } is not affected by whether r is certain or not. Even if r is random, the 
individual simply consumes half of first-period income and saves the rest. 

(b) Now the individual does not receive any first-period income but receives income Y 2 in period 2. So the 
individual's problem is to maximize expected utility as given by equation (1), subject to 

(5) Ci = Bi , and (6) C 2 = Y 2 -(l + Er + e)B l = Y 2 -(l + Er + ejCj, 

where Bi represents the amount of borrowing the individual does in the first period. Substituting (6) into 
the expected utility function (1) yields 

(7) U = lnC 1 +Eln[Y 2 -(l + Er + e)C 1 ]. 

Set the derivative of equation (7) with respect to Ci equal to zero to find the first-order condition: 

(8) au/dc, =1/C, -E[(l+Er+s)/C 2 ]=0. 

Use the formula for the expected value of the product of 2 random variables ~E[XY] = E[X]E[Y] + 
cov(X,Y) — to obtain 

(9) 1/C, =(l + Er)E(l/C 2 ] + cov(l + Er + s,l/C 2 ). 

The covariance term is positive. Intuitively, a higher e means the individual has to pay more interest on her 
borrowing which forces her to have lower C 2 and thus higher 1/C 2 . 

If r is not random - so that r = Er because e = 0 always - we have from equation (9) 

l/C, = (1 + Er) (1/C 2 ) = (1 + Er)/[ Y 2 - (1 + Er)C, ] => Y 2 -(1 + Er)C, = (1+ Er)C,, 

and thus solving for Ci yields 

(10) Cj=Y 2 /2(l + Er). 



i 
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Now, from equation (9), in the case where r is random, we still have 
1/Ci = E[1 + Er + e] E[l/C 2 ] + cov(l + Er + s,l/C 2 ). 

Since 1/C 2 is a convex function of C 2 , then by Jensen’s inequality we have E[l/C 2 ] > 1 / E[C 2 ] In 
addition, because the covariance term is positive, we can write 

l/C, = (1 + Er)E[l/C 2 ] + cov( 1 + Er +e,l/C 2 ) > (1 + Er)[l/E[C 2 ]] . 

Substituting into this inequality the fact that E[C 2 ] = Y 2 - (1 + Er)C, yields 

l/C, >(l + Er)/[Y 2 -(l + Er)Cj] => Y 2 -(l + Er)C, >(l + Er)C, => 2(l + Er)C, < Y 2 , 
or simply 

(11) C, < Y 2 /2(1 + Er) . 

Note from equation (10) that the right-hand side of (1 1) is the optimal choice of C, under certainty. Thus 
we have shown that if r becomes random with no change in the expected value of r, the optimal choice of 
Ci becomes smaller. Essentially, if there is some uncertainty about how much interest the individual will 
have to pay in the second period, she is more cautious in her decision as to how much to borrow and 
consume in the first period. 

Problem 4.7 

(a) Imagine the household increasing its labor supply per member in period t by a small amount M. 
Suppose it then uses the resulting greater wealth to allow less labor supply per member in the next period 
and allowing for consumption per member to be the same in both periods as it otherwise would have been. 
If the household is behaving optimally, a marginal change of this type must leave expected lifetime utilitv 
unchanged. J 

Household utility and the instantaneous utility function of the representative member of the household are 
given by 

t=oo 

^ ^ = t ^ 6 P *t)N t /H, and (2) u t = lnct + bln(l -C x ). 

From equations (1) and (2), the marginal disutility of working in period t is given by 
(3) -d\]/dt x = e' pt (N t /H)[b/(1 - <? t )]. 

Thus increasing labor supply per member by AC has a utility cost for the household of 
Utility Cost = e' pt (N, /H)[b/(1 - (, )]M 

This change raises income per member in period t by w,Aif. Note that the household has e“ times as many 
members in period t + 1 as in period t. Thus the increase in wealth per member in period t + 1 is 
e‘°[(l + r tll )w,A(] 

We need to determine how much this will allow labor supply per member in period t + 1 to fall, if the path 
of consumption is to be unaffected. In period t + 1, giving up one unit of labor per member costs w, +I in 
ost income per member. Thus giving up l/w, tl units of labor per member means lost income of one per 
member. Or, giving up [e"° (1 + r t+] )w,/Y ]/w H i units of labor results in lost income per member of 
e - ” (1 + r^i )w,A<r , which is exactly equal to the extra wealth per member the household has from working 
more last period. Thus we have determined that labor supply per member can fall below what it otherwise 
would have been by the amount [e'" (1 + r, +1 )w,lV ]/w iH while still allowing consumption to be the same as 

it otherwise would have been. The expected utility benefit, as of period t, from this allowable drop in labor 
supply per member is 
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Expected Utility Benefit = E t e 



-p(t+l) N t+1 



e n (l + r t+1 )w t Af 



H (l-<t+|) 



Equating the costs and expected benefits yields 

e _pt N I _b_ A/=E e - p( t + i) Nt ± i b e~ n (I+r 1+ i)w t A^ 

H (l-< t ) 1 H (l-<t+l) w t + l 

Since e" p<< * ,> (N t n /Hie"” is not uncertain and since N,+i = N, e”, this simplifies to 
b -ot. b(l + r t+1 )w t 

(4) = e p E t . 

o-<t) La-', + i)w t+1 J 



(b) Consider the household in period t. Suppose it reduces its current consumption per member by a small 
amount Ac and then uses the resulting greater wealth to increase consumption per member in the next 
period above what it otherwise would have been. The following equation, (4.23) in the text, gives the 
condition this experiment implies, assuming the household is behaving optimally: 

(4.23) — =e -P E( — ( 1 + r t+1 ) . 



Now imagine the household increasing its labor supply per member in period t by a small amount td and 
using the resulting income to increase its consumption in that period. The following equation, (4.26) in the 
text, gives the condition that this experiment implies, assuming that the household is behaving optimally: 



Solving for 1/ct gives us 
1 b 

(4.26 ' ) — = . 

c t (l-* t )w t 

Note that equations (4.26) and (4.26 ’ ) hold in every period. Thus for period t + 1, we can write 
lb 

(4.26") = . 

Ct+l 0-'t+l) w t+l 

Substituting equations (4.26 ' ) and (4.26 " ) into equation (4.23) yields 
_Jl_ = e -P E b ( 1 + r t+l) 

(i-; t )w t e t L(i-< t+ i)w, +1 J' 

Multiplying both sides by w t , and since E, [w t ] = w, , we have 

b rb(l + r,.,)w, 1 



b - p _ b(l + r t+1 )w t 
=e K E. 

*t) L(l-'t+l) w t+l 



This is the same condition obtained from the experiment in part (a). 

Problem 4.8 

(a) To obtain the first-order condition or Euler equation, we can use the informal perturbation method. 
The experiment is to suppose the individual reduces period-t consumption by AC. She then uses the 
resulting greater wealth in period t + 1 to increase consumption above what it otherwise would have been. 
The utility cost in period t of doing so is given by 

Utility Cost = [1/(1 + p)]‘ u'(C, )AC = [1/(1 + p)]‘ [l - 29 C t ]AC , 




90 Solutions to Chapter 4 

Wh«« w hay, «d ft. «™„ s „| % ^ u(& , , Ct . 0Ci , to ra|e<ite u . (Q ( 
n ‘ “ P "“ 1 j" P«iod 1 + 1 to, the above experiment » 

B,.i^ <w .. El [ (Wl+p)riitCt(|Xl+A)4c j p,]'* ]E ,[,. 2 ec wX , tA Uc 

Finally, this simplifies to ' 

&p. Utility Oak - [VO yplf'lp _ 2 8 E| [ Cw ]]( | * A)ac 

o, s ^,; p ’ 1 ”' ,he ” wd Miye “ : 

1 - 20C t = [1/(1 + p)](l + A)[l - 20E t [C t+1 ]1 . 

Using the fact that p = A and simplifying yields 
w '-t- tt [C t+ i ]. 

to^rr, eXPeCted ValUe ° fconsum P tio " next P®** « ^ply equal to 

(b) We will guess that consumption takes the form- 

(2) C t =a+pK, +ye, 

Substitute equation (2) and the production function Y = Akr + • . , 

K t+1 - K t + Y t - C t , to obtain ’ ‘ * e, , into the capital-accumulation equation, 

K t+i =K, +AK, +e t -a-pK t -ye,, 
or simply 15 

(3) K, +I =-a+(l + A-p)K t +(l-y)e t , 

(4) o+pK t +ye t = E t [a+pK t+1 +ye t+1 J. 

Substitutmg equation (3) into equation (4) yields 

a + PK t +ye t =o + pE t [-a + (l + A-p)K, +(l-v) e 1 + vF f* I 

(5) a + pK t+ ye t =a(l-p) + p (1 + A _p)K t+ [p + yW _ p) ] et 

fhe same on both sidef^^g ^ ^ COnStant term ’ t0 be 

P-p(l + A-p) => 1 = 1 -}- a — p ? 
or simply 

(6) P = A. 

Equating the coefficients on e, gives us 
r = P + y(<f>-P). 

Using equation (6) and simplifying yields 
y(l-<j» + A) = A, 

or simply 

(7) r= rrr- 

1-<J» + A 
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Finally, equating the constant terms yields 
a = a(l- P). 

Unless p = A = 1, this requires 
(8) a=0. 

Note that we are also ignoring the case of p = 0, y = 0 and no restriction on a. 

(d) Substituting equations (6) through (8) into the guess for consumption, equation (2), and the capital- 
accumulation equation, equation (3), yields 

A ^ ( 1-+ 

e t , and (10) K t+1 = K t + 



(9) C t = AK t + 



1-6 + A 



l-* + A. 



To keep the analysis simple, and without loss of generality, we can assume that s , and thus e, both equal 0 
until some period t. In period t, there is a one-time, positive realization ofe t = l- <j> + A. From period t+1 
forward, e = 0 again. In what follows, the change in a variable refers to the difference between its actual 
value and the value it would have had in the absence of the one-time shock (i.e. if e and e had remained at 
0 forever). 

In period t, K t is unaffected. From equation (10), we can see that K t is determined by last period’s capital 
stock and last period’s realization of e. From the production function, Y, = AK t + e, , we have 
AY t = AAK t + Ae t = 0 + (l-<|> + A). 

Thus output in the period of the shock is higher by (1 -<j> + A). From equation (9), the change in 
consumption is given by 



AC t = AAK t + 



.!-<)>+ A 



|Ae t = 0 + 



U-++A 



l-<j> + A) = A. 



Thus consumption in the period of the shock is higher by A. 

In period t+1, even though s t+1 is assumed to be 0 again, et+i is different than it would have been in the 
absence of the one-time shock due to the autoregressive form of the e's. More precisely 
Ae t+1 = <j)Ae t = <J)(1 — (f>-h A). 

From equation (10), the change in the capital stock is given by 

- 0 +(tt^x)' 

Intuitively, last period, output rose by (1 - § + A) but consumption rose only by A. The rest of the increase 
in output — (1— 4>) — was devoted to investment and hence the rise in this period's capital stock by an equal 
amount (we are assuming no depreciation). From the production function, Y t +i = AK t+ i + et+i , the change 
in output is 

AY t+1 = A AK t+1 + Ae t+ i = A(1 - <|>) + <|>(1 - <f>) + A = A - 4>A + $ + <|>A - c|> 2 = A + 4>(1 - <|>) . 

From equation (9), the change in consumption is given by 



AC 



t+1 



= AAK 



t+l 



j^]a. w =ao-«+( tz ^]w-*+a) = a-+a++a = a. 



Thus there are no further dynamics for consumption. It remains A higher than it would have been in the 
absence of the shock. 



Similarly, we can calculate these changes for period t+2: 
Ae t+2 =4>Ae t+1 = 4> 2 (1 -<(> + A), 
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AK t+2 = AK t+l + 
AY t+ 2 - AAK t+ 2 



f— V 

vl — <t> -h AJ 



«t+l = (1 - < t ) ) + 



(1 — <)))4>(1 — 4> h- A) 
1 — <b + A 






+ Ae, + , = A(1 - <t>) + A<K1 - <!)) + <t> 2 (1 - <t> + A) = A + <1> 2 (1 - <t>), and 



AC t+ 2 = AAK t+2 + 



l-<b + A 



^e t+ 2 = ACl-^) + 



l-<t> + A 



' (1 — <J, + A) = A— 4 )Z A-h<t )Z A = A. 



The pattern can now be inferred. Suppose there is a one-time shock of e t = 1 -<|> + A . h ^ P enod ofthe 
shock, consumption rises by A and permanently stays at that new level with no further dynamics. In 
addition, n periods after the shock, the change in output is 

AY t+n = A + <t> n (l-<t>), 
and the change in the capital stock is 
AK t+n =l-4> n - 

The nature ofthe dynamics of Y and K depends upon the value of <j> . In the special case in which it is 
equal to 0, so that there is no persistence in the technology shock, there are no further dynamics after penod 
t + 1 . The period after the shock, and in all those thereafter, capital is higher by one and output is higher 
by A. 

For the case of 0 < <|> < 1, the capital stock rises by (1 - the period after the shock. It then increases more 

each period until it asymptotically approaches its new long-run level that is one higher than it would have 
been in the absence ofthe shock. Output rises by (l~<i> + A) the period of the shock. It then decreases 
each period until it asymptotically approaches its new long-run level that is A higher than it would have 
been in the absence of the shock. 



For the case of -1 < § < 0 , capital and output oscillate - alternating above and below their new long-run 
levels in successive periods - and gradually settle down to be one and A higher, respectively. 



rruuiem , , 

(a) To obtain the first-order condition or Euler equation, we can use the informal perturbation method. 

The experiment is to suppose the individual reduces period-t consumption by AC. She then uses the 
resulting greater wealth in period t + 1 to increase consumption above what it otherwise would have been. 
The utility cost in period t of doing so is given by 

Utility Cost = [ 1/(1 + p)] u'(Ct ) AC — [l/(l H- p)] [l- 20(c t + v t)] AC , 
where the last step uses the instantaneous utility function, u(C t ) = C t - 9(C t + v t ) 2 , to calculate u (C t ). 

The expected utility gain in period t + 1 from the above experiment is 
Exp. Gain = E t [(l/(1 + p))‘ +1 u'(C t+1 )(l + A) Ac] = [l/0 + P)]' + ' E t[>- 29 ( c t+l + v t+l )]U + a )AC, 
where A is the real interest rate. Now, since v is white noise, Et[v t+ i ] = 0 and thus 
Exp. Utility Gain = [l/(l + p)] [l — 20E t [C t+ |]](l + A)AC. 

If the individual is optimizing, the utility cost from this perturbation must equal the expected utility gain. 

[1/(1 + p)[ ‘[l - 20(c t + v t )] AC = [1/(1 + p)] t+I [l - 29E t [C t+1 ]](l + A) AC, 
or simply 



L 
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1 - 26(C, + v t ) = [1/(1 + p)](l + A)[l - 20E, [C t+1 ]] 

Using the fact that p = A and simplifying yields 

(1) C t + v t = E t [C t+1 ]. 

(b) We will guess that consumption takes the form 

(2) C t =a+pK t +yv t . 

Substitute equation (2) and the production function, Y t = AK t , into the capital-accumulation equation, 

K t +i = K, + Y t - C t , to obtain 

K t +i =K t + AK t -a-pK t -*yv t , 
or simply 

(3) K t+1 =-a+(l + A-p)K t -yv t . 

(c) Substitute equation (2) and equation (2) lagged forward one period into the first-order condition, 
equation (1): 

a+pK t + y v t + v t = E t [a+pK t+1 + y v t+1 ]. 

Noting that Et[Vt + i ] = 0, we have 

(4) a+ pK t +(y + l)v t =a+ pE t [K t+1 ]. 

Substitute equation (3) into equation (4). Note that we can drop the expectations operator since K t+ i is a 
function of K, and v t which are both known at time t and thus we have 
a+pK t + (y+l)v t =a+p[-a + (l + A- p)K t -yv t ]. 

Simplifying yields 

(5) a+ p K, + (y + l)v t = a(l - p) + p(l + A - p)K t - Pyv t 

Clearly, in order for equation (5) to hold, we need the coefficients on K, , v, ,and the constant term to be the 
same on both sides. That is, we need 

p = p(l + A-p) => 1 = 1 + A - p => P= A, (6) 
y + l = -Py =s> y(l + p) = -l => y= -1/(1 + P) => y = -l/(l + A), (7) 
a(l-p) = a => a(l-A)=a => a=0. (8) 

There is another set of parameter values that satisfies equation (5) which is p = 0, y = -1, and no restriction 
on a. This second solution is economically unappealing, however, since P = 0 implies that consumption 
does not depend on the capital stock. This is not realistic since consumption depends on output which in 
turn is determined by the capital stock. Thus we can, on economic grounds, ignore this second solution. 

(d) Substituting equations (6), (7) and (8) into the guess for consumption, equation (2), and the capital- 
accumulation equation, equation (3), yields 

(9) C t =AK t -[l/(l + A)]v t , and (10) K t+1 = K t +[l/(l + A)]v t . 

Without loss of generality, we can assume that v = 0 until some period t when there is a one-time positive 
realization of v t . To keep the analysis simple, assume that v t = (1 + A). From period t + 1 forward, v = 0 
again. 

In period t, K t is unaffected. It is determined by last period’s capital stock and last period's saving. From 
the production function, Y, = AK t , Y t is unaffected since K t is unaffected. From equation (9), we can see 
that consumption in period t, C t , is lower by [l/(l + A)] v t =[1/(1 + A)]( 1 + A) = 1 . 
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In period t + 1, we can see from equation (10) that K,*, is higher by [l/(l+A)]v, =[l/(l + A)l(l+A) = l 
Inturtively, last penod's drop in consumption by one, with unchanged output, meant an increase in saving of 
one. This in turn means an mcrease in this period's capital stock by one. Through the production function 
smce Ki+i is higher by one, output is higher by A. Finally, with v, +I assumed to be 0, then since K t+ , is 

seaTfrom equation ^ ^ “ P6n ° d * * 1 (before shock > by A. This last fact can be 

From period t + 2 forward, assuming v = 0 forever, there will be no further dynamics. K stays at its new 
higher level: one higher than m period t - 1 . Y stays at its new higher level: A higher than in period t - 1 C 
stays at its new higher level: A higher than in period t - 1 . All of this is depicted in the figure^elow 



t-1 t t+1 t+2 t+3 



t-1 t t+1 t+2 t+3 



t-1 t t+1 t+2 t+3 



Problem 4.10 

(a) From the Solow, Ramsey and Diamond models it is clear that on the balanced growth path without 
shocks, the growth rates of Y, K and C are all equal to „ + g. In addition, the gro^h rate of wj g 7e 
growth rate of L is n, and the growth rates oft' and r are zero. Note that given the logarithmic structure 

here, growth rate" means the change in the logarithm of the variable. That is, the fact that the growth rate 
of K is n + g means that ln(K t+l ) - ln(K, ) = n + g. 8 rate 

Dividing both sides of the production function, Y, = K,“[A,L, ]'* by A.L, yields 
Y t /A|L, = K,“[A t L, r = [K, /A t L t f. Y ^ 

( S “ C ®, y * k * are ** balanced-growth-path values of Y/AL and K/AL respectively, we have 
gives us^' di ' ldin8 b0th S ‘ deS ° fthe capital-accumulation equation, K, +1 = K, + Y, - C, - G, - 5K, , by A.L, 



Kt+i K, Y t 



G, 6K t 



A t L t A t L ( A,L t A t L t A t L t A,L t ' 

^ ^ K ‘- ' = L eVK ' on the balanced growth path and thus that K, + , /A,L, = e”e 8 K, /A.L, as well 

as the notation given m the question yields ' 

(2) e'e'k’ 8 = k* + y* - c* - G* - 6k* 

Dl ^ /A =°(1 S a)[K f /AlJr ati0n SiVin8 ^ reaI Wage ’ W, = (1 ' a)[K| /A|L( 1“^ > by A, yields 

Denoting the value of w/A on the balanced growth path as w* gives us 

(3) w* = (1 - <x)k*“ 

From equation (4.4) in the text giving the real interest rate, we have on a balanced growth path 
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(4) r* = ok** 1-00 - 6. 



We need to transform textbook equation (4.26), which relates the trade-off between current consumption 
and current labor supply, into an expression concerning the balanced growth path without shocks. Note 
that in equation (4.26) , c* /(I - Ct ) = w t fb , c is consumption per person, C/N. We are interested in c* 
which is consumption per unit of effective labor, C/AL. Since C/N = (C/AL)(L/N)A, on the balanced 
growth path it is true that c = c H *A. Using this fact and dividing both sides of equation (4.26) by A, we 



obtain 

c*** A/A w/A 
(!-'*) ~ b 
Since w* = W/A, we have 
c*(* w* 



( 5 ) 



(1-**) b ' 



Finally, to transform textbook equation (4.23), which relates the tradeoff between current and future 
consumption, first eliminate the expectations term since there is no uncertainty without any shocks. Then 
multiply both sides of equation (4.23), l/c* = e' p E, [(1 + r t +i )/Ct+i ], by c t +i : 

Ct+i /ct = e* p (l + r t +i ). 

On the balanced growth path, consumption per person grows at rate g and thus Ct+i = Ct e 6 or 
Ct+i /ct — e g . Thus we have 
(6) 1 + r* = e*** 



Equations (1) - (6) are six equations in the following six variables: y*, k*, c*, w*, l *, and r*. 



(b) We need to assume the following parameter values: a = 1/3, g = 0.005, n = 0.0025, 5 = 0.025, 
r* = 0.015, and i * = 1/3 . Note that these are quarterly values for n, g and r*. 



From equation (4), we can obtain an expression for capital per unit of effective labor on the balanced 
growth path, k*: 

k* = [o/(r* + 6)] v ™ 

Substituting for the values given yields 

k* = [(l/3)/(0.015 + 0.025)] 1/(M/3) => k* = 24.0563. 

Substituting this value for k* into equation (1) gives us a value for quarterly output per unit of effective 
labor on the balanced growth path: 

y* = k* a = (24.0563) 173 => y* = 2.8868. 

We are told that the ratio of government purchases to output on the balanced growth path is (G/Y)* = 0.2. 
This means that: 

[G/AL]/[Y/AL] = 0.2 => G/AL s G* = (0.2)(2.8868) G* - 0.5774. 

From equation (2), we can solve for consumption per unit of effective labor on the balanced growth path, 
c*: 

c* = k* + y* - G* - 6k* - eVk* = (1 - 6 - eV )k* + y* - G*. 

Substituting in for the values given yields: 

I c* = (1 - 0.025 -e 00023 e 0005 )(24.0563) + 2.8868 -0.5774 => c* = 1.5269. 

| 

It is then straightforward to use these values for c* and y* to solve for the share of output devoted to 
f consumption on the balanced growth path: 

! C/Y = [C/AL]/[Y/AL] = c*/y* = 1.5269/2.8868 = 0.5289, 

| 

i 

| 



96 Solutions to Chapter 4 



and thus consumption's share in output is approximately 53%. Since output is devoted to consumption, 
investment, or government purchases, we know that 
I/Y = 1 -C/Y-G/Y= 1 - 0.5289 - 0.2 = 0.271 1, 

and thus investment's share in output is roughly 27%. Compared to actual figures for the U.S. this is 
giving slightly too much weight to investment and slightly too little weight to consumption. Finally, the 
implied ratio of capital to annual output on the balanced growth path is 
K/4Y = [K/AL]/[4Y/AL] = k*/4y* = 24.0563/[(4)(2.8868)] = 2.083. 

Problem 4.11 

Before invoking the simplifying assumptions, the model here is the RBC model with no government and 
100% depreciation, given by 

(1) Y t = K t a [A t L t ] l * (2) K l+ i = Y t - C t (3) lnA t =A + gt + A t 

(4) A t = p A A t _j +e A>t (5) lnN t =N + nt (6) u, = lnct + bln(l - t x ). 

In this question, we are simplifying by assuming n = g = A = N = 0. This results in the following 
adjustments to the model. Population is given by 
(5 ' ) In N t = 0 => N t = 1. 

We have normalized the population to one and thus i x , labor supply per person, will be the same as total 
labor supply, Lt. Thus we can rewrite the production function as 
(1') Y t = K t a [A t ^ t ] , - a . 

Finally, with respect to technology, since g and A are equal to 0, we have In A t = A t and using equation 
(4) to rewrite this yields 
(3 ' ) lnA t = p A lnA M + e^, . 



(a) Define the value function at time t as 



(7) V t = max E 



Xe ^ s_t ^[lnC s + bln(l-/ s )] 



s=t 



Since we are solving the social planner’s problem, the maximization is subject to the production function, 
equation (1 ' ), the capital-accumulation equation (2) and the technology equation (3 ' ). Thus the value 
function at time t is the expected present value of lifetime utility, from time t forward, evaluated at all the 
optimal choices of consumption and labor supply. The technique here is that we can reduce what looks like 
a complicated multiperiod problem down to a two-period problem. This is due to the fact that the value 
function must satisfy Bellman's Equation, which is given by 

(8) V t (K t ,A t ) = max{lnC t +bIn(l-^)+e _p E t [v t+1 (K t+1 .A t+1 )]J. 

c,t 

Equation (8) says that the value function at time t is equal to utility at time t, evaluated at the optimal C t 
and ix , plus the discounted expected value as of time t of next period's value function. That is, the expected 
value of maximized lifetime utility is maximized lifetime utility "today" plus "today's" expectation of 
maximized lifetime utility from "tomorrow" on, appropriately discounted. 



3 

\ 

% 

\ 



$ 

i 

.3 




(b) We will guess that the value function is of the form 

(9) Vt (K t , A, ) = p 0 + p K lnK t + p A InA* . 

Substituting this guess into equation (8), the Bellman equation, yields 

(10) V t (K t ,A t ) = max{lnC t +bln(l-^ t ) + e" p E,[Po + P K lnK t+ , +p A In A t+1 ]} . 

Taking logs and then expectations of both sides of equation (2), the capital-accumulation equation, yields 
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(1 1) EtPnKt+j ] = Et[ln(Y t - C, )] = ln(Y t - C t ), 

where we have used the fact that Y, and C t are both known as of time t. Taking expectations of both sides 
of equation (3 ' ) yields 

(12) EtPnAt-i ] = p A InA t , 

where we have used the fact that the s shocks have mean zero. Substituting equations (1 1) and (12) into 
equation (10) yields 

(13) V t (K t ,A t ) = max{lnC t +bln(l-/ t ) + e _p [Po+P K ln(Yt-C t ) + P A p A lnA t ]}. 



The first-order condition for C t is 

0=l/C t +e- p p K (-l)/Y t -C t => l/C t =e- p p K /(Y t -C t ), 

(14) Y t -C t =e- p p K C t =* C t (l + e- p p K ) = Y t =* C t =[l/(l + e" p p K )]Y t . (14') 

Thus the ratio of consumption to output is given by 

(15) C, /Y t = 1/(1 + p K ). 

So clearly, the ratio of consumption to output does not depend on K t or A t . 

(c) The first-order condition for i x (noting that L t = t x ) is 

0 = -b/(l -(,) + [e' p Pk /(Y, - C, )](1 - a)K“ A, 1 " C- 
Simplifying yields 

(16) b/(l - i x ) = [e' p p K /(Y t - C t )](1 - a)(Y t / ( ). 

Substituting equation (14) into equation (16) yields 

(17) b/(l - £ t ) = [e* Pk /e* Pk C t )](1 - a)(Y , / 4 ) = (Y t /C, )[(1 - a)/ l x ]. 

Substituting equation (15) into equation (17) yields 

b/(l - ) = (1 - a)(l + e' p Pk )/ => bC = (l-0(l-a)(l+e p p K ). 

Further simplification allows us to obtain 

it [d - a)(l + e' p p K ) + b] = (1 - a)(l + p K ), 
and thus 

(1-a) 

( 18 ) l t = , . r. 

(1 - a) + [b/(l + e -p p K )] 

Thus i x , labor supply per person, does not depend on K, or A, either. In addition, with some simple 
algebra, it is possible to solve for optimal leisure, an expression which will be useful later on: 

(19) (l-< t ) = b/[(l - a)(l + e* p p K ) + bj . 

(d) Now take these optimal choices of consumption and leisure, as well as the production function, and 
substitute them all into the value function. It will turn out that the original guess that the value function is 
loglinear in capital and technology is valid. 

Formally, substitute equations (14), (14 ' ) and (19) into equation (13) to obtain 
v, (K t , A t ) = ln[Y t /(l + e -p p K )] + bln jb/[(l -a)(l + e’ p p K ) + b]j + 

e _P {p 0 + Pk ln[e- p p K Y t /(l + e- p p K )] +p A p A lnA t ). 
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Substituting equation d' ), the production function, into equation (20) and expanding some of the 
logarithms yields 

V,(K,,A t ) = alnK t +(l-a)lnA t +(l-a)ln^-ln(l + e“ p P K ) + bln{b/[(l-a)(l + e“ p p K ) + b]} 

( 21 ) +e ' P Po+e" p PK{ln(e' p P K )-ln(l + e- p p K )+alnK t +(l-a)lnA t +(l-a)ln; t } 

+ e ~ P PAPA lnA t- 

There is no need to substitute m for (, since we already know that it does not depend on K, or A, and it is 

0,1 toK ' 311(1 toA > 1,131 we ar e interested in. It is possible to rewrite equation (21) as 

(22) V, (K, , A, ) = p„- + p K ' InK, + p A ' InA, , 

where p 0 ' = terms that do not depend upon K, or A, , P K ' = a(l + e' p Pi- ) and 
Pa' = (1 - a)(l + e' p p K ) + e‘ p p A p A . 

Ion 1 " S? f ° r ° Uf °7r al gU6SS t0 be C ° rreCt > we need ^ coefficient on InK, in equation (22) to be equal 

to p K . That is, we need p K = a(l+e p p K ). Solving for p K yields ^ 

(23) p K = a/(l - ae^ ). 

We also need the coefficient on InA, in equation (22) to be equal to p A . That is, we need 

(24) PA = (l-a)(l+e- p p K ) + e - p p A p A . 

Substituting the expression for p K , equation (23), into equation (24) yields 
Pa = (1 - a){l + [ae’ p /(l - ae' p )]} +e p p A p A . 

Collecting the terms in p A and simplifying yields 
Pa (1 - e’ p p A ) = (1 - a)/(l - ae' p ), 
and thus finally 

(25) Pa = (1 - a)/[(l - ae p )(1 - p A e' p )]. 

(0 Substitute the value of p K that was derived above into the earlier solutions for Y, /C, and That is 
substitute equation (23) into equation (15): 

£± i i 

Y * T + [ae- p /(l-ae- p )] = |(l-ae- p + ae- p )/(l-ae- p )J’ 

or simply 

(26) C t /Y t = 1 - ae’ p . 

S31 ™ f io p f consumption to output that was obtained by derivmg the competitive solution to 
this model, with the additional assumption of n = 0 incoiporated. 

Similarly for labor supply, substitute equation (23) into equation (18)- 

l (1 ~ ct) 

(l-a) + b/[l+(ae“ p /(l-ae“ p ))] ' 

We have already worked on an expression like the one in the denominator just above and thus 

(27) 6, = (1 - a)/[(l- a) + b(l - ae' p )], 

This expression for labor supply is the same as the one that was obtained when deriving the competitive 
solution to the model, with the additional assumption of n = 0 incorporated. competitive 

Problem 4.12 

The derivation of a constant saving rate, s, = s, and a constant labor supply per person, l. =/, did not 
epend on the behavior of technology. As the text points out, it is the combination of logarithmic utility, 
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Cobb-Douglas production, and 100% depreciation that causes movements in both technology and capital to 
have offsetting income and substitution effects on saving. These assumptions allowed us to come up with 
an expression for the saving rate that did not depend on technology which is equation (4.31) in the text. 
Once a constant saving rate is established, technology plays no role in the derivation that labor supply is 
also constant. That relied on the form of the utility function and on Cobb-Douglas production. The latter 
was necessary so that labor's share in income was a constant. 

Problem 4.13 

(a) Imagine the household increasing its labor supply per member in period t by a small amount 1st and 
using the resulting income to increase its consumption in that period. Household utility and the 
instantaneous utility function are given by 

t=co 

(1) U= Z e -pt u(c t ,l-*t)Nt/H , and (2) u, = Inc, + b(l -*,) "/( 1 -?)• 

t=0 

From equations (1) and (2), the marginal disutility of working in period t is given by 
(3) -aU ldt t = e^CNt /H)b(l - t x )' y . 

Thus increasing labor supply per member by A^has a utility cost for the household of 
Utility Cost = e' pt (N t /H)b(l - C x )‘W. 

Since the change raises consumption by w t A^, it has a utility benefit for the household of 
Utility Benefit = e' pt (N t /H)(l/ct )w t A t. 

If the household is behaving optimally, a marginal change of this type must leave expected lifetime utility 
unchanged. Thus the utility cost must equal the utility benefit; equating these two expressions gives us 

N t b nt N t 1 

e _pt — iV = e _pt — - — w t A/, 

H (l-, t ) Y H c t 

or simply 



(1-<,) Y b 

Equation (4) relates current leisure and consumption given the wage. 

(b) With this change to the model, the saving rate will still be constant. The derivation of a constant 
saving rate began from the condition relating current consumption to expectations of future consumption, 
1/ct = e’TSt [(1 + r t +i )/ct+i ], which is not affected by this change to the instantaneous utility function. The 
rest of the derivation did depend on Cobb-Douglas production and 100% depreciation but not on how 
utility was affected by leisure. Thus equation (4.33) in the text, s = ae n ' p , continues to hold. 

(c) Leisure per person is still constant as well. Note that c* in equation (4) is consumption per person. It 
can be written as Ct - C ( /N, = (1 - s )Y t /N t where s is the constant saving rate. Taking logs of equation 

(4) and substituting for Ct yields 

(5) ln[(l - s )Y t /N, ] - yln(l - t x ) = lnw t - lnb. 



Since the production function is Cobb-Douglas, labor's share of output is (1 - a) and thus 
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w, it Nt = (1 - a)Y t . Note that we have used Lt = W ; the total amount of labor, Lt , is equal to labor 
supply per person, i x , multiplied by the number of people, Nt . Rearranging, we have w t — (1 - <x)Y t / ^tNt. 
Substituting this fact into equation (5) yields 

ln(l - s ) + lnY t - lnN t - yln(l -i x ) = ln(l - a) + lnY t - In i x - InN, - lnb. 



Canceling terms and rearranging gives us 
(6) In i t - yln(l - t x ) = ln(l - a) - ln(l - s ) - lnb. 

Taking the exponential function of both sides of equation (6) yields 



( 7 ) 



0-q) 

(l-< t ) Y b(l - s) 



Equation (7) implicitly defines leisure per person as a function of the constants y, a, b, and s . Thus 
leisure per person is also a constant. 

Problem 4.14 

(a) Taking logs of the production function, Y t = K t a (A t Lt ) I ‘ a , gives us 

(1) lnY t = alnKt + (1 - a)(lnAt + lnL t ). 

In the model of Section 4.5 it was shown that labor supply and the saving rate were constant so that 
Lt = i N, and K t = sY M . Thus we can write 

(2) lnY t = alns + alnY,.i + (1 - a)(lnA t + Inf + lnN t ). _ _ 

Finally we can use the equations for the evolution of technology and population, In A t = A + gt + A t and 
lnN t = N + nt , to obtain 

(3) lnY t =aIns + alnY t _j +(l-a)(A+gt) + (l-a)A t +(l-a)[lnf + N + nt]. 

We need to solve for the path that log output would settle down to if there were no technology shocks. 

Start by subtracting (n + g)t from both sides of equation (3): 

(4) lnY t -(n + g)t = alns + alnY t _] -a(n + g)t + (l-a)[A + ln? + N + A t ]. 

Add and subtract a(n + g) to the right-hand side of equation (4) to yield 

(5) lnY t -(n + g)t = alns + (l-a)[A + ln/ + N]-a(n +g) + a[lnY t _ 1 -(n + g)(t- l)] + (l-a)A t . 
Now define Q = a In s + (1 - a)[A + In t + N] - a(n + g) and use this to rewrite equation (5) as 

(6) lnY t -(n +g)t = Q+a[lnY t _j -(n+g)(t-l)] + (l-a)A t . 

On a balanced growth path with no shocks to technology, the A's are uniformly 0. In addition, we know 
that output will simply grow at rate n + g. With this logarithmic structure that means InY, - lnY t .i = n + g 
or lnYt.i = InY, - (n + g). Substituting these facts into equation (6) yields 

InY, - (n + g)t = Q + a[lnY, - (n + g) - (n + g)(t - 1)] = Q + apnY, - (n + g)t]. 

Further simplification yields 
[InY, - (n + g)t](I - a) = Q, 
or simply 

(7) InY,* = Q/(l - a) + (n + g)t. 

Equation (7) gives an expression for InY,*, the path that log output would settle down to if there were never 
any technology shocks. 

(b) By definition, Y t s In Y t - In Y t * , where InY,* is the path found in part (a). Thus Y t gives us the 
difference between what log output actually is in any period and what it would have been in the complete 
absence of any technology shocks. Substituting for InY,* from equation (7) yields 



i 
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W 



(8) Y t = lnY t - Q/(l - a) - (n + g)t. 

Note that equation (8) holds every period and so we can write 

(9) Y m = lnY t ., - Q/(l - a) - (n + gXt - 1). 

Multiplying both sides of equation (9) by a and solving for alnY t .i yields 

(10) alnY ul = aY t _j + [a/(l - a)]Q + a(n + g)(t - 1). 

Substituting equation (10) into equation (3) and then substituting the resulting expression into equation (8) 
yields 

Y, = a In s + aY t _] + [a/(l - a)] Q + a(n + g)(t - 1) 

(11) , 

+ (l-a)[A + gt + A t + liW +N+ntj-Q/(l-a)-(n+g)t. 

Simplification yields 

(12) Y t = a(n + g)t + (1 - a)(n + g)t - (n + g)t + aY M + (1 - a)A t , 
and thus finally 

(13) Y t = aY t-1 + (1 - a) A t . 

Equation (13) is identical to equation (4.40) in the text. 



Problem 4.15 

(a) (i) The equation of motion for capital is given by 

(1) K t +i = K t + Y t - C, - G t - 5K t , 

or substituting the production function into equation (1), we have 

(2) K t+1 = K t + K t a (A t Lt ) 1 ‘ a - C t - G t - 5K t . 

Using equation (1), dlnK t+ i /dlnK t (holding A, , Lt , C, , and G t fixed) is 



ainK 



t+l 



aK t+1 K t 



dlnK t dK t K t+1 



1 + - 



dK t 



'-5 



K f 



jK t+ i 



By definition, since factors are paid their marginal products, the real interest rate is r t - dY t Id K t - 5 and 
thus 

5 In K t+1 K t 

(3) -77-TT L = (l + ^ 



d\n K t 



K 



t+l 



(a) (ii) On the balanced growth path without shocks, capital grows at rate n + g, so that K t +i = e^K, In 
addition, using r* to denote the balanced-growth-path value of the real interest rate, equation (3) can be 
rewritten as 
ainK t+1 t 



dlnK t 



= (l + r*)- 



bgp 



K t 

> n+g K t 



1 + r * 



n+g 



(b) Using equation (2), dlnK t +i /clnA, (holding K t , C t , G t and Lt fixed) is 

t±L- aKt +l . „At =(1 - a)Kt «A t -a L( l-«f A ‘ .V. (l-a)Kt B (A t Lt)^ 



(4) 



d lnK t 



01nA t 



d A t K 



t+l 






K 



t+l 



Using Y t = K t a (At Lt ) lKX , equation (4) becomes 
31nK t+1 (l-a)Y t 

1 } ainA t K t+1 

On the balanced growth path without shocks, K t+1 = e Dlg K t . Since the production function is Cobb- 
Douglas, the amount of income going to capital — which is the marginal product of capital multiplied by 
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the amount of capital, (r* + 5)K, - is equal to ctY, . Thus Y t = (r* + S)K, la. Substituting these two facts 
into equation (5) yields 

din K t+I (l-q)(r«+5)K t (l-q)(r*+8) 

einA t w qe n+g K, " ae n+g 



Using equation (2), dlnK,^ /din L, (holding K t , Ct , G t and A t fixed) is 



m 8lnK M _ dK M L , J L t ) (l-a)K t a (A t L t ) 1-a 

mi, «, k 1+] “ >K ' A ' L > U,.J“ ■ 

Comparing equation (7) to equation (4), we can see that dlnK t+1 Id InL, = dlnK t+ , /din A, , Thus by 
performing the same manipulations as above, we can write 

™ gl" Kw I (l-a)(r*+8) 



c in rv t+ ] 
dlnLt 



Using equation (2), SlnK, +I /dlnG, (holding K, , C, , L, and A, fixed) is 

(9) dl” K, +1 _ dK t+1 G, G^ 

din G, 5G, K t+ ] K t+ | 

Multiplying and dividing the right-hand side of equation (9) by Y t gives us 

(10) glnK t+1 Y t (G t /Y t ) 

51nG t K t+1 ■ 

As explained above, on the balanced growth path without shocks, K t+ i = e 1 * 8 K, and Y t = (r* + 5)K t /a. 
Substituting these two facts into equation ( 1 0) and using (G*/Y) to denote the ratio of G to Y on the 
balanced growth path yields 

rin glnK t+il _ (r*+8)K t (G*/Y) (r*+8)(G*/Y) 



Using equation (2), dlnK,*, /dlnC, (holding K, , G, , L, and A, fixed) is 
(12) gl"K 1+1 _ dK t+1 C, _ C, 



dlnCt 5C t K t+1 K t+I 



Using hint (2), we can write this derivative evaluated at the balanced growth path as 
ghK.J [Y t -G*-5K t -(e n+g -l)K t | 



Defining X, s (l+ r*)/e D+8 , X 2 * (1 - «)(r* + S)/(qe D+ * ) and X 3 s -(r* + 8)(G*/Y)/(qe" +g ), we need to show 
that dlnK,*, /dlnC, evaluated at the balanced growth path is equal to 1 - X, - X 2 - X 3 . By definition 
1-1, (l^; q)(r*+8) (r*+8)(G*/Y) 

e n+g oe n+g ae n+g ’ 

or simply 

( 14 ) 

e n+g cte n+g 

Note that we can write (r* + 8) as 

(15) (r* + 8) = SYi IdK, = aK^' (A, L, )*- = qY, /K, . 

Substituting equation (15) into equation (14) gives us 
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1 + r* aY t [(G*/Y t )-(l-o)] , l + r*^G*-(l-a)^. 

(16) 1-X 1 -X 2 -X 3 = 1— ^-+ aK(e n+g e n+g e n+g K t 

Obtaining a common denorlator and using tile fact that on the balanced growth path without shocks, 
K t ., = e”' 6 K, , we have 

e n+ s K,-(l + r*)K t +G*-Y t +aY t 

(17) 1-Xj -X 2 -X 3 = 

From equation (15), oY, = <r* + 5)K, . Substituting this into equation (17) yields 
e n+g K t — Kt - r* Kt + G * -Y t + r * K t -H 5K t 

(18) l-X]-^2”^3 = " K t+1 

Collecting terms yields 

f nxo 



| Y t - G * -5K t - (e n+g - l)K t ] 



(19) 1-Xj -X 2 -X 3 =- — 

Comparing equations (13) and (19), we have shown that 

(20) 81nKt — I =1-X! -X 2 -X 3 . 



The log linearization is of the form r IT 

~ r einK t+1 \ r ainK t+1 \ * nKt+L f G, + 

Kt+l S | TtaiT J 1 + [ltaA7 bgp J ' [ ^L t bgp j [ 51nGt bgpj t ^ bg p. 

Using equations (3), (6), (8), (1 1) and (20) as well as the definitions of X, , X 2 and X 3 to substitute for the 
derivatives, we have _ ~ 

(21) K t+ i =X, K t +X 2 (A t + L t ) + X 3 G t +(1-X, -X 2 -X 3 )C t . 

(c) Substituting equation (4.43), C t sa CK K t + a CA A t + acc^t. and equation (4.44), 

L, s a LK K t + 3 laA t + a LG G t , intoequationj21) yields 

K t+1 =X, K, +X 2 A, +X 2 (a LK K, +aLAA t +a LG G t ) + X 3 G, 

+(1-Xi -X 2 -X 3 )(a G KK t + a GA A t + a GG Gt)' 

Collecting terms gives us . , , , 1 t 

K t+1 =[x 1+ X 2 a LK+ (l-X 1 -X 2 -X 3 )a CK ]K t+ [x 2 + X 2 a LA+ (l-X 1 -X 2 -X 3 )a CA JA t 

^ ^ +[X 2 a L G + X 3 + (l-Xj-X 2 -X 3 )ac G ]Gf 

Defining brae = Xi + X 2 aLK + 0 -Xi -X 2 -X 3 )acK,bKA = X2(l +aLA) + ( 1 3 3ca 

b KO - X 2 a L o + X 3 + (1 - X, - X^- X 3 )a co ^equation (23) can be rewritten as 

(24) Kt+i^b^Kt+bKA A t +b KG 6 t . 

Equation (24) is identical to equation (4.52) in the text. 

Problem 4.16 

(a) Suppose the true model is given by 

where th^r are independent, mean-zero errors. This implies that log output is a random walk; that is, 
InY, -lnY,-! =e t ,or 
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(2) In Y t = In Y t _j + s t . 

Wto hafjj^s , f the true model is given by equation (1) and we run an Ordinary Least Squares /OF Cl 
^ ChaD8e m l0g ° Utput on a constant and <°S lagged one period? it is, that Le 

(3) Ain Y t =a' + bln Y t _i +e t . 

hi part (a) of the question, we will assume that the sample size is three and the initial value is InY = n 

so, we will assume that there are only two possible values of s — +1 and 1 anrfp i, ° 

probability 1/2. This means that there are eight possible realizations of £ ft) Foreach ^ 
realization, we need to calculate the OLS estimate of b. ’ } each P ° SS,ble 

vanS’ d^egrelsiS:’ 83 * = (U ’‘ 1) ^ ***** ** left * hand - sid o and right-hand-side 

RHSVariables 



A InY] =s,= l 
A In Y 2 — e 2 = 1 
AlnY 3 =E 3 =-l 
The ave rages of each are 
A InY, =1/3 

The formula for the OLS estimator is given by 
?(jnY,_, -hY^)(AlnY, - AbiY^) 



In Y 0 =0 
InY, = In Y 0 +e j= 0 + 1 = 1 
lnY 2 = In Yj +e 2 =l + l = 2 



«nY t _,=l 



b = 



I(lnY,_, -lnY,_]) 2 

t=l 

Substituting the values given yields 

g _ tlX 2 1 3 > + (0)(2 / 3) + (l)(-4 / 3) -6/3 

(- 1) 2 +( 0) 2 +( 1) 2 - 2 =_1 

Similarly for the other 7 possible realizations of the e's, we can obtain the following 

: i ' E2 ’ e t;if =* b=o - ( £ i> E 2> e 3> = (-M,i) 

(e'e 2 ’ 83 ! n ’,n 1} ^ b ~° («I.»2.«3) = (-1-1,1) 

E],E2,S 3 = 1,- U) =* b 2 (S„S2,S3) = (-1,1,-1) 

(a 1.62,6 3) = ( 1 - 1 - 1 ) => b = -l. 

The average of the eight OLS estimates turns out to be -1 , even though we know for a fact that th a 
were created with a true value of h = n rw - , . . & e Know ror a tact that the data 



b = -l 
b = -l 
b = -2 
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PROGRAM 

LINE ****************************************************************** 
| 1 supres smpl; 

| 2 set numtrial = 500; 

| 3 set bhatneg = 0; 

| 4 regopt(noprint) @logl, @coef; 

| 5 

| 5 dot = 1, numtrial; 

j 6 smpl 1,201; 

| 7 eps = 0; 

| 8 lny = 0; 

| 9 smpl 2, 201; 

| 10 random eps; 

| 1 1 genr dlny = eps; 

| 12 genr lny = lny(-l) + eps; 

| 13 olsq(silent) dlny c lny(-l); 

| 14 smpl 1,500; 

| 15 set bhat(t) = @coef(2); 

j 16 ifbhat(t)<0;then; 

| 18 set bhatneg = bhatneg + 1 ; 

| 19 enddo; 

| 20 

| 20 smpl 1, 500; 

| 21 msdbhat; 

| 22 set pbhatneg = bhatneg/numtrial; 

| 23 print pbhatneg; 

I 24 

I 24 
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Problem 5.1 

Differentiate the LM equation, M/P = L(i, Y) or equivalently M = PL(i, Y), with respect to M, holding P 
constant: 

T di dY~ 

1 =p L L <;ir L w 

Rearranging equation (1) to solve for dY/dM yields 
dY 1 Lj di 

dM PLy Ly dM 

Differentiate the IS equation, Y = E(Y, i - it', G, T), with respect to M holding Jt', G and T constant: 

dY dY _ di 

(3) = Ey + H. e 

dM Y dM dM 

Rearranging equation (3) to solve for di/dM yields 

di (l-E Y ) dY 

(4) = - — . 

v dM E. e dM 

1-7C 

Substitute equation (4) into equation (2): 

dY 1 _ Lj(l-E Y )dY 

dM ~~ PLy Ly E. e dM 

Collecting the terms in dY/dM and obtaining a common denominator leaves us with 

dY L Y E i_fl e +L i( 1 ~ E y) 1_ 

dM LyE. e _ PLy 

L 1 1-71 J 1 

Solving for dY/dM yields 

(5) dY = 

dM P[LY E i_ B c+ E i(l-Ey)] 

Dividing the top and bottom of equation (5) by E.^e yields 
dY 1 

(6) dM ~ p| L y +L;(l- Eyl/E.^s ‘ 



To obtain di/dM, substitute equation (5) into equation (4): 

di My) _ Ml) 

dM pjLyE^ +L i (l-E Y )| “ p[LyE._ r . +L i (l-E Y )] 

Dividing the top and bottom of equation (7) by (1 - Ey ) gives us 
_di 1 <0 

(8) dM~p| L Y Ei )[e /(i_ Ey ) + Li ] 

Looking at equation (6), since Ly > 0, Lj < 0, Ey < 1 and E. _^ e < 0, we have dY/dM >0. In addition, note 
that the bigger is E. e (in absolute value) - the more that planned expenditure responds to changes in the 

real interest rate - and the smaller is Lj - the less responsive is real money demand to changes in the 
nominal interest rate — the bigger is dY/dM. Why? Suppose there is an increase in M. To re-establish 
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money-market equilibrium, we need a lower nominal interest rate at a given level of Y. All else equal, the 
smaller is L* , the bigger is the drop in i required to re-establish this equilibrium. The drop in i - which 
also means a drop in i - it 9 , since n 9 is assumed fixed - then increases planned expenditure. All else equal, 
the bigger is E._^ e (in absolute value), the more that planned expenditure will rise. Thus the more that 

output will end up needing to rise to re-establish the equilibrium condition that output equals planned 
expenditure or Y = E. 

Problem 5.2 

(a) The equilibrium condition in the money market is M/P = L(i,Y). Now suppose that the central bank 
has a target interest rate of i = i . At a given level of Y, demand for real money balances at the target 
interest rate would be L(i ,Y). To ensure money market equilibrium, the central bank will simply have to 
adjust the nominal money supply, M, to ensure that M/P = L(i ,Y). Thus the "LM curve" ~ the set of all 
combinations of i and Y that cause real money demand and supply to be equal - will be horizontal at the 
central bank's target level of the interest rate, T . 

(b) The AD curve will now be vertical. First of all, why is AD downward-sloping when the central bank 
targets M rather than i? At a lower P, M/P is higher and thus the LM curve shifts down to the right. Thus 
the level of Y that clears the money market and equates planned and actual expenditure is now higher. The 
AD curve is all the combinations of P and Y that clear the money market and equate planned and actual 
expenditure. Hence lower levels of P are associated with higher levels of Y along the AD curve so that the 
AD is downward-sloping. 

Now suppose the central bank is targeting the interest rate at i = T . At a lower P, the real money supply 
would be higher. But the horizontal "LM cur/e" will not shift. The central bank will simply lower M so 
that at the given combination of income and i , M/P = L(i ,Y) again. Thus a lower P will not require a 
higher level of Y to clear the money market and equate planned and actual expenditure. That is, regardless 
of the price level, there is one unique level of Y that clears the money market and makes planned and actual 
expenditure equal ~ the level of Y where the horizontal "LM curve" and IS intersect - and thus the AD 
curve is vertical. 

Problem 5.3 

(a) (i) How does an equal increase in G and T — a "balanced budget" increase in government purchases - 
affect the position of the IS curve? We need to determine the effect on Y for a given i to examine the extent 
of the horizontal shift of the IS curve. 



Differentiate the IS curve, Y - C(Y - T) + I(i-7c e ) + G, with respect to G: 



dY 

dG 



dC 


"dY 


8(Y-T) 


-dG 



dT 



dl d(i-7c e ) 



+ 1 . 



d(i-it e ) dG 

Although continuing to use total derivative notation, keep in mind that we are now holding n 9 and i 
constant. In addition, we are assuming that dT = dG and so 



dY_ 

dG" CY - T| 



dY 

LdG 



-1 



+ 1 



dY 

dG 



(l-C Y - T ) = l-C 



Y-T> 



or simply 
dYi 

dG jifixcd - 1- 




i 
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This can be interpreted as meaning the change in Y for a given i is simply equal to the change in 
government purchases. Thus a change in government purchases, when accompanied by an equal change in 
taxes, causes the IS curve to shift by a horizontal amount equal to that change in government purchases. 

(a) (ii) Now we have to allow for a variable interest rate. We want to know the extent of the horizontal 
shift of the AD curve. That is, we want to know the effect on Y for a given P, but allowing for the effects 
of a variable interest rate. 



Differentiate the IS curve equation, Y = C(Y — T) *+• I(i — 7 i e ) + G , with respect to G: 
dY SC fdY dT 1 81 f di djt c ] 



dG 3(Y-T)LdG dG J + 0(i - w «)[dG dG_| +1 ' 

We are holding k° (and P) constant, and assuming dT = dG so we have 
dY „ dY di 

W j r ~ Cy-T — - Cy_T + 1; +1 

dG dG >-* dG 

Differentiate the LM equation, M/P = L(i,Y), with respect to G, holding M and P constant 
„ , di dY 

0— L; + Ly 

1 dG Y dG 

and rearranging to solve for di/dG yields 

m A - 

K ) dG Li dG 

Substituting equation (2) into equation (1) yields 
M dY W^dY 

dG ~ Cy_t dG ~ Cy-T 

Solving for dY/dG, we have 

(3) Sp«-= ^ r<i. 

i-Cy-t+Iv^Ly/Lj) 

The horizontal shift of the AD curve is thus [(l - C Y _ T )/(l - C Y _ X + I i ^L Y /L i )]dG<dG. The AD 

curve shifts less than the IS curve. This is because the shift of the AD takes into account the rising interest 

rate caused by the upward-sloping LM. 



(b) (i) We are now assuming that tax revenues are a function of income; T = T(Y). In addition, 

T ' (Y) > 0 so that tax revenues rise when income rises. To find the slope of the IS curve, differentiate 
Y= E(Y,i - jt e ,G,T(Y)) with respect to i, holding everything else constant: 
d Y d Y dY d Y r , 

ir =EY T +E i-’ +ETT,(Y) T =* -[ 1 -e y -e t t'(Y)]=e._ ic „ > 

or simply 

^ E i-*« 

di 1 -E y -E t T'(Y)' 

Inverting the above expression yields the slope of the IS curve, 
m di I i-By-EtT(Y) 

(4) dY IS ~ r~, <0 - 

To see how an increase in T ' (Y) affects the slope, take the derivative of the expression for the slope with 
respect to T ’ (Y): 
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(5) ~mY) = TT <0 since Et ’ e .-x ‘ <0 

1—71 

Thus an increase in T 1 (Y) causes the slope of the IS curve to become even more negative. That is, it 
causes the IS curve to become steeper. 

(b) (ii) We need to determine how an increase in T ' (Y) affects the impact on output, for a given price, of 
a change in G. First, we need the effect of a change in G on Y, for a given P. Differentiate the IS equation, 

Y = E( Y, i - 7i e , G, T( Y)) , with respect to G, holding 7 c c (and P) constant: 

^ dY dY di dY 

(6) — =E Y — + E. e — + 1 + E t T'(Y) — . 

dG dG 1 n dG dG 

Differentiate the LM equation, M/P = L(i,Y), with respect to G, holding P and M constant' 
n T di dY di L y dY 

dG Y dG dG Li dG 1 ; 

Substitute equation (7) into equation (6): 

dY dY E .L Yd Y dY 

dG = Ey dG ^ — +Eg + E t T(Y)— 

Solving for dY/dG yields 

dYi H 

(g) — pg xe( j = 7 t >0. 

dG 1 - E Y+(E i _ Jc .L Y /Li)-E T r(Y) 

Now to see how the impact of a change in government purchases on output, for a given price level, is 
affected by a rise in T ’ (Y): 

_ 5(dY/dG| Pfixed ) _ Eo 

^ mY> _ f / ; : 5 '( -e t) < 0 since e 0 >o,e t <o. 

[l-E Y +(E._ jte L Y /L i )-E T T'(Y)J 

When T ' (Y) is higher, the increase in Y, for a given P, due to an increase in G is smaller. Thus we have 
shown that the horizontal shift of the AD curve due to a change in government purchases will be smaller, 
the larger is T ' (Y). 

Now we need to determine how an increase in T ' (Y) affects the impact on output, for a given price, of a 
change in M. First, we need the effect of a change in M on Y, for a given P. Differentiate the IS equation, 

Y = E( Y, i - it e , G, T(Y» , with respect to M, holding G, it' (and P) constant: 

dY dY di dY 

(10) =E y + E. e — + e t T'(Y)— 

dM Y dM *-* dM T ' d\l 

Differentiate the LM equation, M/P = L(i,Y), with respect to M, holding P constant: 

1 di dY di 1 L Y dY 

P dM Y dM dM PLj L ; dM 1 ’ 

Substitute equation (1 1) into equation (10): 

dY dY E [_ x e L Y dY dY 

~ S* ETT<Y) dS 

Solving for dY/dM yields 
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(9) T~|p fixed = [ 7 “ 7 1>°- 

dMI PLj[l-E Y +(E._ jt eL Y /L i ) -E t T'(Y) 

To see how the impact of a change in M on Y, for a given P, is affected by a rise in T 1 (Y), examine the 
following derivative: 

a(dY/dM| Pfixed ) -E,_ it .(-PL i E T ) 

( } eT ' (Y) (PL i ) 2 [l-E Y+ (E._ j[e L Y /L i )-E T r(Y)] 2 

This derivative is negative since E._^ c , Li , and Et are all negative. When T * (Y) is higher, the increase in 

Y, for a given P, due to an increase in M is smaller. Thus the horizontal shift of the AD curve due to a 
change in the nominal quantity of money will be smaller when T ' (Y) is higher. 

This illustrates the concept of income taxes as automatic stabilizers. We have shown that the more that 
taxes increase with income, the smaller will be the impact on output from shocks to the IS and LM curves 
such as changes in government purchases or changes in the money supply. 



Problem 5.4 

(a) In a liquidity trap, the LM curve is horizontal at the low nominal interest rate that prevails. Intuitively, 
at a given interest rate, individuals are willing to hold any quantity of real money balances. Thus at higher 
levels of income, Y, individuals are willing to change their real money balances without a change in the 
interest rate. Thus higher levels of Y no longer require higher interest rates to clear the money market. 

That is, LM is horizontal rather than upward sloping. This means that the AD curve will be vertical. This 
can be seen by going through the exercise of deriving the AD curve. A decrease in P increases the supply 
of real money balances. Ordinarily, a lower interest rate is needed to clear the money market for a given 
level of income and so the LM curve would shift down. As a result, i falls and Y rises. Thus the level of 
output at the intersection of the IS and LM curves is ordinarily a decreasing function of the price level. 

That is, the AD curve is usually downward sloping; lower levels of P require higher levels of Y to clear the 
money market and make planned expenditure equal actual expenditure. 

In the case of a liquidity trap, the decrease in P which increases the supply of real money balances, M/P, 
does not shift the horizontal LM curve. At a given level of income, we do not require a lower nominal 
interest rate to get individuals to hold the extra money. They are willing to hold any quantity of real money 
balances at a given level of Y. Thus LM does 

not shift down. The same level of Y continues top AD AS 

clear the money market and make planned 

expenditure equal actual expenditure, regardless 

of the price level. In other words, the level of 

output at the intersection of the IS and LM 

curves is no longer a function of the price level; 

AD is vertical. 

Now, even if prices are fully flexible (so that the 

AS curve is vertical), aggregate demand can play 

a role in determining output. Suppose the AD I Y, Y 2 Y I 

curve lies to the left of the AS curve as is 
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depicted at right. Then output bought and sold in the economy will be at Yi , not Y 2 . We have a situation 
of excess supply that cannot be eliminated by a change in price, since price does not affect AD. 



(b) We can now write planned expenditure as 
(1) E = E(Y, i - 7i e , G, T, M/P), Em/p > 0. 

The important point is that even if there is a 
liquidity trap so that LM is horizontal, the AD 
curve will once again be downward-sloping. 

Again, we can see this by going through the 
exercise of deriving the AD curve. Suppose 
ISi and LM! correspond to some price level Pi. 

Now consider a lower price level P 2 . As 
explained in part (a), the horizontal LM will 
not shift. But the IS curve will. The fall in P 
raises M/P which is a component of wealth. 

With Em/p > 0, this increase in wealth increases 
planned expenditure at a given i. In a 
"Keynesian Cross” diagram, the planned 
expenditure line would shift up. Thus the level of Y required to equate planned and actual expenditure is 
now higher at a given i. That is, the IS curve shifts to the right to IS 2 . This IS/LM diagram then tells us 
that at lower P's, the level of Y that clears the money market and equates planned and actual expenditure is 
now higher. Thus the AD curve, which is all the combinations of P and Y such that the money market 
clears and planned and actual expenditure are equal, is once again downward-sloping. In this case, a 
liquidity trap combined with real money holdings affecting planned expenditure, a vertical AS curve once 
again means that AD is irrelevant to output. Essentially, we have re-introduced a way in which prices 
affect AD. Thus a situation of excess supply can be eliminated by a falling price level. 

Problem 5.5 

A fall in expected inflation shifts the IS curve 
to the left to ISnew • At a given nominal 
interest rate, i, the real interest rate, i - n, is 
now higher and thus planned expenditure is 
lower. In a "Keynesian Cross” diagram, the 
planned expenditure line would shift down. 

Thus the level of Y required to equate 
planned and actual expenditure is now lower 
at a given i. That is, IS shifts left. 

From the figure at right, we can see that the 
fall in 7 i e causes both output and the nominal 
interest rate to fall. What about the real 
interest rate, i - n e ? It rises; that is, i falls 
less than n e does. Graphically, think of the 
IS curve as shifting down. What is the magnitude of the downward shift in IS? It must be the change in 
expected inflation, A n * . Intuitively, the same level of Y would continue to equate planned and actual 
expenditure if i were to fall by the same amount as 7t e so that i - tC (and thus planned expenditure) remained 
unchanged. Thus on the new IS curve, a given level of Y is now associated with a nominal interest rate 
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*. is V- by -» «• « 5 

m~ «”.' S “1 LM "raw- w, V). 

dY _ iL _dL_! 

^ = EY d* e ‘^Ld** J 

Rearranging to solve for di/dit‘ gives us 

dr (, F v«_ ^ JL.illM d^ + 1 (3) 

E i-W =(l Y, dir e d, e E^e d* e 

Mtotf* «. LM equation wih -speoio M - " «“““ 

di dY i-——. (4) 

° = Li — + L Y — te « Lydrr 6 

Substitute equation (4) into equation (3): 

i \ ,. j; E. e Lv +1 1 " EyJ^i , 

* , = ^-“nrr- '■ 



d* e 

and thus 

di 



Ly dit e 



E i-*‘ L ^ 



E i-*‘ L * 



inflation: _ -L ; E. « 

1 1-71 



E i-*^ 



(6) dir* W E._ R e L Y+( I E v) L i E i-*' Ly +1 Y confinns the graphical analysis 

Since dW > 0, a fall in expected inflation causes output to fall. Hr 

above. 

Problem 5.6 r - a + bY, . and the assumption about investment, 

(a) Substituting the consumption functmn C, - a + Wf « . m 

j ( _ * . c y,. 2 , into the equation for output, Y t C t t > t 1 

(1) Y, = a + bYt-i + Kt* - cY,, + ^ & constant level of government purchases, 

Substituting for the desired capital stock, K,* - cY„, , and tortn 

G t = G , yields _ 

model: — 

(3) Y, = a + (b + c)Y,.i - cY,. 2 + G 
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(b) With the assumptions of b = 0.9 and c = 0.5, output in period t is given by 
(4) Y, = a + 1 .4Y,.i - 0.5Y..2 + G . 



following, the change in a variable represents the change from the path that variable would 
nave taken if G had simply remained constant at G . 



In period t, 

Yt — a 4- 1 ,4Y t .j - 0.5Y t . 2 4- G 4- 1, 

and thusthe change in output from the path it would have taken is given by 
AY t — +1 , 

In period t + 1, using the fact that equation (4) will hold in all future periods 
AY t+1 = 1.4AY t - 0.5 AY,. | = 1.4(4- 1) - 0.5(0) = 4-1.4. 

In period 1 4- 2, 

AY, +2 = 1.4AY t+1 - 0.5 AY, = 1. 4(4-1. 4) - 0.5(4-l) = 4-1.46 
In period t 4- 3, 



AY, +3 - 1.4AY,+2 - 0.5AY, +1 = 1.4(4-1.46) - 0.5(+1.4) = 4-1.344. 

With similar calculations, one can show that AY M = +1,15, AY W = 0.938 and so on. 
a hump-shaped" response to the one-time increase in government purchases of one 
is felt two periods after the increase in G and the effect then goes to 0 over time. 



Thus output follows 
The maximum effect 



Problem 5.7 

A decrease in taxes means that at a given i, planned 
expenditure is higher since E T < 0. Thus at a given i, Y 
must be higher in order for Y = E. Thus the IS curve 
shifts to the right to IS \ Ordinarily, that would be the 
whole story. The AD curve would shift to the right and 
the tax cut would increase the level of output. Here, 
there is also an effect on the LM curve. A decrease in 
taxes means that at a given Y, disposable income, 

(Y - T), is higher. Thus so is real money demand. At a 
given Y, this requires a higher i than before to have real 
money demand equal real money supply. So the LM 
curve shifts up to LM \ 

There is an ambiguity. The LM curve could shift up so 
much that - as in the case depicted in the figure at 
right ~ the intersection of IS ' and LM ' occurs to the 
left of the original Y 0 . That is, Y for a given P falls 
and so the AD curve would actually shift to the left in 
this case. Thus the tax cut could end up reducing 
output. [Note that the fall in P increases the real money 
supply and thus shifts LM down to LM " to complete 
the story]. 

Determining whether output rises or fails is equivalent 
to determining whether the AD curve shifts to the left 
or to the right. So we can see what happens to Y, for a 
given P, and that will answer the question of whether 
output rises or falls in the end. 
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Differentiate the LM relationship, M/P = L(i, Y-T),with respect to T, holding M and P constant, 
di , f dY ) 

°= L i— + Ly - t ^ T l )- 

Rearranging to solve for di/dT yields 
di Ly-T Ly_x dY 
^ dT _ L ; L ; dT 

Differentiate the IS relationship, Y = E(Y,i - * e ,G,T) , with respect to T, holding < G (and P) constant: 

dY dY di 

(2) = Ey— + E : ,r e 7r + ET ' 

K ’ AT 1 itT 1-11 dT 



dY 

(3) P fixed _ 



w dT Y dT «'dT ‘ 

Substitute equation (1) into equation (2): 

— = Ey — + E 

dT Y dT l L; Lj dTJ 

Solving for dY/dT yields 

dY | _ ( E i- It ‘ L Y-T/ L i) + E ' r 

( 3> „l'-*,. E y t (E w . Ly . T /l. i )' 

The denominator of equation (3) is positive since E^, < 0 , Ly.t > 0. L, < 0, and E v < 1 Tile sign of the 
numerator is indeterminate. The first term is negative and is basically capturing the monej-marto effects^ 
ofthecutinT The second term is positive and is basically capturing the effects in the g 
eLt T l"d,e tonnet effect it tttonge, dten dY/dT fa a given P - * “« 1 " T 

reduces Y for a given P. This is equivalent to saying that the AD curve shifts to the le . 



(Lf; TTV MU1 — 

Due to the tax cut, at a given e, planned 

expenditure is higher since Ej < 0 and therefore e LM* * LM* 

we need a higher Y at a given e to satisfy the 4 ^ 

equilibrium condition that Y = E. Thus IS* shifts 

to the right to IS* ^ j 

^/lS* ' 

Ordinarily that would be the whole story. There 

would be an appreciation causing a reduction in / 

planned expenditure by an amount equal to the rise ^ 

in planned expenditure caused by the tax cut. 1 / 

Thus on net, planned expenditure and thus Y M ~.J — 

would not change. But here, at the original Y 0 , Y, Y 0 Y 

Y 0 - T is now higher than before due to the tax . 

cut. Therefore, at the original Y 0 , real money 

demand would be higher, throwing the money market out of equilibrium. In order to clear (he money 
maX-smce i* cannot change - we need a lower Y so that Y - T and thus real money demand.s 
mfchanged^d still equal to the given M/P . Thus, LM* shifts to the left to LM* . 
output falls from Y 0 to Y, . A tax cut actually reduces the level of outputfora given . J’ 

differentiate the LM* relationship, M/P = L(i*, Y - T), with respect to T, holding M, P and constant. 
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Output is determined entirely in the money market in this model. In response to a disturbance, since i*, M 
and P are constant, it must be Y that adjusts to ensure equilibrium. As T falls, Y must fall by an equal 
amount. 




(c) Again we will look at the effects on Y for a given P. 
We are assuming the central bank will ensure money- 
market equilibrium. It will do so by meeting money 
demand with the appropriate money supply to ensure 
that the nominal exchange rate remains fixed. Thus 
our alteration to the money demand function does not 
mean that the nominal exchange rate will be affected 
by tax changes; it simply means that the central bank 
will have to act to offset the effects of tax changes on 
money demand. 



After T falls, IS* shifts to the right for the same ^ ~ ~ 

reason as described above. Any increase in money 

demand that is caused by T falling is simply met with an increase in the money supply by the central bank; 
M is no longer exogenous. We no longer need a drop in Y to maintain money-market equilibrium. The end 
result is that Y rises to Y h We get the ’’usual" result that a tax cut increases output for a given P. 

Problem 5.8 

Planned expenditure is given by 

(1) E = C(Y - T) + I(i - 7r e ) + G + NX(sP*/P). 

For a floating exchange rate and perfect capital mobility, we have 

(2) Y = C(Y - T) + I(i* - Tc e ) + G + NX(eP*/P) IS* Curve, 

(3) M/P = L(i*, Y) LM* Curve. 

For a fixed exchange rate and perfect capital mobility, we have equation (2) for the IS* curve and the 
following exchange rate equation: 

(4) 8 = 8. 

For a floating exchange rate and imperfect capital mobility, we have 

(5) Y = C(Y - T) + I(i - 7t e ) + G - CF(i - i*) IS** Curve, 

(6) M/P = L(i, Y) LM Curve. 



(a) (i) From equation (3), with M/P 
unchanged, L(i*, Y) must be unchanged as 
well for the money market to remain in 
equilibrium. Since i* does not change and 
because L Y > 0, Y must rise so that money 
demand returns to its original value at that 
given i*. Thus the LM* curve shifts to the 
right to LMnew . The IS* curve is unaffected; 
money demand does not appear in equation 
(2). Thus for a given P, income rises to Ymew 
and 8 rises to £new (the domestic currency 
depreciates). Finally, since NX eP */p > 0, the 
rise in e increases net exports for a given P. 



8 




LM* 


LM*new 








IS* 


Enew 
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(a) (ii) Again, the drop in the demand for 
money does not affect the IS* curve. In 
addition, the nominal exchange rate remains 
pegged at s’ . The central bank simply reduces 
the money supply to match the decrease in 
money demand. Thus for a given P, income, 
the exchange rate and net exports are all 
unaffected. With a fixed exchange rate, 
disturbances in the money market have no 
impact on Y for a given P. 



(a) (iii) From equation (5), the IS** curve is 
unaffected. The LM curve shifts down. At a 
given level of income, the interest rate must 
be lower in order to drive money demand 
back up and keep the money market in 
equilibrium. From the figure, income for a 
given P rises. Since the domestic interest 
rate is now lower and since CF ' (i - i*) > 0, 
capital flows are lower. Thus NX must be 
higher in order for the balance of payments 
to be 0. Since NX^/p > 0, e must be higher. 
That is, the domestic currency must have 
depreciated. 



(b) (i) The foreign interest rate rises. 

Since L*. < 0, the rise in i* tends to reduce 
real money demand. To offset this and keep 
the money market in equilibrium, Y must be 
higher. Since L Y > 0, a higher Y will keep 
real money demand unchanged and equal to 
the unchanged real money supply. Thus the 
LM* curve shifts to the right. 

From equation (2), the rise in i* reduces 
planned expenditure at a given e since 
I . e < 0. This reduces the level of Y that 

1-7C 

equates planned and actual expenditure at a 
given e. In other words, the IS* curve shifts 
to the left. Thus income for a given P rises. The exchange rate rises; that is, the domestic currency 
depreciates. Finally, since NX^/p > 0, net exports rise due to the depreciation. 
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(b) (ii) Again, the IS* curve shifts to the left 
due to the rise in the foreign interest rate. 

The nominal exchange rate remains pegged 
at e . The central bank is offsetting the 
effects on money demand with changes in the 
nominal money supply. Thus for a given P, 
income falls. Since the exchange rate does 
not change, neither do net exports. 




Inew 



(b) (iii) From equation (6), the LM curve is 
unaffected by the rise in i*. At a given i, the 
rise in i* reduces capital flows and thus, in 
order for the balance of payments to equal 0, 
must increase net exports. Thus at a given i, 
planned expenditure is now higher. Thus at a 
given i, the level of Y that equates planned and 
actual expenditure is higher. The IS** curve 
shifts to the right. At a given P, the level of 
income rises. 

One way to see the effects on NX and e for a 
given P is the following. Differentiate both 
sides of equation (6), the LM curve, with 
respect to i*, holding M and P constant: 

T di dY 

0 — L: + Ly . 

*di* Y di* 

Solving for dY/di* yields 
dY L i di 

7 di*"~L Y di*' 

Differentiate both sides of equation (5), the IS** curve, with respect to i*, holding T, n e and G constant: 




Ynew 



dY dY di 

(8) d^ =Cy - T d^ + W ~ CF(i “ n \ 



di 
di * 



Substitute equation (7) into equation (8): 

Lj di Lj di di di 

"l y ^ = -c Y - T 17 ^ + W ^ - CF(i - i+) ^ + CF(I " ^ 

Collecting the terms in di/di* gives us 

^(-[l - C Y _ T ]( Li/L Y ) - l._ K , + CF'(i - i*)) = CF'(i - i*), 

and thus the change in the domestic interest rate due to a change in the foreign interest rate is given by 

(9) A = CF'(i - i*) 



di* CF(i-i*)-I._ it5 -[l-C Y . T ](L i /L Y )- 
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Note that CF ' (•) > 0, I , < 0, [1 - C Y -t] > 0, Li < 0 and L y > 0. Thus di/di* < 1 So i rises less than l*; 

that is i - i* falls and thus capital flows decrease. This means that NX must increase at a given P to 
ensure’ a balance of payments equal to 0. Finally, since NX^ > 0, if NX rises it must be the case that s 
rises at a given P. That is, the domestic currency depreciates. 



than before. — ~ 

8 LM* 

(c) (i) From equation (3), the LM* curve is unaffected. IS* 

Since net exports are higher at a given e, planned 

expenditure is higher at a given e. Thus the level of Y that e ^ """ 

equates planned and actual expenditure at a given e is 

higher. The IS* curve shifts to the right. For a given P, the ^ IS ^ 

level of income is unchanged; it is determined entirely in the £new 

money market here. All that happens is a drop in e — an 

appreciation of the domestic currency - which keeps NX ^ ~ 

unchanged at a given P. Protectionist policies do not . 

improve the trade balance in this model. 

(c) (ii) Again, the IS* curve shifts to the right 

The nominal exchange rate remains pegged at e / IS* 

e. The central bank adjusts the nominal / / 

money stock to ensure that the exchange rate / V ^ 

does not change. For a given P, income rises. __ y / 

Even though the exchange rate is unchanged, / ! / ; 

net exports at a given P wind up higher in the / j / 

end due to the protectionist policies. Thus / yf 

unlike with a floating exchange rate, 1 ►: 

protectionist policies do work with a fixed ^ y 

exchange rate regime. 1 — 

(c) (iii) The LM curve is unaffected by the protectionist policies. In addition, the IS** curve is unaffected, 
see equation (5), where NX does not appear. Since CF(i - i*) is not affected by this pohcy.NX cannot 
change in the end either. Thus income for a given P does not change, nor do net exports. What must 
happen is that the domestic currency appreciates - e falls - which offsets the effect of the protectiomst 
policies on net exports. This is the same result obtained with perfect capital mobility and flexible exchange 
rates. 



Problem 5.9 

(a) With this foreign exchange market intervention, the balance of payments equation is 

(1) CF(i - i*) + NX(Y i - < G, T, eP*/P) = a, where a > 0. 

Thus net exports are given by 

(2) NX(Y, i - Jt c , G, T, sP*/P) = a - CF(i - i*). _ . . rT t + 

Substituting this expression for net exports into equation (5 .22) in the text, Y - E (Y, l - n , G, ) 
NX(Y, i - it', G, T, eP’/P), yields the IS** curve: 

(3) Y = E° (Y, i - n e , G, T) + a - CF(i - 1*). 
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Note that CF * (•) > 0, 1. ^ < 0, [1 - C Y . T ] > 0, Li < 0 and L Y > 0. Thus di/di* < 1. So i rises less than i*; 

that is i - i* falls and thus capital flows decrease. This means that NX must increase at a given P to 
ensure’ a balance of payments equal to 0. Finally, since NX*,.* > 0, if NX rises it must be the case that e 
rises at a given P. That is, the domestic currency depreciates. 



than before. " ~~~ 

8 LM* 

(c) (i) From equation (3), the LM* curve is unaffected. / IS* 

Since net exports are higher at a given e, planned .X^ 

expenditure is higher at a given e. Thus the level of Y that e X^ 

equates planned and actual expenditure at a given s is 

higher. The IS* curve shifts to the right. For a given P, the ^ X IS 

level of income is unchanged; it is determined entirely in the £new XX 

money market here. All that happens is a drop in e — an 

appreciation of the domestic currency - which keeps NX ^ y 

unchanged at a given P. Protectionist policies do not | * 

improve the trade balance in this model. 

(c) (ii) Again, the IS* curve shifts to the right. ~ 

The nominal exchange rate remains pegged at e / IS* 

e. The central bank adjusts the nominal / / 

money stock to ensure that the exchange rate / V 

does not change. For a given P, income rises. _ y/ 

Even though the exchange rate is unchanged, / i / j 

net exports at a given P wind up higher in the / j / 

end due to the protectionist policies. Thus X yf 

unlike with a floating exchange rate, i ►; 

protectionist policies do work with a fixed y y 

exchange rate regime. - — 

(c) (iii) The LM curve is unaffected by the protectionist policies. In addition, the IS** curve is unaffected, 
see equation (5), where NX does not appear. Since CF(i - i«) is not affected by this pohcy.NX cannot 
change in the end either. Thus income for a given P does not change, nor do net exports. What must 
happen is that the domestic currency appreciates ~ e falls - which offsets the effect of the protagonist 
policies on net exports. This is the same result obtained with perfect capital mobility and flexible exchange 

rates. 



Problem 5.9 

(a) With this foreign exchange market intervention, the balance of payments equation is 

(1) CF(i - i*) + NX(Y, i - it”, G, T, eP*/P) = a, where a > 0. 

Thus net exports are given by 

(2) NX(Y, i - it', G, T, sP*/P) = a - CF(i - i*). _ t> rv • < r TV 

Substituting this expression for net exports into equation (5 .22) in the text, Y - E (Y, l - it , G, ) 

NX(Y, i - it', G, T, eP*/P), yields the IS** curve: 

(3) Y= E° (Y, i - it', G, T) + a - CF(i - 1*). 
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Compared to the situation of a = 0, this 
raises the level of Y for a given interest 
rate and thus shifts the IS** curve to the 
right. This tells us that Y for a given P 
rises and hence the AD curve shifts to 
the right. As long as the AS curve is 
upward-sloping, both output and the 
price level rise in the end. The 
intervention, in which the central bank 
sells domestic currency, causes the 
domestic currency to depreciate. That 
is, s rises. 



(b) If capital is perfectly mobile, 
sterilized intervention has no effects. 

The IS** curve is horizontal under perfect capital mobility. Thus a "shift to the right" of the IS** curve 
does not actually affect its position. 

Problem 5,10 

(a) From the equation describing the behavior of inflation, p = 0y, when all prices have adjusted (p = 0), y 
must equal 0. Substituting p = 0, y = 0 and i = s into the IS equation, y = b(e - p) - a(i - p ), yields 

(1) 0 = b(e - p) - ae , 

and thus the change in the log exchange rate is 

(2) e = (b/a)(e - p). 

Since p is constant, if e were greater than p, £ > 0 and so s would rise without bound. If e were less than 
p, e < 0 and so e would continually fall. Thus when all prices have adjusted, we must have s = p for e to 
remain constant. Substituting y = 0 and i = e =0 into the LM equation, m - p = hy - ki, yields 

(3) m = p. 

Thus once prices have fully adjusted, y = i = 0andm = p = e. 

(b) If e is to jump to exactly m and then remain constant, we need an equilibrium where s = m and s = 0. 
Since i = 8 , we must have i remain equal to its fully adjusted level of 0. Thus with i constant, y must 
adjust to ensure money-market equilibrium. Substituting p = 0y, e = m and i = 0 into the IS equation yields 

(4) y = b(m - p) + a0y. 

Solving equation (4) for y yields 

(5) y = [b/(l - a0)](m - p). 

Substituting the assumption of i = 0 into the LM equation gives us 

(6) m - p = hy. 

Substituting equation (6) into equation (5) yields 

(7) y = [b/(l - a0)]hy. 

Thus we need the parameters to satisfy 

(8) 1 - a0 = bh, 
or equivalently 

(9) a0 + bh = 1. 
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Problem 5.11 v _ FrY i G T eP*/P), with respect to Y, 

(^) Taking the derivative of both sides of equation (5.12), Y - E(Y, l re , u, i, 

holding < G, T, P* and P constant yields 
di _ de 

(1) 1=E Y + E + E £ p. /p -— . , 

Taking the derivative of both sides of the balance of payments equation (5.21), CF(i - ■*) + NX(Y, i - * , 
g! x! eP*/P) = 0, with respect to Y, holding i*. < O. T. P* and P constant gives us 

(2) CF'(i)^ + NX Y +NX. ^ ~ + NX eP » /P — = 0 . 

Rearranging equation (1) to solve for de/dY yields 

ds (l- Ey) E j- n ° di_ 

^ dY Egp./p E e p»/p dY 

Substituting equation (3) into equation (2) leaves us with 

di di nx^pMy) nx eP . /p e._ ) i . d j__ n 



CF'(i) — +NX Y +NX._ | . — + 
Collecting terms yields 

r NX^/pE.^ 

—I CF’(i) + NX. . 

dY[_ '~ K E eP*/P 

Thus the slope of the IS** curve is given by 



; r p, /P E. 1" NX eP . /P ( 

* ' '~F - =- nx y +— U- 



(l-Ey) • 



NX eP*/P , 

- NX y +— U-El 



CF'(i) + NX. 



NX. « E. . 

1-7C 1~7C 



positive and thus IS** remains downward-sloping. 

(b) Rearranging equation (2) to solve for de/dYfe.* yields 
-|cFXi).Nxj£| -NX Y 



dY | T c** Li eP */r 

rCF ’ (i) + NXi „ ] is positive and di/dY| IS - is negative. Since NX Y is negative, the numerator isp««- 
S dmondnator is positive . Thus as we move down the IS** curve and Y nses, e rises as well. Tbat is, 
as we move down the IS** curve, the domestic currency depreciates. 

(c) In order to see the effect of an increase in capital mobility, use equation (4) to take the derivative of the 
slope of the IS** curve with respect to CF 1 (i): 
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cCF'(i) 



NX eP ./p, , 
NXv +— 1 1_e y) 

E sP*/P 

NX eP . /P Ej_ R e 

CF'(i) + NX. e ~ 

' ; »-* E c p»/p 



become less negative. That is, the IS** curve become flatter. 

Problem 5.12 r 

(a) (i) At price level P*, and thus at real L s 

wage W/P *, employment and output are at W/P v / 

their maximum possible levels. This is X. / 

where the labor demand curve and the labor \ / 

supply curve intersect and there is no X. / 

unemployment. w/P * /X. 



W/P V 


L s 

/ 




W/P * 






W/P' / i 






'i 1 




\l d 


L ‘ L* 




L 



(a)(u) At a higher price, ^yP'>_P*, and ~, p , / j X. 

thus at a lower real wage W/P' < W/P * , Y 

labor demand exceeds labor supply. Given / ; \ L ° 

the "short-side 1 ' rule, this means that i \ 

employment is determined by labor supply ■ ~ L 

and is at L 1 in the figure. Since^ ll 1 

F ’ (L) > 0, output is lower at L 1 (and P ) 
than it is at L* (and P*). 

(b) As the price level rises toward P*, % 

employment is determined by labor demand. P \ AS 

Thus employment and output rise as the \ 

economy moves down the labor demand \ 

curve. \ 

At price P*, output is at Y*, its maximum : 

possible value. 

As the price level rises above P*, 

employment is determined by labor supply. j 

Thus employment and output fall as the - ■ y* Y 

economy moves down the labor supply^ 

curve. See the figure for what this implies " 

backward-balding «d» 
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Problem 5,13 

For this to be the case, the effective labor 
demand curve must intersect the labor supply 
curve right at the point at which it becomes 
vertical. Any further rightward shift in the 
effective labor demand curve would not cause 
the point of intersection of the two curves to 
change. See the figure at right. 

Thus even if the effective labor demand curve 
shifts out, employment does not rise. Thus 
output cannot rise above Ymax • 




{ffiSvKw-b MM* to. hift * » «- P- « ”° iM rf “" 

the real wage. That is, L is determined by 

... pm, teal wage, the level of 

»■ wage « now lower .He, ft. Mi.*. Hi. “ M b now 
amount of labor they demand at a given pnce. So output suppl ed by turns g P 
lower for two reasons. A given amount of labor now produces less output and firms choose 
labor at a given P. Thus the AS curve shifts to the left. 

level. However, Ymax itself will now change. 

As described in the solution to Problem 5.13, at w/P / L s 

Ym^ , the effective labor demand curve intersects / 

the labor supply curve right at the point where it \. r / 

becomes vertical. Now with A lower, the N. Y 

downward-sloping portion of the labor demand ; 

curve shifts to the left; at a given real wage, the / j 

level of L that equates the marginal product of / 

labor and the real wage is lower. This means that / 

there is a new lower Lmax • The maximum Y 

amount of labor that it is profitable to hire to meet / 

demand at the fixed price is now lower. Lmax'®*' Lmax L 

maximum Amount hue at the fixed price is lower and a given amount of 

labor now produces less output. 
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Problem 5.13 

For this to be the case, the effective labor 
demand curve must intersect the labor supply 
curve right at the point at which it becomes 

vertical. Any further rightward shift in the 

effective labor demand curve would not cause 
the point of intersection of the two curves to 
change. See the figure at right. 

Thus even if the effective labor demand curve 
shifts out, employment does not rise. Thus 
output cannot rise above Ymax • 




jSeynes's Model, firms hire labor up to the point at which the marginal product of labor equals 
the real wage. That is, L is determined by 

lower for two reasons. A given amount of labor now produces less output 
labor at a given P. Thus the AS curve shifts to the left. 

level. However, Ymax itself will now change. — 

As described in the solution to Problem 5.13, at W/P / L s 

Ymax , the effective labor demand curve intersects / 

the labor supply curve right at the point where it N. 4 / 

becomes vertical. Now with A lower, the / 

downward-sloping portion of the labor demand ! 

curve shifts to the left; at a given real wage, the / 

level of L that equates the marginal product of / 

labor and the real wage is lower. This means that / 

there is a new lower Lmax ■ The maximum / 

amount of labor that it is profitable to hire to meet / ]_j 

demand at the fixed price is now lower. Lmax* 16 * Lmax L 

maximum Amount hire at the fixed pnce is lower and a given amount of 

labor now produces less output. 
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In Model 3 - sticky prices, flexible wages and real labor market imperfections - we get essentially the 
after ttafalUn'A. "^us the^AS «im > ^ < hSzont^b!^o^to^ ^ Pr * C6 * S *° W6r 

^malco^:^ Wa86S ’ * adb) ** tkM and im P erfect ««**** "the price is set as a markup over 

(2) P = p(L) — — — . 

' AF'(L) 

Mr firrAr at \ 8 r L ASSUmin8 11,6 markup does «* *P«* « A, the price level 
or hofSr ^ ShlftS UP> re8ardleSS ° f 1 •*-«* 11 is downward-sloping, upward-sloping 

Problem 5.1 5 

2, V l C l n e S i for T" 7-7 mterSSt rate Be ®“ 1 ^ substituting the express.on for inflation 
P - Oy, into the goods-market-eqmlibnum relationship, y = - a (i - p) to obtain 

(!) y(0 = -a[i(t) - 0y(t)]. 

CT »"««"■ « - P - -W, yields 

Substitute equation (2) into equation (1) to obtain 

y(t) = — a [(p(t) - m(t))/k - 6y(t)] => y(t) - a0y(t) = (a/k) [m(t) - p(t)J . 

Simplifying and solving for output yields 

(3 ) y( , 

k(l-a0) 

Substituting p(0) = 0 and m(0) = m' mto equation (3) yields 

fA\ ff\\ ^m' 

( ) y( ) = k('l- a 0) <0 ’ Si " Ce 30 < J. a > 0, k > 0, and m' < 0. 

('“Sic 0 3nd m(0) = m ' mt ° 6qUati0n (2) yields 

ssssiir* faIls ftora its previous vaiue ° f ° andi ** nommai mterest rate to 

derivat " *° 7 'T “ “ CreaSe “ G ’ ** speed of P rice adjustment, affects the value of WO) take the 
derivative of output at time 0 with respect to 0: or yw, taxe tne 

5y(0) -am'(-a) a 2 m' 



59 k(l-a0) 2 k(l — a0) 2 



since m' < 0. 



fUrther. 6 ““ ^ reduC6S p,3nned ^^mire, and thus equilibrium output, even 



(а) (ii) Take the time derivative of equation (3), noting that m(t) = m' for all t > 0 

(б) y(t) = -f££L. 

k(l-a0) 

Substituting the express.on for inflation, p = 0y, into equation (6) yields 
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S'' 7T 31,(1 rea ‘ i 3b0r mafket m P erfeCtlons - ™ «** essentially the 
after the fall in A. Thus the AS ctwe^'h^TOnt^^o^to^owi^^^ 11318 ^ PllCe * S * 0wer 

^gmtl cort: StICky fleXlble ^ mperfect competition - the price is set as a markup over 

(2) P = p(L) — — . 

AF'(L) 

nses^for ^j^l’tSasT* * ‘ST L Assumi " 8 *" marku P does not depend on A, the price level 
or horizontal. CUFVe S * S UP ’ regarcUess of whether it is downward-sloping, upward-sloping 

Problem 5.15 

i 1 q!, '' h f ° r 0l fP Ut an f. dle mterest rate. Begin by substituting the expression for inflation 

P-fly.mto the goods-market-eqmlibrium relationship, y = -a(i-p), to obtain ’ 

(1) y(t) = -a[i(t) - 0y(t)], 

n. - P -H yields 

Substitute equation (2) into equation (1) to obtain 

y(t) = -a[(p(t)-m(t))/k-ey(t)j => y(t)-a0y(t) = (a/k)[m(t)-p(t)]. 

Simplifying and solving for output yields 

<3, y(t) ,fe O-Pft)| 

k(l-a0) 

Substituting p(0) = 0 and m(0) = m' into equation (3) yields 

(4) y( ° ) = k(l-a0) <0 ’ s “icea0<l,a>O,k>O,andm'<O. 

and m(0) = m' into equation (2) yields 

previous wdue of^* tPUt *“* ** Va ‘ Ue ° f ° ^ * e “ al mterest rate rises from its 

T h0W 311 increase “ G > die speed of price adjustment, affects the value of y(0) take the 
derivative of output at time 0 with respect to 0: ue or y w , taice tne 

gy(0) -am'(-a) a 2 m' 

59 _ k(l-a0) 2= ]^^ <0 ’ Smcem '<° 

fiirther. 6r6 ^ n ‘ s reduces P lanned expenditure, and thus equilibrium output, even 

(а) (ii) Take the time derivative of equation (3), noting that m(t) = m' for all t > 0 

(б) y(t)=-^w . 

k(l-a0) 

Substituting the expression for inflation, p = 0 y , into equation (6) yields 
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(7) y(t) = - 



-y(t). 



k(l-a0) ' 

So log output will exponentially approach its original value of 0. More formally, solving the differential 
equation (7) yields 

(8) y(t) = e[- ae/(I - a9)k ] , y(0). 

Substituting equation (4) into equation (8) yields 

-a0/(l-a0)k]t am' 



(9) y(t) = e l 



k(l- a0) 



(b) Substituting the expression for y(t) from equation (9) into the definition of the amount of output 

00 

volatility caused by a disturbance, V = J y(t) 2 dt, yields 

t=o 

12 r i2 



y= j e [-2a0/(l-a0)k]t 



t=0 



am' 



L k(l - a0) 



dt 



V = 



am' 



k(l - a0) 



J e [-2ae/(l-a0)k]t dt 

t=0 



Solving the integral is straightforward and doing so yields 



v= 


am' 


■f(l-a6)k' 


_k(l-a0)_ 


- 2a0 - 





Simplifying this expression allows us to obtain 

(10) v = - 



am 



2k(e-a0 2 



To see how a change in the speed of price adjustment, 0, affects volatility, take the derivative of V with 
respect to 0: 



dV -am'" 

(U) = ~t 2)2 

m 2k(0-a9 2 ) 



ji‘(l~2a0). 

The sign of this derivative will be determined by the sign of (1 - 2a0). 



If (1 - 2a0) > 0 or 0 < l/2a then dV/50 < 0. Thus for “small" values of 0, a marginal increase in price 
flexibility will reduce output volatility. If (1 - 2a0) < 0 or 1/a > 0 > l/2a then dV/dQ > 0. Thus for "large" 
values of 0, a marginal increase in price flexibility will actually increase output volatility. [Note that we 
assumed from the outset that a0 < 1 or equivalently 0 < 1/a.] Finally, note that the higher is a - where a 
captures how responsive planned expenditure is to changes in the real interest rate — the smaller is the 
range of 0's over which increased price flexibility reduces output volatility. 
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Problem 6.1 

( a > The individual s problem is to choose labor supply, Li , to maximize expected utility, conditional on the 
realization of Pi. That is, the problem is 

maxE^Cj — (l/y)L i ' ir )J P, J . 



Substituting Q = P,Qi /P and Q, = L ( gives us 



„ p i L i 1 

max E L; 1 ' 

Lj |_\ P y 1 



P i 



Since only P is uncertain, this can be rewritten as 

maxE[( p i / p )|p i ]L i -(l/ r )L i l'. 

Lj 



The first-order condition is given by 

(1) E[(Pi /P)|Pi ] - L/' 1 = 0, 

or 



L i y - , = E[(P i /P)|P i ]. 

Thus optimal labor supply is given by 

(2) L i .{E[, P ,/P ) | Pl jj 1 '<'- , >. 

Taking the log of both sides of equation (2) and defining 4 = InLi yields 

(3) (\ = [l/(y - l)]lnE[(Pj /P)|Pj ]. 



I 

1 



logs) 1116 am0Unt ° f lab ° r Ae ‘ ndlViduaI SUpplles if she follows ** certainty-equivalence rule is given by (in 
(4) 4 = [1/(Y - l)]E[ln(Pj /P)|Pi ]. 



Since jn(Pi /P) ]s a concave function of (Pj /P), then by Jensen's inequality lnE[(Pj /P)[P, ] > Erin(P: /P)|P 1 
TTius the amount of labor the individual supplies if she follows the certainty-equivalence rule is less than' 
the optimal amount derived in part (a). 



(c) We are given that 

(5) ln(Pj /P) = E[ln(Pj /P)|P, ] + Ui , Ui ~ N(0,V n ). 

Taking the exponential function of both sides of equation (5) yields 

(6) Pj /p = e E [ ln(P i/ p )l p i] e “i 

Now take the expected value, conditional on Pj , of both sides of equation (6) - 

(7) E[( ^ /P ) j Pj ] = e E I I “tPi/ p )l p i] E [e ^ | j . 

Taking the natural log of both sides of equation (7) yields 

(8) In e[(Pj/p)| Pj] = E[ln(Pj/P)|Pj] + lnE[e u ‘ | P;j . 

Note that In E[e u < | P,] is just a constant that is independent of P, . Substituting equation (8) into equation 
(3), the expression for the optimal amount of (log) labor supply, gives us 
4 = [l/(r - I)] [E[ln(Pj /P)|Pj] + In E[e u ‘ |Pj]], 
or simply 



k 
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(9) h = [l/(y - 1)] E[ln(Pi /P)|Pi] + [V(t “ *)] [ ln E [ eUi N ] ' 

The first term on the right-hand side of equation (9), [l/(y - l)]E[ln(Pi /P)|P, 1, « the certamty-eqmvalence 
^f (log) labor supply and the second term is a constant. Thus the < that maxmuzes expected utthty 

differs from the certainty-equivalence rule only by a constant. 



Problem 6.2 

(a) The individual’s problem is to maximize Cj 



Tn/OrD 



J Zj^C^Ni 

J=o 



subject to the budget 



constraint, } P J C ij dj = Y 1 . Set up the Lagrangian: 
j=o 

|- 5 “pi/Cn-t) 

( 1 ) A* 

LJ =w - ~ 

The first-order condition for a representative good, Qj , is 
r "llTl/(n-l)H/ 



n/tn-u 1 

{z.Vnc./n-D/ndj + XY i -|P j C ij dj 

i-o J ] J L i=° 



dJ 



2L f z Vn Clj 

-uij=o 



.(n-D/idj 



n-i 



7.Vnc ..Kn-D/nH -^p, = 0 . 
'-'a i 



We can simplify the exponents since [r\/(r\ - 1)] - 1 = l/(n - 1) ^ ^ ‘ " 1 “ ^ US 6 

preceding expression implies 

(2) Cij-Vn =— 



XP; 



|i/(n-D 



z .Vn } Z.'^Cy^'^dj 

Lj=o 

Taking both sides of equation (2) to the exponent -q yields 
3 r nri/(n-i) 

Zj } Zi'^Cy^-^^dj 

Li=0 . 



(3) Cy = 



N' 



(b) For each good on the unit interval, there will be an equation like (3) Ttar for roo» «bor good, C» . 
we can write 

( in/(n-i) 

I Zj’/nCy^-D/hdj 

Lj=o : 



(4)Cik ‘ (iPk)" 

Dividing equation (3) by equation (4) yields 
r -m/riH) 



_a 

C ik 



l Z^Cy^dj 

Li=0 : 






n /(n-i) 



\ Z^Cy^Ni 
Lj=o 



(^if 
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Simplifying yields 

(5) C ij /C ik =(p k /P j ) (Zj/Zk). 

Writing Qj in terms of C* , we have 

(6) C i j=(P k /P j ) n (z j /Z k )c ik . 

1 

Substituting equation (6) into the budget constraint, J P J C ij dj = Y i , yields 

1 j= ° 

. = J 0 P j(P k /P j ) ,1 (Zj/Zk)Ci k dj = Y i . 

Pulling the terms not indexed by j out of the integral sign leaves us with 

C a V l r 

J ZjPj^dj = Yj, 

Z k j=0 

and then solving for C* yields 

(7) Cik ^ 



Pi, 'I 



1 



J Z^jMdj 
Lj=o 

Equation (7) holds for all goods. Thus returning to the notation of Cy as our representative good gives us 
Y: Z j 

(8) Cy =- J 



PjT 



/ Z jPj >-n d j 
Lj=o 



(c) Substituting equation (8) into the expression for Q , C* = 

m/(TH) 



IzjVtic^n-D/ndj 

J=o 



|i/(i-i) 



, yields 



j=0 



c i = 



Pulling the terms not indexed by j out of the integral gives us 

in/Cn-i) 





1 


(n-D/ri 


Pj(1-l)j 


/ ZjPji-ndj 
Lj=o J 





Ci = 



Y i (’H)/n 



/ ZjPj^dj 

.j=o 



|(i-i)/i 






This simplifies to 



(9) Cj = Yj 



/ ZjPj'-idj 

j=o 



111/(1-1)1-1 
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§; •> 



r : : 

& 
i •. 



Since [q/(ri - 1)] - 1 = l/(n - 1) = -1/(1 - n), equation (9) can be rewritten as 
Yj 



r i i 

J ZjPj 1_rl dj | 


V(i-n) 


-j=0 





Defining the price index as 

J ]i/a-n) 

I Z^dj 
Lj=o 

we have 
(12) Cj = Yj /P. 



(ID P- 



(d) Note that J Z jPj 1_t, dj = P 0 ' 10 . Using this feet, equation (8), the expression giving individual i's 



j=0 

demand for good j, can be rewritten as 

03) 



PjlP 

This can be rearranged to yield 

(14) Cy =Z j (Pj/p) _n (Y i /P). 

Equation (14) gives individual i’s demand for good j as a function of the taste shock for good j, good j's 
relative price, and individual i’s real income. 

(e) Taking the log of both sides of equation (14) yields 

(15) cy = zj -rj(pj -p) + (yj -p). 

This resembles equation (6.7) in the text. However, the price index given in equation (1 1) is not simply the 
average of the individual p's, as it is in equation (6.9). 

Problem 6.3 

(a) Model (i) is given by 

(1) y t = a' zt.i + bet + v t . 

This model says that only the unexpected component of money, et , affects output. Model (ii) is given by 

(2) y, = a' Zt.i + Pm, + v, . 

This model says that all money matters for output. 

Substituting the assumption about monetary policy, m, = c' z,.i + e, , into equation (2) yields 

(3) y, = a’ zm + p[c' z,.i + e, ] + v, , 
and collecting terms in z,.i gives us 

(4) y, = (a* + PcXi + Pet + v, . 

The models given by equations (1) and (4) cannot be distinguished from one another. Given some a and b, 
a ' = a’ - pc' and p = b have the same predictions. Intuitively, it is not possible to separate the direct effect 
of the z's on output from any possible indirect effect they may have through monetary policy. So it could 
be the case that only unexpected money matters and the effect of the z's on output that we observe is simply 
their direct effect. However, it could also be the case that the expected component of money affects output 
and thus the effect of the z's that we observe consists of both the direct and indirect effects. 
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(b) Substituting the new assumption about monetary policy, m, = c’ z*., + y’ w M + e t , into model (ii) yields 

(5) y t = a* Zt.i + p[c' Zt-i + y' w t .i + e t ] + v t , 
or collecting the Zt.i terms gives us 

(6) y t = (a' + pc')zt.i + Py' w t .i + Pe» + v t . 

In this case, it is possible to distinguish between the two theories. Model (i), only unexpected money 
matters, predicts that the coefficients on the w's should be zero. Model (ii), all money matters, does not 
predict this. Intuitively, since the w’s do not directly affect output, if they are correlated with output it must 
be due to their indirect effect through their impact on the money supply. 



Problem 6.4 

Using the correct price index does not alter the analysis of the individual's behavior. That is, equation 
(6.40) in the text, which defines the optimal relative price of individual i's good as 

{1) H = -2LZ 

P rj — 1 P * 

still holds. Similarly, individual i's optimal choice of labor supply is unaffected. It is still given by 
equation (6.42) in the text, or 

(2) L * = ItJ • 



We need to solve for equilibrium output, Y, and the price level, P, using the fact that total spending in the 
economy equals M, or ^ 

1 

(3) /P i Q 1 di = M, 
i=0 

where Qi equals output of good i. Since the production function is Q; = U , output of good i is 

f W y/(r-i) 

(4> Ql =y . 

Multiplying both sides of equation (1) by P gives us 

(5) P i= -5-W. 

n-i 

From equation (1 1) in the solution to Problem 6.2, the price index with all the Z/s equal to zero is given by 

00 -|l/(l-t,) J ’ ° ' 

(6) P = J P.^ldi 

-i=0 J 

Substituting equation (5) into the price index given by equation (6) yields 



(7) P- 



i 1_T l 

JI-2-wl di 
uovn - 1 



H/O-n) 



i Y" n 1 

~W /di 

'l- 1 > i=0 



i/O-n) 



which implies 

(8) P = -3-W. 

n-i 

Rearranging equation (8) gives us the equilibrium real wage: 

W n- 1 

(9) — = — ■ 

P n 

Substituting equation (9) into equation (4) gives individual i's output: 
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Substituting Pi = P and equation (10) into equation (3) yields 






do i p ^YJ di=M ' 

Since nothing inside the integral is indexed by i, we have 

<« p br) 

Solving equation (12) for P gives us 

(13) P= ItJ M= [(t 1 -i)/t 1 ] 1 ^ ) - 

Equation (13) is identical to equation (6.47) in the text. 

Finally, since aggregate demand is given by Y = M/P, equilibrium output is 

m (Vl) 

(14) Y = /. •, i/(y — i) v ti J 

M/[(n-l)/n] Thus using the correct price index does not affect 

Equation (14) is identical to equation (6.46) in the text. Th g 

the expressions for equilibrium price and output. 

gfSSLg th, to, the «— wage, w - Op, tat. the P*» ■ 

p = W + (1 - ay- S, yields p = Op + (1 - a-Y- s. Solving or p yie 

(1) p = [(l -aX-s]/(l -0). 

aggregate demand equation, y - m - p, yields 
s + o/=m-[(l-ay-s]/(l-e). 

Collecting the terms in l leaves us with 

a(+ [(1 - a)( /(I - 0)] = m + [s/(l - 0)] - s - 

Obtaining a common denominator and simplifying gives us 
[a (1 - 0) + (1 - a)K/(l - 0) = m + [1 - (1 - 9M 1 - 9)- 

or 

(1 - a0y /(I - 0) = m + [05/(1 - 0)], 

and thus finally, employment is given by 
(l-0)m + 0s 

< 2) 

Substituting equation (2) into equation (1) yields 

(l-g)[(l-0)m+0s] _s_ 

P= (l-0)(l-a0) (1-6) 

Simplifying gives us 
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£ a )Q - 0)m + (1 - a)9s - (1 - a6)s (l-a)(l-9)m-(l-9)s 



(l-0)(l-a0) 

Thus, the aggregate price level is given by 
,, x (l-a)m-s 

(3) P = — 

( -a0) 



(1 -0)(l-a0) 



Substituting equation (2) into the aggregate output equation, y = s + ol , and simplifying yields 
g (l~0)m + a0s _ s-as + q(l-9)m + K0s 

O-a0) (1 - o9) ' 

And therefore, output is given by 

(4) s + od-0)m 
(l-a0) 

Fmally, to get an expression for the nominal wage, substitute equation (3) into w = 9p 

, 5 ) 

(1-00) 

15 10 566 1 !° W S deg : ee j ? fmdex3tion affects ^ responsiveness of employment to monetary 
ocks. First, use equation (2) to find how employment varies with nr 
ot (l-0)m + 0s 

( 6 ; - — 

dm (1 -a0) 

Taking the derivative of both sides of equation (6) with respect to 9 gives us 
WH _ (-!)[! - q9] - (1 - 9)(-a) ( a - 1) 

50 (l-a9) 2 (l-a9) 2 <0 ' 

InStyshocf ^ ° f 1 ndeXat ‘ 0n ’ 6 ’ redUCeS thS am0Unt 41131 em Pl°y«ent will change due to a 

The next step is to see how the degree of indexation affects the responsiveness of employment to supply 

shocks. First, use equation (2) to find how employment varies with s 

di 0 

( 8 ) — = 

ds (1 - a0) 

Taking the derivative of both sides of equation (8) with respect to 9 gives us 
c[8i/8s] (1)[1 - a9] - (9)(-a) 1 

50 " (l-a.0) 2 = ^T^ >0 

2eT a “1ST ° f W38e iDdeXati0n ’ 9 ’ inCreaSeS ** am0Unt 11,31 empl0yment W,) chan 8 e 

(b) From equation (2), the variance of employment is given by 

(10) vJ^Tv + uq 2 v 

L(l-a9)J m [(l-a9)J 

where we have used the fact that m and s are independent random variables with variances V m and V. We 
mmiimzS^s ^ ** *“* variance ofem P l °y ment first-order condition for this 
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d\ e [ (1-9) (<*-*) y , y ? l - V =0. 

(11) 50 ~ 2 L(l-ae)J|_(l-ae) 2 J m L(l-o0) J|_(l-a0) 2 

Equation (1 1) simplifies to 
(1 - 0)(a - l)V m + ©V s = 0. 

Collecting the terms in 0 gives us 
0[(1 -a)V m + V s ] = (l -a)V m . 

Thus the optimal degree of wage indexation is 

(12) q = _ 0- g )Vm 

Om the'L“t’I"p.*n V |>) - ttat intoto rrfucs to impao on 

— 

supply shocks relative to the variance of the monetary shocks, the lower is the optima eg ee 
(c) (i) As stated in the problem: 

wh«eV-aVl« + O ' «)t 1] Since w = 6p and Wi = 6, p, equation (13) becomes 

(14) yi = y - <K6i p - 9p) = y - (0i - 9)4»P- 

From the production function, yi = s + a* and y = s + oi and thus we can write 

(15) yi-y = a(4-0 

Solving equation (15) for employment at firm i yields 

( 16 ) 4 = *+(l/a)(yi-y). 

Substituting equation (14) for >'i - y into equation (16) gives us 

Substituting ^equation (2) for aggregate employment and equation (3) for the price level mto equation (17) 
gives us , 

(1 - 0)m + 0s (0j ~ Q)<1> [(1 ~ a > m zA _ 1 [a(l-0)m + a0s-(0i-0)(|>[(l-a)m-s]], 

08) e i~ (i_ a 0) a(l-a0) a(l-a0) 1 

which implies 

(19) = I (m[a(l-0) -(0i - 9)<|> (1 _ a )] +s[a0 + (0; -9)<t>]} • 

v ’ ' a(l-a0) 1 



(c) (ii) From equation (19), the variance of employment at firm 1 is given by 

ra(l-0)-(0i-0)<t>O-a)]\ r r «0 + fli- fl >* 1 v 

(2°) VarOi)=[ ^7^0) J “ L a(l-a0) J 8 ' 

The first-order condition for the value of the degree of wage indexation at firm i, 0i , that minimizes the 

variance of employment at firm i is T a 

SVarfO r a (l-0)-(0i-e)(Kl-a) r i ^ a0 + ( iZJ l <bV o =0. 

(21) _ ^T = 2 L J H J L a(l-ae) J 9 

Equation (21) simplifies to 

(22) {a(l - 0) - 0i [<t>0 - «)] + 0<t>O - a )W0 - <*)V„, = («0 + 0i <t> - 0<WV. , 

which implies Q , uv 

(23) 0i <|> 2 V s + 0i [<j)(l - a)] 2 V m = [a(l - 0) + 0<t>O “ a )W0 ' a ) Vm ’ ( a0 ' 0< ^ s ' 
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Thus 0* is given by 



(24) 6; = 



_ [a(l-e) + 0<Kl-tt)}Kl-tt)V, n - [0(<t> - a)]<(>V s 



l> 2 V s +W(l-a)] 2 V ra 



(c) (iii) We need to find a value of 0 such that the first-order condition given by equation (22) holds when 
0i — 0. That is, we need to find a value of 0 such that if economy-wide indexation is given by 0, the 
representative firm, in order to minimize its employment fluctuations, wishes to choose 0 as well. Setting 
0j = 0 in equation (22) gives us 

(25) a(l - 0)<(>(1 - a)V m = a0<j)V s , 
which implies 

(26) 0[V s + (l-a)V m ] = (l-a)V m . 

Thus the Nash-equilibrium value of 0 is 

(27) 0 EQ = — 

(l-a)V m + V s 

This is exactly the same value of 0 we found in part (b); see equation (12). The value of 0 that min imi^ 
the variance of aggregate fluctuations in employment is also a Nash equilibrium. Given that other firms are 
choosing 0 Q as their degree of wage indexation, it is optimal for any individual firm to choose 0 EQ as well. 

Problem 6.6 

(a) The representative individual will set her price equal to the average of the optimal price for t and the 
expected optimal price for t + 1 . Thus 

(1) xt = (p it * + Etp it+1 *)/2. 

Since pa* = 4>m t + (1 - <j>)p t and this holds for all periods, we have 

(2) x t = [(<(,m t + (1 - (J>)p t ) + (cjjHt m t+ i + (1 - flE, p t+I )]/2. 

(b) With synchronization, p t = x, and p t+] = x ( and thus 

(3) x t = [(<K + (1 - 4>)x t ) + (<j)Et m t+1 + (1 - <J>)x t ]/2. 

Simplifying yields 

x, = [2(1 - <|>)x, + <Km, + E, m,+, )]/2 => [1 - (1 - <f>)]x« = <|>(m, + E, m, +1 )/2, 

and thus 

(4) x, = (m, + E, m l+1 )/2. 

Firms set their price equal to the average of this period’s value of m and the expected value of next period’s 
value of m. 



(c) Substitute p t - x, - (m, + E, m t+I )/2 into the aggregate demand equation to obtain 
y t = m, - (m, + E, m, + , )/2. 

Simplifying gives us 

(5) y, = (m, - E, nvi )/2. 

Assuming that m follows a random walk so that E, m t+ , = m, , we have 
y t = (m, - m, )/2, 

or simply 

(6) y, = 0. 

Now, substituting p t +i = Xt = (mt + Et m, +I )/2 into the aggregate demand equation for period t + 1 gives i 
y t+ i = m t+1 - [(m { + Et m t+ i )/2], 

Assuming that m follows a random walk so that Et m t+1 = nit , we have 
y, +] = m (+1 - (m, + m t )/2, 
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i- 



I 



or simply 

(7) y t+1 = m t+ i - m t . 

The central result of the Taylor model does not continue to hold. Nominal disturbances that occur in 
periods when firms are not setting prices feed through one-for-one into output; see equation (7). However, 
once firms set prices again, output returns to its normal value of 0; see equation (6). 

Intuitively, we have removed the mechanism by which the Taylor model generates long-lasting effects of 
nominal disturbances. In the Taylor model, once firms get to adjust price, they do not adjust fully to a 
nominal disturbance because they know that not all firms are adjusting at that time. Thus fully adjusting 
will change their relative price, which they are reluctant to do. But here, firms know that all firms are also 
adjusting their price at the same time. Thus firms’ real prices will not change if they fully adjust and thus 
they do so. 



Problem 6.7 

When t is even, the price level is given by 

(1) Pt = W + (l-f)Pt 2 , 

where p t denotes the price set for t by individuals who set their prices in t - 1 - which was an odd period 
and hence fraction f of firms set p t ’ ~ and p t 2 denotes the price set for t by individuals setting prices in 
t - 2 - which was an even period and hence fraction (1 - f) of firms set p t 2 . Now, p/ equals the expectation 
as of period t - 1 of p it * and thus 

(2) pt 1 = E m p it * = Et.! [<J)m t + (1 - <j>)p t ]. 

Substituting equation (1) into equation (2) and using the fact that p, 2 is already known when p,‘ is set and is 
thus not uncertain, yields 

(3) p, 1 = <t>E,., m, + (1 - <)>) [fp, 1 + (1 - f) Pt J ] 

Some simple algebra allows us to solve for p, 1 : 



(4) 



p! 



l-(l-<t.)f 



E,_im t 



. (1-Wl-f) 2 
l-(l-+)f Pt ' 



Now, p t 2 equals the expectation as of period t - 2 of p it * and thus 

(5) p t 2 = Et _2 pu* = Et. 2 [<{>m t + (1 - 4>)p t ]. 

Substituting equation (1) into equation (5) yields 

(6) p t 2 = <j>Et_ 2 m t + (I - <(>) [fEt.2 pt 1 + (1 - f) Pt 2 ]. 

We need to find E*. 2 p, 1 . Since the left- and right-hand sides of equation (4) are equal and since 
expectations are rational, the expectation as of period t - 2 of these two expressions must be equal That is 
we have 



(7) £ n 1 _ ^ r m (1 <|>)(l-f) 2 

'- 2 ‘ l-(l-<(,)f E ‘-2 « ,_ (1 _ +)f Pt- 

where we have used the law of iterated projections so that E,. 2 E,., m, = E,. 2 m, . Substituting equation (7) 
into equation (6) yields 

<K _ (l-4>)(l-f)f 2 2 

r E t-2 m t+— -_ +)f Pt +d-f)P, 



Pt =^E t _ 2 m, + (1 — 4>) 



Collecting terms gives us 

r <t>-4>(i-^)f 4-(i-(t>)d,f 
i-d-*)f 

which simplifies to 



Pt 



1 - (1 - <|>)f 

^ t— 2 m t +(!-<(>) 



(i-40(i-f)f + (i-f)-(i - 4>)(i - f)f 



i-(i-4>)f 



Pu 
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D ?= — + » _ .a-wi-f) , 

i-d-4»)f E, - 2m,+ T^7-p. 

Collecting the terms in p t 2 gives us 

- HH)f 

or simply 




And thus the price set in period t - 2 is given by 
(8) p t = E t . 2 m, . 



to Wive for the price set fon by diose^settmg price in t - 1 , substitute equation (8) into equation (4): 

Pt = i-d-4»)f E, -‘ mt + l^r E t-2"r 



1 ~ yyjL 

g and subtracting E t _ 2 m t to the right-hand side of equation (9) yields 



(10) Pt = E t _ 2 m t + 



l-(l-+)f 



E t _,m t + 



(1-40(1 -f)-l + (l-<t>)f 



E t— 2 m t • 



■- 1 - (1 - <|>)f j 

“ - ' «■ - » ■ ■ 1 - ♦* --o - m - (1 -♦) . . 1 ♦ 0 - *,f. 4, (]0) „ b , as 

‘ m P, “ ! " ba ““ «“ *-"« ** P.' »d P,’. «,»»., ons (II, and 

_ P '" f L E, ' i ”t*l_( 1 %)f( E '-l”t-E t -2nt) +(l-f)E,. 2 m l . 

Simplifying yields 

(12,p '’ E « m '*Tr^7( E .-."' 1 -E« m ,) 

y, = cmtpul p 1 P*^ substitute equatioi (12, inro the expression for aggregate demand, 

(| 3) ». _ E, 

"■ "" ^ «*««*» &i >« P* righttadsid.of«,u.,ion 



(14) y t =m t + 



<t>f- 1 -f (l-(J))f 


c _ , 


’i-d-«f-*fl 


l-(i-4>)f J 


t— 2 m t "H 


1 

1 

w 

•-*> 

1 



E t— i m t 



(1 — fj ■' > v i_r y uc rewritten as 

^ Yt ~ F- (i_(f>)f - E t-2 m t) + (m t -E t _ imt ). 

Equations (12) and (15) give equilibrium price and output for an even period. 

are reversed* ^^dTrivatumsMal ldent '“' !° 1116 P recedin 8 analysis, except that the roles of f and (1 - f) 
sea. inus derivations analogous to those used to obtain (12) and (15) yield 



1 

•4 




Solutions to Chapter 6 137 



(16) Pl = E t _ 2 m t ' Et - 2mt)> 

and , 

Equations (16) and (17) give equilibrium pnce and output for an odd pen 

Problem 6.8 . q.mnose that period t is an even period. Thenpi, 

WewiTd^T first with firms that set and p„ + , is the price set for an 

is the price set for an even period by a firm *at sets pn P solution t0 Problem 6 .7, p* 

odd period by a firm that sets pncesm odd penods. Fromequato 

is given by 

a) Pi,=E.-2«t+Yr7^( E *-i m ‘- E ‘- 2mt) ' 

With the assumption that m is a random walk, we have E, 2 m, - m,. 2 and E,, m, nwi • 

(2) Pit = m t _ 2 + T —^ r ^(m t _ l - m,^) 

As usual, the optimal price for period t is given by 

TO sol— .0 Pioblem 6 . 7 , „ P - •«■“»**"" ■»“ 11 

Again, since m follows a random walk, this is equivalent to 

(5) p t =m t _ 2 + 

Substituting equation (5) into equation (3) yields the optimal pnce in penod t: 

(6) p it * = <j>m. +(l-*)m t - 2 + !_ (1 _ +) f l®t-i m ‘- 2) ' 

Tims the amount of profit a firm expects to lose in period t is proportional to ^ 

, f <l> / 1 _n -ihlm. -) + — — ( m t-l 



E,(Pit-Pit*) 2=E t|_ m t-2 + 1 . 



■d-+)f 



(m t _i - m t _ 2 ) - <t> m t - (! - + 1 _ (1 _ 4 >)f V 



Collecting terms yields n 2 

(7) E t (Pi, — Pit *) 2 = E t^H >m t +< t >m *- 2 • 

Simplifying gives us 

E, (p it - Pi,*) 2 = E, M>m, + 4>m,.i - <t>m,. 2 + <t>m,. 2 ] , 
or 2 

(8) E, (pu - Pi,*) 2 = 4> 2 E, («*<-• - m > ) • 

Now, the price set for an odd period by a firm that sets prices in odd periods is given by 

(9) pu+i = Et-i n^+i • . , 

Since m follows a random walk, Em m t+ i - m M and thus 

(10) p it+ i = mM • . 

The optimal price for period t + 1 is given by 
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(1 1) Pit+i* = <t>m t+] + (1 - <J>) Pt+1 . 

From equation (16) in the solution to Problem 6.7, the aggregate price level in an odd period is 
«Kl-f) 



(12) Pt+i -Et-l m t+i + " “ — ‘ 
i - (1 -d 



:(E,r 



l t+l 









-(l-<t>)(l-f) V 
Since Et.j m t +i = m t .i and Et m t +i = nit , we have 

03) P, + , =m t _, + -^L^( m( _ mM ) 

Substituting equation (13) into equation (11) yields the optimal price in period t + 1 
(14) p it+ ,* = <K + i +(l-<t>)m,_] ^(rn t -m M ). 

Thus the amount of profit a firm expects to lose in period t +1 is proportional to 



(I 5 ) E t (Piw -Pit+I*) 2 = E 
Collecting terms gives us 



m «-i -<K +1 



12 



(16) E t ( P j t+ i - p it+1 *) 2 = E, 



[+(«,_, -m t+l) + — w(i _ f) (m t _ 1 -m t ) 
Expanding the right-hand side of equation (16) yields 

'2 t 2r, .... 2 . ‘m -W(l-f) 



(17) 



E t(Pi. + i -P it+ i*) 2 =<f> 2E t(m w -m t+I ) 2 +77 ^—^ E t( m ,-i -m t+ i)(m,_i -m t ) + 



12 



E t (m t _, -m,) 2 . 



(l-+)4>(l-f) 

Ll-d-*)0-f)- 

Note that since m follows a random walk, we have 

E, (m,., - m, +] )(m M - m, ) = E, (m,., - m, +l )E, (m M - m, ) = (m M - m, )(m,., - m,., ) = 0. 

Thus the second term on the right-hand side of equation (17) is equal to 0. Using this fact, we can add 

equations ( ) and (17), Thus the total amount of profit a firm setting prices in odd periods expects to lose 
.s proportional to E, ( Pll - p,,*) 2 + E, (p it+l - p it+ ,*) 2 0 r 



(18) Exp. Loss^u - <j> E t (m t _i -m,) 2 +<j) 2 E t (m t _] -m t+1 ) 2 + 



O-M(l-f) 
L 1 - (i - <j))(i - 0 



E t (m t _i -m t ) 



Now we will deal with firms that set price in even periods. When period t is an odd period, analysis 

parallel to that used to derive (8) shows that the amount of profit a firm expects to lose in period t + 1 is 
proportional to 

(19) E, (p it - PiI *) 2 = if, 2 E, (m,., - rn, ) 2 . 

Analysis parallel to that used to derive (17) shows that the amount of profit a firm expects to lose in peric 
t + 1 is proportional to 

\2 ,2 r , ,2 . 2((>(1 — (|>)<J>f 



( 20 ) 



E .(Pi, +I -Pi« +1 *) 2 =| 2 E t (m t . 1 -m t+1 ) 2 +™E«0»,-i-m w )(n ll . 1 -m,) + 



(lH>)<t>f 



12 



Note that this is identical to (17) except that the roles of f and (1 - f) are reversed. Proceeding as above - 
note that since m follows a random walk, we have 
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Et (m M - m t+ i )(m t .i - m, ) = Et (m t .i - m t+ i )Et (m M - m t ) = (m M - m< )(m M - m M ) = 0. 

Thus the second term on the right-hand side of equation (20) is equal to 0. Using this fact, we can add 
equations (19) and (20). Thus the total amount of profit a firm setting prices in even periods expects to 



lose is proportional to Et (pit - pa*) 2 + Et (pa+i - pa+i*) 2 or 
(21) Exp. Loss evea = <|) 2 E t (m t _ 1 -m t ) 2 + <t> 2 E t (m M ~m t+1 ) 2 + 



(1-Wf 

i-(i-4>)f 






We need to compare the right-hand sides of equations (18) and (21). Recall that f is the fraction of firms 
that set prices in odd periods. Note that with f < 1/2 - more firms setting prices in even periods than in 
odd periods -- we have (1 - f) > f. Using this and the fact that <)> < 1, we can say that 

~ q-w>f l 2 

since (1 - <t>)<t>(l -f)>(l -<M>fand 1 -(1 - <t>)(l - 0 < 1 - d - 

Thus the right-hand side of equation (18) is greater than the right-hand side of equation (21). This means 
that the profit a firm expects to lose if it sets prices in odd periods exceeds the profit a firm expects to lose 
if it sets prices in even periods. Thus it is not optimal to set prices in odd periods and firms would like to 
switch to setting prices in even periods. This means that with <j> < 1, if we start with f < 1/2, we would 
expect to see f go to zero; no firms will set price in odd periods. 

By reasoning analogous to that above, we could show that if f > 1/2, the inequality in (22) is reversed. 
Firms setting prices in even periods expect to lose more than firms setting prices in odd periods. Thus it is 
not optimal to set price in even periods and firms would like to switch to setting prices in odd periods. This 
means that with § < 1 , if we start with f > 1/2, we would expect to see f go to one; all firms will set price in 
odd periods. 



( 22 ) 



(l-MKl-f) 

l-fl-*)(l-f). 



12 I 



Thus if 4> < 1, staggered price setting with f = 1/2 is not a stable equilibrium. If the economy starts with 
anything other than f = 1/2, staggered price setting will not prevail. The economy will move to a situation 
in which all firms set price in the same period. 

Problem 6.9 

The price set by firms in period t is 

(1) x, = (pH* + Et pi,t+i*)/2 = [(<t>m, + (1 - 4>)p t ) + (<|>Et m t+ i + (1 - 4>)Et p t +i )]/2, 

where we have used the fact that p* = (j>m + (1 - <J>)p. Since p t = (x t + Xm )/2 and Et m t +i = 0, equation (1) 
can be rewritten as 

(l-<f))(x t +x t _j) [(1 — <{>)( x t + Et x t+l)/2] 

(2) x t =<j)m t + + ~ > 

which simplifies to 

<j>m t (l-+)(x M +2x t + E t x t+1 ) 

(3) *t= — + 4 ' 

Solving for x t yields 

(4) xt = A(x,.i + Et x t +i ) + [(1 - 2A)/2]mt , 

1 l-4> 

where A = . 

2 ! + <(> 
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We need to eliminate Et x t +i from the expression in (4). As in the text, it is reasonable to guess that x t is a 
linear function of x t .i and m t , or 

(5) x t = p + Xxt.i + vm t . 

We need to determine whether there are actually values of p, X, and v that solve the model. As explained in 
the text, the flexible-price equilibrium involves each price equaling m. In light of this, consider a situation 
where x M and m t are both equal to zero. If period-t price-setters also set their prices to m, = 0, the economy 
is at its flexible-price equilibrium. In addition, since m is white noise, the period-t price-setters have no 
reason to expect mt+i to be on average either more or less than zero, and hence no reason to expect x t +t to 
depart on average from zero. Thus in this situation, p rt * and Et ph+i* are both equal to zero and so price- 
setters would choose x t = 0. In summary, it is reasonable to guess that when x,.i = m, = 0, x, = 0. In terms 
of equation (5), this condition is 

(6) 0 = p + M0) + v(0), 

or simply p = 0. Thus equation (5) becomes 

(7) x t = Xx t .i + vm, . 

Our goal is to find values of X and v that solve the model. Since equation (7) holds each period, it implies 
that Xt+j = Xxt + vm t+ i . Thus the expectation as of time t of Xt+i is Xx t since Et nvi = 0. Using equation (7) 
to substitute for x t yields 

(8) Et x t+ i = X 2 x t .i + Xvm t . 

Substituting equation (8) into equation (4) gives us 

(9) Xt = A(xt.i + X 1 x,.i + Xvm t ) + [(1 - 2A)/2]m t , 
which implies 

(10) x t = (A + AX 2 )x M + {AXv + [(1 - 2A)/2]}m t . 

The coefficients on x t .i and mt must be the same in equations (7) and (10). This requires 

(11) A + AX 2 = X, 
and 

(12) AXv + (1 - 2A)/2 = v. 

Equation (1 1) is the same as equation (6.68) in the text for the version of the model where m follows a 
random walk. The solution to this quadratic is thus given by 

(13) X = — 



M 



% 

% 

M 



Solving for v in equation (12) yields 

(14) v(l - AX) = (1 - 2A)/2. 

From equation (11), dividing through by X and rearranging, gives us 1 - AA, = AX. Substituting this 
expression into equation (14) gives us 

1-2A X 

(15) v= . 

2 A 

Substituting equation (15) into equation (7) yields 
1-2A X 

(16) x t =A.x t _i+— — m t . 

2 A 

Thus equation (16) with X given by equation (13) solves the model. 



We can now describe the behavior of output. Using the definitions of A and X, some simple algebra allows 
us to rewrite equation (16) as 
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(17) x t =Xx t _ 1+ -^^m t =Xx t _ 1+ Cm t , 



where we have defined C = 



a+Vf) 2 ' 



Since y t = m t - p t and p t = (x t + x t . t )/2 we have 

(18) y t = mt-[(x t + x t -i)]/2. 

Substituting equation (17), and equation (17) lagged one penod, into equation (18) yields 

(19) y t = mt - [(Axm + Cm t + Xxt. 2 + Cium )/2], 
or simply 

(20) y, = m t - Xpt-i - [(C/2)m t ] - [(C/2)m t ., ], 

where we have used the fact that p t .i = (xm + x,. 2 )/2. Now since y,.i = m,.i - p t -i , this implies 

(21) y t = m, + Xy t .i - Xm M - (C/2)m t - (C/2)m M . 

Collecting terms yields 

(22) y t =[l-y)m t -(x + |]m t _ 1 +Xy M . 

Finally, since 

C (|) 1 + 2-^/ij) + <|> - <|> 1 + 

(23) 1_ 2 _1 (i +V^) 2_ (i+V^) 2 (i+Vf) 2 ’ 

and 

c i-V<F <i> (i — )(i + ) + <j> _ l— <|> + <t> _ 1 

(24) X+ 2 - i + ^ + (i + ^)2 _ (l + -v^) 2 (1 + V+) 2 O + a/^) 2 

Using (23) and (24), equation (22) can be rewritten as 

1 + 2-^ 1 

(25) y t =Xy t _ 1 + (1+ ^ )2 «t " «t-l. 

where we have substituted for m t = e t and m M = e t .i . Thus if the money stock is white noise, output is an 
ARM A( 1,1) process rather than an AR(1) process. 



Problem 6.10 , 

We could proceed as in the text and obtain equation (6.80), which holds for a general process for m, and 

which is given by 

X, 1 — 2 A 2 

(6.80) x t =3.x t _ 1 +— — - — [m t + (l + X)(E t m t+I +XE t m t+2 + X E t m t+3 +...)]. 

When the money stock is white noise, E,m t+S = 0 for all s > 0. Thus equation (6.80) simplifies to 
X 1-2A 

(1) x t =Xx t _j +— ~ m t . 

Note that equation (1) is identical to equation (16) in the solution to Problem 6.9. As in that solution, we 
could now proceed to determine the behavior of output. 

Problem 6.11 

(a) The price set by individuals at time t is 
0) x(t) = ^ I E t [m(t + t)]dt = I(t + T)gdT, 
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where we have substituted for the fact that m(t) = gt and thus that E, [m(t + x)] = g(t + x). Solving the 
integral in (1) gives us 

(2) J(t + x)gdx=[gtx|^l + |x 2 =gtT + ^-gT 2 . 

T=o 1 1 L 2 t=oJ 2 

Substituting equation (2) back into equation (1) gives us the price set by individuals at time t which is 

(3) x(t) = gt + (gT/2). 

The aggregate price level is the average of the prices set over the last interval of length T. Thus 

(4) p(t) = — lx(t-x)dx. 

1 T=0 

Substituting equation (3) into equation (4) yields 

(5) p(t) = ~ I g(t-x) + ~gT dx. 

1 t=0 L 2 J 

Solving the integral in (5) gives us 

If \ 1 f j 1 1 T=T 1 l 

(6) J g(t - x) +— gT dx = gtx-— gx 2 +— gTx =gtT--gT 2 +-gT 2 =gtT. 

t=0 L / J L / 2 J t=0 2 2 

Substituting equation (6) back into equation (5) gives us the price level at time t. which is 

(7) p(t) = gt. 

Substituting m(t) = gt and p(t) = gt into y(t) = m(t) - p(t) gives us 

(8) y(t) = 0. 



(b) (i) Suppose that x(t) — gT/2 for all t > 0. Then for t > T, since p(t) is just the average of the x's set 
over the last interval of length T, p(t) = gT/2. Now we know that for t > T, m(t) = gT/2. Thus for t > T, 
we do have p(t) = m(t). From y(t) = m(t) - p(t), this means that for all t > T, y(t) = 0, which would have’ 
been its value in the absence of the change in policy. 



Now consider the situation for some time t between time 0 and time T. From time 0 to time t, we are 
assuming that individuals set price equal to gT/2. From equation (3), we know that before time 0, 
individuals set price equal to gt + (gT/2). The aggregate price at time t, which is the average of the price: 
set by individuals over the past interval of length T, is therefore given by 

(9) P< ° = "F + + dT _ = ¥ + ?) dT + ' 

Solving the remaining integral in equation (9) gives us 



j « + ?w 



g(t - Tr 

2 



gT(t-T) 



Substituting equation (10) back into equation (9) and expanding yields 



i g(t-Ty 



gT(t-T) gTt 
2 + 2 



1 -gt 2 + 2gtT - gT 2 - gTt + gT 2 + gTt 
T 2 



(12) p(t) = gt- 
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Thus p(t) = m(t) for t between 0 and T as well. Thus if x(t) = gT/2 for all t > 0, then p(t) = m(t) for all 
t > 0, and thus output is the same as it would be without the change in policy. 

(b) (ii) At time t, individuals set their prices equal to the average of the expected money supply over the 
next interval of length T. We know that m(t) = gT/2 for t > T, but it is strictly less than gT/2 for t < T. 
Thus individuals setting prices at some time t before T are going to set their prices less than gT/2. Why? 
They will be averaging some m's equal to gT/2 with some m's less than gT/2 and so we must have 
x(t) < gT/2 for 0 < t < T. For T < t < 2T, the money supply is expected to be constant at gT/2 and thus 
individuals set prices equal to this constant money supply. Thus x(t) = gT/2 for T < t < 2T. 

We have shown in part (b) (i), that if everyone sets prices to gT/2, p(t) = m(t) and thus y(t) = 0, which is its 
value in the absence of the change in policy. But as we have just explained, individuals actually set prices 
less than gT/2 for 0 < t < T. Thus the aggregate price level will be less than m(t) over the interval 
0 < t < 2T. Since y(t) = m(t) - p(t), this means that output will be greater than zero during this interval. 
Thus this steady reduction in money growth actually causes output to be higher than it would have been in 
the absence of the policy change. 

Problem 6.12 

(a) Suppose first that the elevator is not at the top or bottom of the shaft. Now assume that the money 
supply rises by a small (formally, infinitesimal) amount dm. Since pi - Pi* does not equal S or -S for 
anyone, no prices change. All the (pi - pi*)'s fall by dm. The elevator moves down the shaft by dm and 
stays of height S. Similarly, if m falls, no prices change. The elevator moves up the shaft by dm and stays 
of height S. 

Now suppose the elevator is at the bottom of the shaft. S 

Assume that the money supply rises by dm. Firms that 
initially have pi - Pi* "just above" -S reach the barrier. They 
therefore raise their price so that Pi - Pi* = 0. Everyone else 
moves down the shaft by dm. Since the height of the elevator 
was S, the top of the elevator was initially at zero. 

In the figure at right, the horizontal lines represent "slices" of 0 —j ’• — ; — 

the elevator of infinitesimal height dm. Essentially, the firms ▼ ■ \ 

at the bottom of the elevator jump up to the top and everyone | 

else moves down by dm. So the elevator does not move or JL 

change shape. Thus, with an infinitesimal change in m, the j 



distribution of pi - 
Spulber model. 



! is unchanged, just as in the Caplin- 




The situation where the elevator is at the bottom of the shaft and m falls is similar to the case where the 
elevator is not at the top or bottom of the shaft. It simply moves up by dm. 

Finally, the case where the elevator is at the top of the shaft is the reverse of the case where it starts at the 
bottom. If m falls, the elevator does not move. If m rises, the elevator moves down by dm. 

(b) For an increase in m, average price is unchanged except if the elevator is at the bottom of the shaft. In 
this case, the average price rises exactly as much as m. Thus, on average, increases in the money supply 
increase output. 
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Problem 6.13 

prLe S fi^,^= S’ P = ^P 1 + (1 - ’ i" 10 ^ e -P r essio n for the price set by flexible- 

G) p f = (1 - 4>)[qp r + (1 - q)p f ] + <J>m. 

Solving for p f yields 

(2) p [1 - (1 - <j>)(l - q)] = (1 - <())qp r + (Jim. 

. S ” Ce f ’ ' (1 ' W 1 ■ < l) = ‘l + 't>-<l'q = <f) + (l- <t>)q, equation (2) can be rewritten as 

(3) p‘ [<|> + (1 - <t>)q] = (1 - <|>)qp r + (^tn, 
and thus finally 

n f r <J> r <j, 

P ~ (j) + (1 4>)q p + ^7^ m = p + ^rr^< m -p r )' 

(b) Since rigid-price firms set p r = (1 - +)Ep + <j>Em, we need to solve for Ep, the expectation of the 

^ expected vaiue ° f both sMes ° f p = qpr + a ■ q) p f s ,ves us 

Thus we have 

(6) p' = (1 - <t>)[qp' + (1 - q)Ep f ] + <t>Em. 

fed ble tSfi firmS ^° W h ° W 1116 flexible -P rice firms wl1 set their price. That is. they know that 

<4) “ ” P ™ S Tl “ "» “■»**» P*» * 



(7) Ep f =p r +- 



-(Em-p r ). 



4» + (l-Wq v 

Substituting equation (7) into equation (6) yields 



(8) p r =(l-<|>)jqp r +0-q)[p* + ^T^ (Em - pr >| + ^ m > 
which implies 

(9) p r = ( i-^ HEm+ li^i_a)i (Em r) 

Defining C = [(1 - <J>)(1 - q)«|>]/[<J> + (1 - <f>)q], we can rewrite equation (9) as 

(10) p = [1 - (I - <j>) + C] = (<|> + C)Em, 
or 

(1 1) p r (<j> + C) = ((j) + C)Em, 
and thus finally 

(12) p r = Em. 

Rigid-pnce firms simply set their prices equal to the expected value of the nominal money stock. 

(c) The aggregate price level is given by 

(13) p = qp' + (l -q)p f . 

Substituting equation (4) for p f into equation (13) yields 



p = qp r +(l-q)J^p r +-j— — ( m _p r )j_ p r + ^~~~(m-p r ). 
Finally, from equation (12), we know that p r = Em. Thus the aggregate price level is 

G5 )p = Em + -ii^ (ni _ Ein) . 







|M 

m- 
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( 16 ) y = Em + (m-Em)-p. 

Substituting uguntion ( 15 )_«»o «,«»»( > _(|- ,)♦ ,_ _ „ 

(17) y=(m- Em >-^7(r^ (m m) 

-which simplifies to 

(18) y = - — ^ (m-Em). 



" 4> + (1 - 4>)q 



T v 1,4 

(c) (i) From equations ( 15 ) and (18), we can see that^^E^*an^ ^ of m, with the realisation of 
Spi’fieally, emsider dr. effects of “^“■‘^^no «"»«■. fc* 4 . 

price-setting decision. 



price-setting aecision. 

(C) (ii) UnanticiEMd changes in m affect real rigid-price firms do not 

hence the economy does not achieve the flexible-pnce equilibrium. 



hence tne economy uuto 

hi addition, flexible-price firms are reluctant to allow their real prices to change. One can show that 
gy -(1 q)q — [ m _ Em] <0 form>Em. 

i2 L 



Thusa lower value’ofb -that is, a 

^S£^SSi largfftlie]arget is dre rfcg.ee - real *M» orlhe more rel.cum are 
flexible-price firms to allow their real prices to vary. 



irofit a firm receives at aggregate output ieve. y m 

u«au. u - 6 — i f r : - . • h the optimal price to charge when aggregate output 



(b) The second-order Taylor approximation will be of the form 

v r . 1 . -2^1 



(1) G=G| y)=yo + 



SG 



gy t 



yi=yo J 



[yi -yo]-? 



e 2 G 



eyi 



71=70 



[yi-yo] • 



Clearly G evaluated at y, = yo is equal to zero. In addition 

(2) eG/8 y, = it, (y, ,r*(y, )) + ** > **&« ))[r * (yi )] * *' ^ ’ ** 

Evaluating this derivative at y, - yo gives us )) = 0, 

(3) dG/dyi 1^ = *> <* • «*<*» £ « <* % f = ^ right lkd side of equation (3) is equal to zero. 

Since r*(y 0 ) is defined implicitly by *2 (yo , r (yo )) me & 
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Using equation (2) to find the second derivative of G with respect to yj gives us 

(4) & G/dy, 2 = 7t„ (y, , r*(y, )) + n n (y, , r*(y, ))[r* ’(y. )] + 

[^21 (yi , r*(y, )) + 7t 22 (y, ,r*(yi ))r* '(y, )][r* '(yi )] + * 2 (y, , r*(y, ))[r* "(y, )] - 
(yi , r*(y 0 )). 

Using the fart that it 2 (yi , r*(yi )) = 0 and 7t 12 (yi , r*(y, )) = n 21 (y, , r*(y, )), equation (4) becomes 

(5) V G/0y, = ic„ (y, , r*(y, )) + 2*,, (y, , r*(y, ))[r* '(y, )] + rc 22 (y, ,r*(y, ))[r* '(y, )] 2 - *„ (y, , r*(y„ )) 
Evaluating this derivative at y, = y 0 leaves us with 

(6) o 2 G/dy, 2 ly,^ = 2 jt I 2 (y 0 , r*(y„ ))[r* *(y 0 )] + tc 22 (y 0 , r*(y 0 ))[r* '(yo )] 2 . 

Now differentiate both sides of the equation that implicitly defines r*(y 0 ), n 2 (y 0 , r*(y 0 )) = 0, with respect 
to y 0 to obtain 

(7) ”21 (yo , r*(y 0 )) + 7t 22 (yo , r*(y„ ))[r* '(yo )] = 0, 
and thus 

(8) ”21 (yo ,r*(yo )) = -Ttu (y 0 , r*(y„ ))[r* ' (y„ )]. 

Substituting equation (8) into equation (6) yields 

(9) a 2 G/Sy, 2 | yl ^ = -2ir 22 (y, , r*(y 0 ))[r* '(y„ )] 2 + 7 t 22 (y 0 , r*(y„ ))[r* '(yo )] 2 = -” 22 (y„ , r*(y„ ))[r* '(y 0 )] 2 . 

Thus, since G and dG/dyj evaluated at yi = y 0 are both equal to zero, substituting equation (9) into 
equation (1) gives us the second-order Taylor approximation: 

(10) G = -ti 22 (y 0 , r*(y 0 ))[r* '(y 0 )f [ yi - y 0 ] 2 /2. 

(c) The [r* '(y 0 )] 2 component reflects the degree of real rigidity. It tells us how much the firm's profit- 
maximizing real price responds to changes in aggregate real output. The tc 22 (yo , r*(y 0 )) component 
reflects insensitivity of the profit function. It tells us the curvature of the profit function and thus the cost 
m lost profits from the firm allowing its real price to differ from its profit-maximizing value. 

Problem 6.15 

(a) Substituting the expression for aggregate demand, y = m - p, into the equation that defines the optimal 
price for firms, p* = p 4* <J)y» yields p* = p + <|)(m - p) or simply 
(1) p* = (l - <(>)p + (J)m. 

Substituting the aggregate price level, p = fp*, and m = m' into equation (1) yields 
p* = (1 - 4>)fp* + <j>m\ 

Solving for p* gives us 
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(b) Substituting equation (2), the expression for a firm’s optimal price, into the expression describing the 
firm’s incentive to adjust its price, Kp* 2 , yields 
12 



(5) Kp< 



= K| 



(j)m' 

Li-(i-<f>)f 



We need to plot this incentive to change price as a function of f, the fraction of firms that change their 
price. The following derivatives will be useful: 



g[Kp* 2 l _ 2K(l-<t>)(<t>m') 2 
8f [l-d-<l>)f] 3 



When «j> < 1, 5[Kp* 2 ]/df> 0 and 
& [Kp* 2 ]/Sj f > 0. From equation (5), 
at f = 1, Kp* 2 = K[<t>mf /<|i 2 = Km' 2 . 

At f = 0, Kp* 2 = K<j> 2 m' 2 < Km' 2 when 
()> < 1 . Thus when <j> < 1 , the incentive 
for a firm to adjust its price is an 
increasing function of how many other 
firms change their price. See the 
figure at right. 

When <j) > 1, o[Kp* 2 ]/cf< 0 and 
<? [Kp* 2 ]/3f* > 0. From equation (5), 
at f = 1, Kp* 2 = K[<t«n'] 2 /<[> 2 = Km' 2 . 

At f = 0. Kp* 2 = Kij> 2 m' 2 > Km' 2 when 
(|) > 1 . Thus when <J> > 1, the incentive 
for a firm to adjust its price is a decreasing function of how many other firms change their price. See the 
figure. 



d 2 [Kp* 2 ] 6K(1 - <|>) 2 Qfrm') 2 

8f 2 [l-(l-4.)f] 4 




(c) In the case of 4> < 1, there can be a 
situation where both adjustment by all 
firms and adjustment by no firms are 
equilibria. See the figure at right where the 
menu cost, Z, is assumed to be such that 
Kij> 2 m' 2 < Z < Km' 2 . 



Point A is an equilibrium with f = 0. 

Consider the situation of a representative 
firm at point A. If no one else is changing 
their price, the profits a firm loses by not 
changing its price, which are given by 
Kp* 2 = K<t> 2 m’ 2 , are less than the menu cost 
of Z. Thus it is optimal for the 
representative firm not to change its price. This is true for all firms and thus no one changing price is an 
equilibrium. 

Point B is also an equilibrium with f = 1. Consider the situation of a representative firm at point B. If 
everyone else is changing their price, the profits a firm loses by not changing its price, Kp* 2 = Km' 2 , exceed 
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the menu cost of Z. Thus it is optimal for the representative firm to change its price. This is true for all 
firms and thus everyone changing price is also an equilibrium. 

In the case of <j) > 1, there can be a situation 
where neither adjustment by all firms nor 
adjustment by no firms are equilibria. See 
the figure at right where the menu cost, Z, 
is assumed to be such that Km’ 2 < Z < 

K<(> 2 m' 2 . 



Consider the situation of f = 0 at point A. 

If no one else is changing their price, the 
profits that a representative firm would lose 
by not changing price, Kp* 2 = K<j) 2 m' 2 , 
exceed the menu cost Z. Thus it is optimal 
for the firm to change its price. This is true 
for all firms and thus it cannot be an 
equilibrium for no one to change their price. 

Now consider the situation of f = 1 at point B. If everyone else is changing their price, the profits that a 
representative firm would lose by not changing its price, Kp* 2 = Km' 2 , are less than the menu cost of Z. 
Thus it is optimal for the representative firm not to change its price. This is true for all firms and thus it 
cannot be an equilibrium for all firms to change their price. 





From this discussion, we can see that the equilibrium in this case is for fraction f E Q of firms to change their 
price. If fraction f EQ of firms are changing their price, the profit that a representative firm would lose by 
not changing its price is exactly equal to the menu cost, Z. Thus the representative firm is indifferent and 
there is no tendency for the economy to move away from this point where fraction f EQ of firms are changing 
their price. 

Problem 6.16 

(a) We can use the intuitive reasoning employed to explain equation (9.29) in Chapter 9. Consider an 
asset that 'pays" -c when the individual climbs a palm tree and pays u when an individual trades and eats 
another's coconut. Assume that this asset is being priced by risk-neutral investors with required rate of 
return equal to r, the individual’s discount rate. Since the expected present value of this asset is the same as 
the individual's expected value of lifetime utility, the asset must have price V P while the individual is 
looking for palm trees and price V c while the individual is looking for other people with coconuts. 

For the asset to be held, it must provide an expected rate of return of r. That is, its dividends per unit time 
plus any expected capital gains or losses per unit time, must equal rVp . When the individual is looking for 
palm trees, there are no dividends per unit time. There is a probability b per unit time of a capital "gain" of 
(Vc - Vp ) - c; if the individual finds a palm tree and climbs it, the difference in the price of the asset is 
Vc * Vp and the asset "pays" -c at that time. Thus we have 
(1) rV P = b(V c - V P - c). 




I 



(b) The asset must have price V c while the individual is looking for others with coconuts and must provide 
an expected rate of return of r. Thus its dividends per unit time plus any expected capital gains or losses 
per unit time, must equal rV c . When the individual is looking for others with coconuts, there are no 
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dividends per unit time. There is a probability aL per unit time of a capital gain of (V P - V c ) + u ; if the 
individual finds someone else with a coconut, trades and eats that coconut, the change in the pnce of the 
asset is (V P - V c ) and the asset pays u at that time. Thus we have 

(2) rVc = aL(V P -Vc+ u). 

(c) Solving for V P in equation (2) gives us 

(3) V P = (rV c /aL)+V c - u. 

Substituting equation (3) into equation (1) yields 

r[(rV c /aL + Vc -u ] = b[Vc - (rVc /aL) - Vc + u - c]. 

Collecting terms in V c gives us 

(4) V c [(r 2 /aL) + r + (br/aL)] = ru + bu - be. 

Equation (4) can be rewritten as 

V c [r(r + aL + b)]/aL = u (r + b) - be. 

Thus finally, the value of being in state C is given by 
aL[u(r + b) - be] 

(5) V ^ r(r + aL + ~b) 

Substituting equation (5) into equation (3) yields the following value of being in state P. 

u(r + b) - be aL[u(r + b)-bc] _ 

^ ' p r + aL + b r(r + aL + b) 

Subtracting equation (6) from equation (5) gives us 

[ u(r + b) - be] _ -ur - ub + b e + ur + uaL + ub 

V C‘ V P"“^ r + aL + b J + U “ r + aL + b 

or simply 

be + uaL 

(7) V c - V P = 

c r + aL + b 

(d) For a steady state - in which L, the total number of people carrying coconuts, is constant - the flows 
out of state C must always equal the flows into state C. That is, the number of people finding a trading 
partner and eating their coconut per unit time must equal the number of people finding and climbing a tree 
per unit time. 

The number of people leaving state C per unit time is given by the probability of finding a trading partner, 
aL, multiplied by the number of people with coconuts and looking for a trading partner, L. The number ot 
people entering state C per unit time is given by the probability of finding a tree, b, multiplied by the 
number of people looking for a tree, (N - L). For a steady state, these two must be equal. That is, a steady 
state requires 

(8) (aL)L = b(N - L). . 

Rearranging equation (8), we have the following quadratic equation in L. 

(9) aL 2 + bL - bN = 0. 

Using the quadr atic formula gives us 

-b ± Vb 2 +4abN -b ± V^b 2 b 



-b±\b 2 +4abN -b±\9b b 

(10) L = = = 7* 

where we have used the given condition that aN = 2b. Also note that we can ignore the solution with 
L - -2b/a < 0. 
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(e) For such a steady-state equilibrium, the gain to an individual from climbing a tree, Vc - V P ~ going 
from having the value of being in state P to the value of being in state C — must be greater than or equal to 
the cost to the individual of climbing the tree, c. That is, for a steady-state equilibrium where everyone 
who finds a palm tree actually climbs it, we require 
(11) V c - V P > c. 



Substituting the steady-state value of L = b/a from equation (10) into the expression for V c - V P given in 
equation (7), we have 

bc + ua(b/a) bc + bu 

(12) Vc - v ^7^a^=7^-- 

Substituting equation (12) into inequality (11) yields 

be + bu _ _ 

>c => bc-f bu >c(r + 2b) => c(r + 2b-b)<bu, 

r + 2b 

and thus the cost of climbing a tree must be such that 

(13) c < bu/(r + b). 

Note that the maximum possible cost for which it is optimal to always climb a tree when one is found (as 
long as everyone else is doing so) is increasing in the utility gained from eating a coconut and decreasing in 
the individual's discount rate. 



(0 The situation in which no one who finds a tree climbs it is a steady-state equilibrium for any c > 0. If 
no one else is climbing a tree when they find one, it is optimal for an individual not to climb a tree when she 
finds one. If the individual were to climb a tree and pick a coconut, she would lose c units of utility with no 
hope of ever trading with someone else. If she does not climb the tree, she loses no utility. Thus it is 
optimal not to climb the tree. The decision process is the same for every individual who comes across a 
tree. Thus no one climbing a tree — L = 0 — is a steady-state equilibrium for any c > 0. This implies that 
for 0 < c < bu /(r + b), there is more than one steady-state equilibrium. We have shown two: L = 0 and 
L = b/a. 



In the situation of multiple equilibria, the one with L = b/a involves higher welfare than the one with L = 0. 
We have shown that in part (e), with c < bu/(r + b), individuals end up gaining utility each time they climb 
a tree. That is why they do it. They know that the utility they will eventually receive by trading their 
coconut outweighs the cost of climbing the tree to obtain their coconut. Thus the equilibrium where people 
go through a cycle of searching, climbing, searching, trading and eating etc., generates positive utility for 
the individual. The equilibrium with L = 0 means that people never achieve any positive utility since they 
never trade and obtain the u units of utility from eating another person's coconut. 
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Problem 7.1 

Since transitory income is on average equal to zero, we can interpret average income as average permanent 
income. Thus we are told that on average, farmers have lower permanent income than nonfarmers do, or 
Yp < YjJjp . We can interpret the fact that farmers’ incomes fluctuate more from year to year as meaning 
that the variance of transitory income for farmers is larger than the variance of transitory income for 
nonfarmers, or var(Y T F ) > var(Y T nf ). 

Consider the following regression model: 

(1) Ci = a + bYi + ei, 

where C t is current consumption ~ which according to the permanent-income hypothesis is determined 
entirely by Y p so that C = Y P — and Y» is current income, which is assumed to be the sum of permanent 
income and transitory income so that Y = Y p + Y T . From equation (7.8) in the text, the Ordinary Least 
Squares (OLS) estimator of b takes the form 
var(Y P ) 

(2) b = p f"- 

var(Y P ) + var(Y T ) 

As long as var(Y p ) is the same across the two groups, the fact that var(Y T F ) > var(Y T nf ) means that the 
estimated slope coefficient should be smaller for farmers than it is for nonfarmers. This means that the 
estimated impact on consumption of a marginal increase in current income is smaller for farmers than for 
nonfarmers. According to the permanent-income hypothesis, this is because the increase is much more 
likely to be due to transitory income for farmers than for nonfarmers. Thus it can be expected to have a 
smaller impact on consumption for farmers than for nonfarmers. 

From equation (7.9) in the text, the OLS estimator of the constant term takes the form 

(3) a = (1- b)Y p . 

The fact that farmers, on average, have lower permanent incomes than nonfarmers tends to make the 
estimated constant term smaller for farmers. However, as was just explained, b is smaller for formers than 
it is for nonfarmers. This tends to make the estimated constant term bigger for farmers than for 
nonfarmers. Thus the effect on the estimated constant term is ambiguous. 

We can, say, however, that at the average level of permanent income for fanners, the estimated 
consumption function for farmers is expected to lie below the one for nonfarmers. Thus if the two 
estimated consumption functions do cross, they cross at a level of income less than Y f • Why? 

Consider a member of each group whose income equals the average income among formers. Since there 
are many more nonformers with permanent incomes above this level than there are with permanent incomes 
below it, the nonformer's permanent income is much more likely to be greater than her current income than 
less. As a result, nonfarmers with this current income have on average higher permanent income; thus on 
average they consume more than their income. For the former, in contrast, her permanent income is about 
as likely to be more than current income as it is to be less; as a result, farmers with this current income on 
average have the same permanent income, and thus on average they consume their income. Thus the 
consumption function for farmers is expected to lie below the one for nonformers at the average level of 
income for farmers. 
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Problem 7.2 

(a) We need to find an expression for f(C t+2 + G- V21 - \(C + r \m \\j ■ ^ 

in terms of C, and the e's. Specifically! w^rte “ ' ^ We ca ™ C, +1 , C, t2 and C„ 

0) C t+I = C t + e t+1 , 

(2) Cf +2 = C e+I + e »+2 = C f + et+i + et+ 2 , and 

(3) C t+3 = C t+ 2 + et +3 = C t + et+i + et +2 + e, +3 , 

(4) %S3_^,(C il e ^e lrf)+ (C 1 fe u , + e„, + e^) C t T(C t+ . w ) 

z 2 2 , 

which simplifies to 2 

(5) £t±2 +c t+3 c t + c t+i _ e 1+ 3 +2e, +? +e (4 ,i 

2 2 2 ' 

USrs r"*'"” as " p,n ^ ^ * f ■ •» *■* 

(6) — * +C »+l c t-2 +C t _| _ e t+ i +2e t +e,_i 

Usmg e^uadonsW and (6), the covariance between success.ve changes in measured consumption is 

(7) cov C t _ 2 + c t .^l 



r ^ 

J [ft±3 +2e t+2 +e w l f e t+] + 2e t +e t _, 'll 



ejqpresrions! £ ^ *“ ** " ** ^ ^ ° f 6 * at - both 

(8) cov f — — + ^ t+3 _ — + ^t+i ) f C t + C t+1 C t _2 +C t _! V! CT e 2 



h L } H 2 - 2 A 2 

rrerou°AaLTlmce?hlT Ce *** ^ ^ ^ “ “<* consumption is correlated with its 
interval (t, t + 1) is greater ^ 

actual consumption in this model, we have C, - C -a J ® v J“ bl l arB “collated. For example, with 

is likely to be tomorrow. 017113 10n 3S t0 W ^ at tiie change “ meas ured consumption 

(c) From equation (5), the change in measured consumption from (t t + 1) to (t + 2 t + 3^ H^n^nri 

the innovation to consumption in period t + I Rut thic io u * r , * ) depends on e^i , 

everything known in the two-period intern! imm.if i**" “J terv f However, n re unoorrelareh with 

“* ,1, ,l| „ rf n ,^e K< » l ““; y . P 2 ;“'^ 8 ‘ » Fr0m <’)• *» 
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(d) We can write C t+3 as a function of Ct+i and the e's. Specifically, we can write 

(9) Ct +3 = Ct +2 ^t+3 — Ct +1 ©t +2 ®t+3 ■ 

Thus the change in measured consumption from one two-period interval to the next is 

(10) Ct +3 - C t +i = C t +, + Ct +2 + ©t+3 - C t +i = et +2 + et+3 ■ 

The same calculations would yield the previous value of the change in measured consumption, 

(11) (Vi - Cm = e» + e», ■ 

And so the covariance between successive changes in measured consumption is 

(12) cov[(C t + 3 - Ct+i ), (Ct+i - Cm )] = cov[(e,+ 2 + et+ 3 ), (e* + e« + i )]. 

Since the e’s are uncorrelated with each other, the covariance is zero. Thus measured consumption is a 
random walk in this case. The amount that C t +i differs from Cm does not provide any information about 
what the difference between C t +i and C t+3 will be. 



Problem 7,3 . . 

(a) Consider the usual experiment of a decrease in consumption by a small (formally, infinitesimal) 

amount dC in period t. With the CRRA utility function given by 

(1) u(C t ) = C t , - e /(l-0), 

the marginal utility of consumption in period t is CY 0 . Thus the change has a utility cost of 

(2) utility cost = Ct^dC. 

The marginal utility of consumption in period t + 1 is C t +i' 0 . With a real interest rate of r, the individual 
gets to consume an additional (1 + r)dC in period t + 1 . This has a discounted expected utility benefit of 

(3) expected utility benefit = E t [Ct+i~ e 0 + r )dC] . 

If the individual is optimizing, a marginal change of this type does not affect expected utility. This means 
that the utility cost must equal the expected utility benefit or 

(4) C t - e =^E t [C t+1 - 0 ], 

1 + p 

where we have (rather informally) canceled the dC's. Equation (4) is the Euler equation. 

(b) For any variable x, e^ = x, and so we can write 

(5) E t [c t+1 -6 ] = E t [e _elnCl+1 ] . 

Using the hint in the question - if x ~ N(p, V) then E[e* ] = t?e va - then since the log of consumption is 
distributed normally, we have 

E,|c l .r»]-E,[« J>E ' 1 ' C '*‘« 9V ' 2 

(6) 

= e -6E t lnC t+1 e eV/2 

In the first line, we have used the fact that conditional on time t information, the variance of log 
consumption is a 2 . In addition, we have written the mean of log consumption in period t + 1, conditional 
” 0E InC ^ 

on time t information, as Et lnC t+ i . Finally, in the last line we have used the fact that e 1 t+1 e 

is simply a constant. 

Substituting equation (6) back into equation (2) and taking the log of both sides yields 

(7) - 61nCt = ln(l + r) - ln(l + p) - 0E* lnCt + i + 0 2 a 2 / 2. 

Dividing both sides of equation (7) by (- 0) leaves us with 

(8) InC, = E* lnCt+i + [ln(l + p) - ln(l + r)]/0 - 0a 2 / 2. 
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(c) Rearranging equation (8) to solve for Et lnC,+i gives us 

(9) E, lnCm = InC, + [hi(l + r) - ln(l + p)]/0 + 0 cj 2 /2. 

Equation (9) implies that consumption is expected to change by the constant amount 

[ln(l + r) - ln(l + p)]/0 + 0a z /2 from one period to the next. Changes in consumption other than this 

deterministic amount are unpredictable. By the definition of expectations we can write 

(10) Et lnC,+, = lnC t + [ln(l + r) - ln(l + p)]/0 + 0a 2 /2 + u t+ i , 

where the u's have mean zero and are serially uncorrelated. Thus log consumption follows a random walk 
with drift where [ln(l + r) - ln(l + p)]/0 + 0a 2 /2 is the drift parameter. 



(d) From equation (9), expected consumption growth is 
(1 1) E, [lnC, +1 - InC, ] = [bi(l + r) - ln(l + p)]/0 + 0o 2 / 2. 

Clearly, a rise in r raises expected consumption growth. We have 



( 12 ) 



dE t [lnC t+1 -lnC t 



dx 



1 1 

0 (1 + r) 



> 0 . 



Note that the smaller is 0 — the bigger is the elasticity of substitution, 1/0 — the more that consumption 
growth increases due to a given increase in the real interest rate. 



An increase in ct 2 also increases consumption growth since 

dE t [lnC t+1 -lnC t ] 0 

(13) — ^ ^ - = ">0. 

do * 

It is straightforward to verify that the CRRA utility function has a positive third derivative. From equation 
(1), u ’(C« ) = Ct* 6 and u "(C t ) = -QC^. Thus 

(14) u ’’’(Ct ) = -0(-0 - l)C t - e * 2 = (0 2 + Q)C t -*- 2 >0. 

So an individual with a CRRA utility function exhibits the precautionary saving behavior explained in 
Section 7.6. A rise in uncertainty (as measured by a 2 , the variance of log consumption) increases saving 
and thus expected consumption growth. 



Problem 7.4 

(a) Substituting the expression for consumption in period t, which is 

(1) C t =— — A t + Z Et[Yt -- • , 

l + r|_ X s=o (1 + r) 

into the expression for wealth in period t + 1, which is 

(2) A t+1 = (1 + r)[A t + Y t - C t ], 
gives us 



(3) A t+1 = (1 + r) 



A t +Y t A t 

1 1 1+r 1 



r 

1 + r 



Y t +- 



E t Yt 



tM+l 



E t Y t+2 

1 + r (l + r) 2 



+... 



Obtaining a common denominator of (1 + r) and then canceling the (1 + r)’s gives us 



(4) A t+1 = A t +Y t 



EtYt+l , EtY t+2 

. 1 + r (l + r) 2 



Since equation (1) holds in all periods, we can write consumption in period t + 1 as 
r 



(5) C t+1 = 



1 + r 



. ” E t+ j[Y t+ ] +s ] 

A t+i + Z r — 

s=o (1 + r) 



Substituting equation (4) into equation (5) yields 




t 

I 

4 
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fE,Y M E|Y„; 1 






Et+l Y t+2 



Taking the expectation, conditional on tune t information of both sides of equation (6) gives us 



p> 6 A., * Y ' -{l^f ^ + " j + ( E ' Y '*' + 



1 + r >\ 



where we have used the law of iterated projections so that for any variable x, E, E« * +2 E, fa j* 
id not hold individuals would be expecting to revise their estimate either upward or downward and thus 
£?ital expectation could not have been rational. Collecting terms in equation (7) gives us 

(8) E t c t+ 1=]77 A t + Y t -( l -TT7] EtYt+1 + l77T”7r7^J EtYt+2+ "'. ’ 

which simplifies to 

r r v . E t Y t+1 E t Y t+2 



r , M+2 | 

(9) E t C t+1 -j + r t+ t i + r (1+r) 2 J 

Using summation notation, and noting that E, Y, = Y, , we have 



USing bUimuaLiv/ii — «=> _ 

r f A » E«Yt+s 

(10) E t C t+ i 1 + r j^ 1 + s=0 (i + r ) s J 

The right-hand sides of equations (1) and (10) are equal and thus 
Consmnption follows a random walk; changes in consumption are unpredictable. 

Since consumption follows a random walk, the best estimate of consumption in any future period is simply 
the value of consumption in this period. That is, for any s > 0, we can write 

Usfog^rtion^l l), we can write the present value of the expected path of consumption as 

(13) I _£i_ =Ct ! _L_ 

Since 1/(1 + r) < 1, the infinite sum on the right-hand side of (13) converges to 1/[1 - l/(l+r)] - (1 + r ) /r 
and thus 

„.. V E tl C t+sl_lH r 

( 14 > r- r Ct ' 

Substituting equation (1) for C, into the right-hand side of equation (14) yields 

(1S) + 

(15) to (l + r) s 1 + rV r s =0 (l + r) s J s =0 (1 + r) 

Equation (15) states that the present value of the expected path of consumption equals rnitial wealth plus 
the present value of the expected path of income. 

(b) Taking the expected value, as of time t - 1, of both sides of equation (1) yields 
r I" y E t _j[Y t+s ] 

<>« E -' c '"i4 A ' + iir^rj’ 
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where we have used the fact that A, = (1 + r)[A„, + Y„ - C t , ] is not uncertain as of t - 1 . In addit.on we 
have used the law of iterated projections so that E,, E, [Y* ] = E,, [Y,. s ]. Subtracting equation (16) from 
equation (1) gives us the innovation in consumption: 

(17) C, - E t _jC t = —— 

l + T 



“ E tC Y t+ s ] ? E t _,[Y t+s ]' 


r 


|" ? E t[ Y t+s]~ Et-1 [ Y t+sl 


_s=0 (1 + r) s s=0 (1 + r) s 


~ 1 + r 


Ls=0 (1 + r) s 



lifetime income. 



The next step is to detennine the present value of the change in expected lifetime income. That is we need 
to determine ’ 



(18) I - [Yl+s] - E '~’ f Y(+s l = [Y, - E t _ lY( ] + 
s=0 (1 + r) 1 tJ 



E t Y t+l ~ E t-l Y t+l 
1 + r 



E t Y t+2 E t-l Y t+2 
(l + r) : 






In what follows "expected to be higher" means "expected, as of period t, to be higher than it was as of 
period t - 1 We are told that u, = 1 and thus 

(19) Y, - E,., Y, = 1 . 



In penodt + 1, since AY,., - <t>AY, + u t+1 , the change in Y,„, is expected to be <t>AY, = <|> higher. Thus the 
level of Y t+1 is expected to be higher by 1 + <j>. Thus 

(20) EtYt+ l ~~ E t-l Y t-fl _ ! + <!> 

1 + r ~ 1 + r 



In period t + 2, since AY t+2 - <|>AY t+1 + u f+2 , the change in Y l+2 is expected to be higher by <t>AY M = <b 2 . 
Thus the level of Y t+2 is expected to be higher by 1 + <J) + <j> 2 . Therefore, we have 

(21) E < Y t+2 ~ E t-l Y t+2 l + <j)+(t) 2 
(1 + r) 2 ” (1 + r) 2 



I 



The pattern should be clear. We have 

(77) y. E tE Y t+ s ] E t-i [ Y t+s] ^ i + $ i + <f> + (|) ^ i + +((> 3 

-_n /I , _\S _ 1 , _ ~ . ? d i +•■• 



-=o (l + r) s 1 + r ' (1 + r) 2 

Note that this infinite series can be rewritten as 



(l + r) J 



(23) I 

s=0 



E t [Y t+s ]-E t _j [Y t+S ] 


1+ _I_, i + ' 




-©■ 

-e- 

i 


(l + r) s 


i + : + .,+... 

1 + r (1 + r) 2 J 

r 


[ + 


Ll + r + (l + r) 2 H (1 + r) 3 J 



l (1 + r) 2 (1 + r) 3 



•+... H-.. 



For ease of notation, define y m 1/(1 + r ). Then the first sum on the right-hand side of (23) converges to 
1/(1 - y). The second sum converges to <j>y/(l - y). The third sum converges to <b 2 y 2 /(I - y) And so on 

Thus equation (23) can be rewritten as ' 

? E t[ Y t«]-E M [Y t J 1 r O -> 1 

(24) 1 7 L = ll + cjiy+f 2 y 2 +..J: 



1 



S=0 (1 + r) s 1 - y 

Using the definition of y to rewrite equation (24) yields 



(1-y) (1 -<j>y) ' 



u 
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1 



« F.fYt.-l-E i-ijYt+s] 1 — 

(25> s=0 (1 + r > S . following change in consumption: 



(1 + r) (1 + f) 

(1 + r - «t») 



(26) C t -E t _,C t = (1 + r) 



(1 + r -<(>).! (l + r-< l > ) 



T 



- var(u t )> var(u t ) 



w of 

(27) vat(C, -E(-i c t) = var [,i + r ' j 1_(1 + r-4) J areater than the variance of 

s*. o * « » —*■ *• — *“ 




*■ *■ - *-*- ” “ u,e 

* +V> 



foitker borrowing to »m*h consumption rel.Svo to income. 

”,r^ f „»»« cboos. T, 

income is W+W** * ’ are a l, or 
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““ see thai new wgency Shi" !ie”l ifT fi,» piS' F ' 0 ” 

SJatcsriiss is ssr *■ — *- - — » ** 

more and consume less in the first period. SaVmg mcreases > the individual chooses to save 

Problem 7.6 

m <1 '“s: ! rsr. o pMt * 2 '“****■ * 

C l+2 is dC t+2 = (1 - 6)dC t +i + dEt +2 or substituting for dC ^ " P ^ dEt 2 + dE,+1 * ^ chan ge in 

«» • f <V. « « » eh«k S5) ™Sli W ' h ™ *" ■<■• 5 >‘ « + «•»».. t 

SZSS* ” So1 ™ 8 •*— <» *» dfc, given „ 

Substituting equation (3) into equation (2) yields 

(4) (l-8) 2 dE t Ml-5)dE t+1 -dE I -dE, + ;=o 

Expanding and collecting terms gives us 

(5) , ^ f 1 - 25 + 6 2 - 1] + [l - § - l]dE, + i = o, 
and thus 

(6) dEpe, = (8 - 2)dE, . 

Substitutmg equation (6) into equation (3) yields 

(7) dE,*2 = -dE, - (8 - 2)dE, , 
and thus 

(8) dE, +2 = (1 - 8)dE, . 

(b) Since C, = (1 - 8)C,., + E, , then 

(9) dC f = dE, . 

Since C, +1 = (1 - 5)C, + E, +I , then 

(10) dC,+i = (1 . 8)dC, + dEni 

( S “trs?".^s ,to<i0,8,v ““ 

utility in periods t and t + h’shce instanta!^ utSs SSl! *" we 0,ll >' nced 10 took at expected 
period t is 1 - aC, . TTius the change in utility in perild t is' (T^vJ TSe 31 Utllrty ( of “sumption in 
consumption m period t + 1 is given by 1 - aC ? C,nP» ir _ STS* } 7116 mar e inal flirty of 
period t + 1 is the expected value of J. a C 1+1 )(-dE? dC ' + ' ~ ^ ’ the change m ejected utility in 

Z S: ^ “ <» - “ as it must be, if the individual it eptMu,, _ we 

(12) (1 - aC, )(dE, ) + expected value of [(1 - aC,*, V-dE )1 = 0 

sides by f- a/yidds “ S ° mewhat mfbnna,) ' subtracting one from both sides and then dividing both 
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tS&Bzr- ssssss sr “ 

(d) Rearranging C, = (1 - 6)C,, + E, to solve for E, gives us 

(14) E, = C, - (1 - 8)C,.i ■ 

Equation (14) holds for all periods and so we can write 

(15) Et.i = Cm - (1 - 5)0.2 • 

Subtracting equation (15) from equation (14) gives us 

(16) E, - E,., = C, - (1 - 5)0-1 - Cm + (1 - S)Cm , 

which implies 

(17) E, - Em = (C. - Cm ) - d - 5)(0-i - Cm )• 

Since consumption is a random walk, we can write 

si c ;; c .“ ^ -ho. - of. - ■ >. -»• « 8 >- “ d,te “ (,!) 

holds in all periods, equation (17) can be rewntten as 
(19) E, - Em = Ut - (1 -5)um 

discount rate of zero, the basic ideas are general. 

Now suppose that in period t - 1 the individual’s ^mate s Smption in all future 

Cm is one unit higher than Cm , that is, um by ^purchases in periodt - 1 must 

periods is one unit higher than it u ®®8 to be^ %££*> inpurchases fromt-ltot. From 

be one higher than they were expected tot*. But «£££* pu J ases from t - 1 to t is -d - 5). since 
equation (19), the expectation (as of period t - 1) of the change P 

u,.i is assumed to equal one. 

Intuitively, some of the new goods Phased ^entjt ^Twas before - it is not expected 

expected consumption in penod t at the new g^ P individual only has to purchase enough to 

t”b= necessary t. buy on. uni. of goods * .».« »«. Tte.d .vg.1 ^ ^ ^ pmha ^ j, 

replace the fraction of the extra t - 1 purchases &at dep ^ are expe cted to be lower by the 

period t are expected to be less than .purchases m pa Jf the change in purchases 

— ■ trssjssst: 

Now consider what happens if S = 0, the case of no depr.iatwn. nw gotrfs purchased in 

-5SSSS;SfS!- 

period. 
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Problem 7.7 

(a) Consider the following experiment. In period t, the individual reduces consumption by a small 
(formally, infinitesimal) amount dC and uses the proceeds to purchase stock. Since one unit of stock costs 
P t , dC will buy the individual dC/P t units of stock. This change has a utility cost of dC since utility is 
linear in consumption. 

In period t + 1, the individual will receive D t+I [dC/P, ] in dividends which she can consume. She can then 
sell the stock, receiving P t+J [dC/P, ] which she can also consume. The discounted expected utility benefit 
of doing this is E t [[1/(1 + r)][D t+] + P t +i][dC/P t ]]. If the individual is optimizing, a marginal change of this 
type must leave expected utility unchanged. Thus the utility cost must equal the expected utility benefit, 
r/ 1 N dC 1 



(1) dC = E t 



1 

1 + r 



l(D t+ i + P t+1 ) 



Canceling the dC's , which is somewhat informal, and multiplying both sides of the resulting expression by 
P t yields 7 

(2) P, =e/ D ‘ +1 +P ‘ +I 



1 + r 



(b) Equation (2)^ holds in all periods and so we can write 

(3) P t+ i=E 



t+l 



J t+2 + P t+2 



1 + r 



Substituting equation (3) into equation (2) gives us 
W p t=E t | 



D t+1 


j. C P 


D t+2 + P t+2 


L 1 + r J 


+ £ t fc t +l 


(1 + r) 2 . 



Now we can use the law of iterated projections. For a variable x, E, E», x, +2 = E, x t+2 . Equation (4) then 
becomes 



*t+2 



(5) p t =E, M±*-+— +E, 

Ll + r (1 + r) 2 J 

We could now substitute for P, +2 and then P M and so on. We would have 



(1 + r) 2 J 



(6) P, = E, 



D 



t+l + D 



1+r (1 + r) 



t+2 D, +s 



d + r) s J 



+ E, 



* t+s 



.d + r) s J 



Imposing the no-bubbles condition that lim s _»„ E, [P t+S /(I + r) s ] = 0, we can write P, as 

00 f) ’ 

(7) P, = Z E t — ^ 
s=l L(l + r) s _ 

Equation (7) says that the price of the stock is the present value of the stream of expected future dividends. 
Problem 7.8 

(a) (i) With the bubble term, the price of the stock in period t is now 



(1) P, = Z E t 
Wenei 

(2) P t = E 



_t+s 



. +(l + r)'b. 
s=l L(l + r) s J 

We need to see if such a price path satisfies the individual's first-order condition, which is given by 

D I a j 



t+l 



+ P 
1 + r 



t+l 
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Specifically, then, we need to see if the right-hand sides of equations (1) and (2) are equivalent. Since 
equation (1) holds every period, we can write the price of the stock in period t + 1 as 

h D t +t+s ~l +(1 + r ) ,+1 b. 



(3) P t+1 = I E t+1 

S=1 



L(l + r) s 



5=1 LV‘ T1 / J 

Dividing both sides of equation (3) by (1 + r) and then taking the time-t expectation of both sides of the 
resulting expression gives us 



(4) E, 



*t+l 



Ll + r J 



= ZE t 

S=1 



't+l+s 



LO + r) 



S+l 



+ (l + r)'b. 



x 1 * - i U V* ' — * 

where we have used the law of iterated projections so that Et Et+i = E, x t + 2 for any variable x. Now add 
Et [D t +i /(I + r)] to both sides of equation (4) to obtain 



( 5 ) E t 



D t+1 + p t+l 



1 + r 



= E, 



D 



t+i 



i J+ 2 E t 
L 1 4- r J s =l 



J t+l+s 



.(1 + r) 



s+l 



+ (1 + r)* b — X E^ 



S=1 



d + r) s J 



+ (l + r) l b. 



Thus the right-hand sides of equations (1) and (2) are equivalent and so the proposed price path satisfies 
the individual's first-order condition. In this case, consumers are willing to pay more than the present value 
of the stream of expected future dividends. That is because they anticipate the price of the stock will keep 
rising so that they can enjoy capital gains that exactly offset the premium they are paying. 

(a) (ii) If b were negative, then as t -> oo, the bubble term, (1 + r) f b, would go to minus infinity. Thus the 
price of the stock would eventually become negative and go to minus infinity. But that is not possible. The 
stock would never sell for a negative price. The strategy of just holding on to the stock and never selling it 
would avoid the capital loss from selling at a negative price. Or even more simply, an individual could just 
throw her stock certificate away rather than sell it for a negative price. Thus b cannot be negative. 

(b) (i) With this bubble term, the price of the stock in period t is 



(6) P t = 2 E t 



S=1 



D 



t+s 



L(l + r) s J 



+qt> 



where q t equals (1 + r)q t .i /a with probability a and equals zero with probability (1 - a). Again, we need to 
see if the right-hand side of equation (6) is equivalent to the right-hand side of equation (2), the first-order 
condition. Since equation (6) holds in every period, we can write the price of the stock in period t + 1 as 



(7) P t+1 = S E t+1 



't+l+s 



sTi L(l + r) J 



+qt+i ■ 



Taking the time t expectation of both sides of equation (7) and using the law of iterated projections, we 
have 



(8) E t [P t+1 ]=IE t 

S=1 



D 



t+l+s 



+ <I±£>£i a + ( 0)(i_a)=lE t 



; t+l+s 



+ (l + r)q t . 



L(l + r) s J « " s=l L(l + r) S J 

Dividing both sides of equation (8) by (1 + r) and then adding E, [D t+ i /(I + r)] to both sides of the resulting 
expression gives us 



( 9 ) E, 



D t+l +p t+l 
1 + r 



= E|^ ±L i+lE t 
’L 1 + r J s= i 1 



't+l+S 



0 + r) 



s+l 



+ q t - Z E 1 



s=l 



L(l + r) s J 



+ q t . 



Thus the right-hand sides of equations (6) and (2) are equivalent and so the proposed price path satisfies 
the individual's first-order condition. 
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(b) (ii) The probability that the bubble has burst by time t + s is the probability that it bursts in t + 1 plus 
the probability that it bursts in t + 2, given that it did not burst in t + 1 , plus the probability that it bursts in 
t + 3, given that it did not burst in t + 1 or t + 2 and so on. The probability that the bubble bursts in period 
t + 1 is (1 - a). The probability that the bubble bursts in t + 2, given that it did not burst in period t + 1 is 
given by a(i - a). The probability that the bubble bursts in t + 3, given that it did not burst in periods t + 1 
or t +2 is a (1 - a). And so on, up to the probability that the bubble bursts in period s, given that it has 
not burst in any previous period, which is a 5 ' 1 (1 - a). Thus the probability that the bubble has burst by 
time t + s is given by the sum of all these probabilities, or 
(10) Prob(burst by t + s) = (1 - a)(l + a + a 2 + ... + a s l ). 

As we allow s to go to infinity, then since a < 1, 1 + a + a 2 + ... + a 5 ' 1 converges to 1/(1 - a). Thus the 
probability that the bubble has burst by time t + s, as s goes to infinity is (1 - a)/(l - a) or simply one. 



(c) (i) The price of the stock in period t, in the absence of bubbles, is given by 
(11) P t = Z E t 



■'t+s 



S=1 L(1 + r) J 

If dividends follow a random walk, then E, D 1+s = D, for any s > 0. Since changes in dividends are 
unpredictable, the best estimate of dividends in any future period is what dividends are today. Thus P, c 



be written as 
(12) P t = 2 ■ 



Dt 



= D t S 



1 



s=i(l + r) ’s=l(l + r) s 
With 1/(1 + r) < 1, we have 

03) 

1 + r (1 + r)' 



- = D 



1 



1 



1 + r (1 + r) 2 
1/0 + r) 1 



+... 



1 -[1/(1 + r)] r/(l + r) r' 



Substituting equation (13) into equation (12) gives us the following price of the stock in period + 
(14) P t = D,/r. 



(c) (ii) With the bubble term, the price of the stock in period t is given by 

(15) P t = (D t /r) + b, = (D t /r) + (1 + r)b M + ce* . 

We need to see if the right-hand side of equation (15) is equivalent to the right-hand side of equation (2), 
the first-order condition. Since equation (15) holds every period, we can write the price of the stock in 
period t + 1 as 

(16) P t+I = (D t+1 /r) + (1 + r)b t + ce^, = [(D t + e*, )/r] + (1 + r)b t +cet +1 , 

where we have used the fact that D t +i = D t + et+j . Dividing both sides of equation (16) by (1 + r) and 
taking the time-t expectation of the resulting expression gives us 

07) B t r ^]=-^ + b, 



Ll + r 



r(l + 0 



Adding E, [D t+ i /(I + r)] to both sides of equation (17) gives us 



D t+l + p t+i 



(18)E *L 1 + r 

and thus finally 



't+l 



(19) E t 



+ P 



1 + r 



't+l 



t+l 



Ll + rJ 



l= — + b* 



l^t , rD t + D+ , 

r(l+r) + r(l + r) +b ‘ _ r(l + r) +b " 



(1 + r)D t 



erefore, the right-hand sides of equations (15) and (2) are equivalent and thus the first-order condition is 
satisfied. With this formulation, the innovation to dividends, e, gets built into the bubble. Thus a positive 
realization of e does not just raise the expected path of dividends, it also raises the path of the bubble and 
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*. price responds ,o bod, of these chnnges. I. is in d»s sensed,., she pr.ce erte sroeb ..errceu 

to changes in dividends. 

1/C ‘ ,tUneS 

dC. Thus we have 

ho, dn.gr of™ M [«P, ]P., £ 

S ^.herrob,,.™^ 

marginal utility of consumption in period t + 1 is 1/C t+1 Thus the expected 

this action is y 

1 1 [dC^ dC D j 

( 2 ) expected utility benefit = E t j + p£ ^ t+l + p t t+l J 

If the individual is optimums, a marginal change of this t>pe must leave expected utility unchanged. This 
means that the utility cost must equal the ejected utility benefit, or 

dC T 1 1 dC / i 

' 3 > ' 



dC _ 1 i dC ( Y +p ) 

c t Li+pCt+i P t -1 

Canceling the dC's (which is somewhat informal) gives us 

1 _ [ 1 1 )l 



( 4 ) — = 



1 + P Ct+i P 



-(Y. + l+Pt + l) • 



rewritten as 



rewiiucu ds 

(5) J_ = ± Et r -L-^-(Y t+1+ P t+1 ) • 

V ’ Y, P, Ll + pc t+ i J 

Solving equation (5) for the price of a tree in period t gives us 



Y t +i + Pt+i 

c t+i 



(b) Since C,„ = Y« for all s > 0, equation (6) can be written as 



Y, „ , P. + i _It_ + J^i_ E £l±L 

|7)P '‘T77 E, r7^r,^ _ tl 

Equation (7) holds for all periods and so we can write the price of a tree rnperio t as 

Y, + i Y t+ i P t +2 

(8) P t+ i = , + TTT Et+1 y ' 

1 1+p l + p LM+2J 

Substituting equation (8) into equation (7) yields 
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^'''T^W'lTVT^raj' 

Now use the law of iterated projections that states that for any variable x, Et Et+i x t+2 = Et x t+2 , to obtain 

Y, . Y. Yt JP^.1 



. r 1 



.W 



(10) P,=— 5 - + '—r + S-yE, -f*- . 

i+p (i+p ) 2 (i+p ) 2 Ly, +2 J 

After repeated substitutions, we will have 



<n) 

Imposing the no-bubbles condition that lim*^*, E, [(P l+! /Y, +1 )/(l + p) s ] = 0, the price of a tree in period t 
can be written as 

(12) P t = Y t -1- + 1-2+.. . 

Ll + P (1 + p) 2 J 

Since 1/(1 + p) < 1, the sum converges and we can write 

J va+p) 1 ,Jvd+p)l 



" 3 » 

Thus, finally, the price of a tree in period t is 
(14) P* = Y t /p. 

(c) There are two effects of an increase in the expected value of dividends at some future date. The first is 
the fact that at a given marginal utility of consumption, the higher expected dividends increase the 
attractiveness of owning trees. This tends to raise the current price of a tree. However, since consumption 
equals dividends in this model, higher expected dividends in that future period mean higher consumption 
and thus lower marginal utility of consumption in that future period. This tends to reduce the attractiveness 
of owning trees - the tree is going to pay off more in a time when marginal utility is expected to be low — 
and thus tends to lower the current price of a tree. In the case of logarithmic utility, these two forces 
exactly offset each other, leaving the current price of a tree unchanged in the face of a rise in expected 
future dividends. 

(d) The path of consumption is equivalent to the path of output. Thus if output follows a random walk, so 
does consumption. But if output does not follow a random walk, then consumption does not either. 

Problem 7.10 

(a) Suppose the individual reduces her holdings of the good-state asset by a small (formally, infinitesimal) 
amount dA^ . This change means that if the good state occurs - which it will, with probability 1/2 ~ the 
individual loses dAo times the marginal utility of consumption in the good state, which is U '(1). Thus 

(1) expected utility loss = U '(OdAo 12. 

Since p represents the relative price of the bad-state asset to the good-state asset, selling dAc of the good- 
state asset allows the individual to purchase dAc /p of the bad-state asset. This means that if the bad state 
occurs -- which it will, with probability 1/2 — the individual gains dAo /p times the expected marginal 
utility of consumption in the bad state. Fraction X of the population consumes 1 - (4>/X) in the bad state and 
fraction (1 - X) consumes one. Thus the expected marginal utility of consumption in the bad state is 
XU ’(1 - (<|>/X)) + (1 - X)U '(1). Putting all of this together, we have 

(2) expected utility benefit = [dAo /p][ XU '(1 - (4^)) + (1 - X)U *(l)]/2. 
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If the individual is optimizing, this change in holdmgs of the two assets must leave expected utility 
unchanged. Thus the expected utility loss must equal the expected utility gain, or 

(3) U '(l)dAo /2 = [dAo /p][ XV ’(1 - (W) + (1 - ^) u *d)]/ 2 

(b) From equation (3), canceling the 1/2's and the dAo 's (which is somewhat informal), we have 

(4) U ’(1) = [l/p][ XU '(1 - Ot>/X» + (1 - X)U '(!)]• 

Solving equation (4) for p gives us 

XU'(1 -(«I>/X)) + (1-X)U , (1) 

(5) P= U'(l) ‘ 

(c) The change in the equilibrium relative price of the bad-state asset to the good-state asset due to a 
change in X is 

(6) — = U'(1- (♦/*» + XU'(1 " (<t>/X))(<t> / X 2 ) - U'(l) , 

ex 

which simplifies to 

(7) = u' ( i _ ((ji/X)) - U'(l) + U'(l - (W / X) ■ 
dX 



(d) If utility is quadratic, then U '(C) is a 
linear function of C since U (C) is a 
constant. See the figure at right. We can 
calculate the slope of the U '(C) line as 
U'(l-(<t>/X))-U'(l) 

< 8 > sl °P e = - i_(4>/X)-I ’ 



(9) slope = 



U'(l-(4>/X))-U'(l) 

-♦/X 



We also know that the slope of this line is 
U "(C) at any value of C and in particular it 
equals U "(1 - (<t>/X)). Equating these two 
expressions for the slope gives us 



U>(l-(VX))-UTl) = u , (1 _ ((t , A))| 

-*/X 




( 10 ) 



and hence 

(11) U'(l - (*/X)) - U'(l) + (4>/X)U'(l - (+/X» = 0. 

The left-hand side of equation (1 1) is dp/SX and thus it equals zero as required. With quadratic utility, a ^ 
marginal change in the concentration of aggregate shocks has no effect on the re a ive price o 
asset to the good-state asset. 
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(6) c 2 = (W - c, )/2. 



Substituting equation (6) into equation (5) yields 

C | ,_L 1w - (W . c , ) , 2 | = _1- ,w « ]) 

Solving for Ci gives us 
c, [2(1 +5) - 1] = W, 
or simply 

(7) ci = — - — W. 

1 + 25 

Equation (7) gives the individual's optimal choice of first-period consumption under commitment. To solve 
for second-period consumption, substitute equation (7) into (6): 

C 2 = ^fw - 7-T7 wl= — - (W + 26W - W) , 



1 + 25 



2(1 + 25) 



which simplifies to 
5 

(8) c 2 = W. 

1 + 25 

It should be clear from the first-period objective function that c 2 and c 3 will be equal but to verify this, 
substitute equations (7) and (8) into the constraint, c 3 = W - c t - c 2 , to obtain 
1 5 1 + 25-1-5 

c, =W- W- W = W, 

J 1 . 1 . 1 . 'A c> ’ 



1 + 25 
which simplifies to 
5 

(9) c 3 = W. 

V 3 1 + 25 



1 + 25 



1 + 25 



(a) (ii) In period 2, the individual chooses c 2 taking her choice of Ci -- which was made last period - as 
given and with the constraint that c 3 = W - Ci - c 2 . Thus the individual chooses c 2 to maximize 

(10) U 2 = lnc 2 + 51n[W - Ci - c 2 ]. 

The first-order condition is given by 

au 2 1 5 

(11) — J - = — + - H) = 0. 

dc 2 c 2 W-c 1 -c 2 

Solving for c 2 as a function of W and ci yields 

(12) 5c 2 = W - Ci - c 2 , 
or simply 

(13) c 2 =-l-(W-Ci). 

1 + 0 

This means that third-period consumption as a function of W and the choice of ci is given by 
1 (1 + 5)W- (l + 5)ci -W + cj 

(14) c 3 =W- Cl -— (W- Cl )- - — 1 - 



1 + 5 



1+5 



or simply 



(15) c 3 =— (W-Cj). 
1 + 0 



The individual chooses Ci in period 1 just as she did under commitment since she (wrongly) believes she 
will choose c 2 in the same way as under commitment. Thus, again we have 
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(16) c, = 




Substituting equation (16) into equation (13) yields 

(17) c 2 = 

2 1 + sL 

or simply 

(18) c 2 



(l + 5)(l + 25) 



Finally, we can obtain third-period consumption by substituting equation (16) into equation (15): 
09) C 3 : 



1 + 26 



1 + 26-1 



or simply 
( 20 ) c 3 = 



26 z 



(l + 5)(l + 26) 



-W. 



(a) (iii) Now, in period 1, the individual chooses Ci realizing that her choices of C 2 and C 3 -- which will be 
functions of her choice of Cj — will be given by equations (13) and (15). Thus we can substitute (13) and 
(15) into the period - 1 objective function: 

(21) Uj = In Cj +51n 



1 




6 1 




+ 51n 


Li 75 <w - c ‘ ) J 



The first-order condition for the optimal choice of period- 1 consumption is 

au, 1 ... - 

( 22 ) ^ = — + 



5 


'(-1)1 


5 


(-5) 


[l/(l + 5)](W-C])l 


Ll + 5. 


+ [5/(l+5)](W- Cl ) 


-1 + 6 



= 0 , 

l / V 1 1" iw - [O/tl+OjjtW -qjLl + OJ 

which simplifies to 
1 25 

(23) w 

Cj W-cj 

Solving for Cj yields 

(24) 25c, = W - c, , 
or simply 

(25) Ci = — - — W. 

1 1 + 25 

Note that the choice of period - 1 consumption is the same here as it was under "naivete". Since C 2 and c 3 
will be chosen the same way as under "naivete", they will be the same also and are once again given by 
equations ( 1 8) and ( 20 ). 

(b) (i) The individual's preferences are time-inconsistent because the optimal choice of period -2 
consumption that is made in the first period is no longer the optimal choice once period 2 actually arrives. 
This is illustrated by the fact that if the individual does not commit to period-2 consumption in the first 
period, then when period 2 arrives she chooses 
26 

(18) c 2 = W, 

(1 + 5X1 + 25) 

rather than the choice she had originally made in the first period which was 

6 

( 8 ) c 2 = W. 

2 1 + 25 
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And, in fact, since 2/(1 + 8) > 1, she chooses a higher value of period-2 consumption once period 2 actually 
arrives. 

We can see from the period- 1 objective function that in the first period the individual is indifferent between 
period-2 and period-3 consumption; they are both discounted by 5. But when period 2 actually occurs, we 
can see from the period-2 objective function that the individual then prefers period-2 consumption over 
period-3 consumption. 

(b) (ii) The key to the result that sophistication does not affect behavior is the assumption of log utility. 

The intuition behind this result is very similar to the intuition behind the version of the Tabellini-Alesina 
model with logarithmic utility that is presented in Section 11.6. 

Think of a sophisticated individual contemplating a marginal decrease in Ci , relative to what a naive 
individual would do. The naive individual believes she will allocate the increase in saving equally between 
Ci and C3 and that marginal utility will be the same in the two future periods. The sophisticated individual 
realizes that she will, in fact, devote most of the increase in saving to C2 and that c 2 will be high. The 
individual does not particularly value c 2 thus marginal utility in period 2 will be low. This tends to make 
the increase in saving look relatively less attractive to the sophisticated individual than to the naive 
individual. 

But the sophisticated individual also realizes that some of the increase in saving will be devoted to C3 , 
which will be low. The individual values C3 as much as c 2 and thus marginal utility will be high in period 3. 
This tends to make the increase in saving look relatively more attractive to the sophisticated individual than 
to the naive individual. 

With log utility, these two effects exactly offset each other. With a general utility function, a sophisticated 
individual can consume either more or less in the first period than a naive individual. 
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Problem 8.1 

tl'T* 5 ' dema ” ded ’ Y ' fte fin " ™" hire “* <° — <ha. demand. 

(1) Y = K“ L 1 "®, 
the firm will hire 

(2) L = Y ,/(I ' a) K‘ a/(I ‘ a) 

have^ U * JStitUt ' n8 eqUati ° n ^ ^" n s of L into the profit function, 7t = PY - WL - r K K, we 

(3) it = PY - W[Y ,/(, ‘ ot) K' a/(I ' a) ] - r K K. 



(c) "Hie first-order condition for the firm's choice of K is 

(4) — — = — — \^yVO-<*)i(l-a/0-a)]-l a 

6K 1-a ~ r K=0, 

or simply 

(5) ~-WY V(1 “°)K" V(I_a J = Xv 

1-a K- 

derivativeTs'b' 2 Va ' Ue ° f * “ e< '" at ' 0 “ (5) t0 a ma ’ dmum - we require aV* 1 to be negative. This 
So the second-order condition is satisfied since a < 1. 



(d) Solving equation (5) for K gives us 

(7) i K «■-<■> ,f. a Ww-°) 
Vl-oJ rv 



r K 

Taking both sides of equation (7) to the exponent ( 1 - o) gives ns die firm’s choice of K 

roK -Y(^Hip. 

Problem 8.2 

*££ m *°,r : + \ the *”■ ■ ^ * *** w*™** ***** ™ s 

xtZ“S^g eiS: Va '“ e ° fthe ™“™ * * fi^o^taTSS Soted 
t+T . 

(1) X= /e' 1(s -‘)T(P K /I)ds, 

s=t . ' , 

which implies 
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_I e -i(s- t ) 


s=t+T 


= t(P K /D 


[" 1 - e -iT " 




1 


i 


s=t 




i 



(2) X = t(P k /T) 1 e - ' (s-t) ds = t(P K /T) 

Since the after-tax'pnce of the capital good, denoted P K AT , is its pretax price, P K , minus the present value 
of the tax saving that results, we have 

(3) P K AT =Pk-*(Pk/T) — =P K 1-(t/T)[ 



r i-e- iT ^ 



(b) An increase in inflation, n, without a change in the real interest rate, r, increases the nominal interest 
rate, i. From equation (1), the present value of the reduction in the firm's corporate tax liabilities as a result 

of purchasing the capital good is 
t+T 

(4) X = t(P k /D Ie _,(s_t) ds. 

The change in the present value of the reduction in the firm's corporate tax liabilities due to a change in the 
nominal interest rate is therefore 

(5) — = T(P K /T)T-(s-t)e- i(s ' t) ds=-T(P K /'0 1(s-t)e" i(s - t) ds<0. 

d\ g-t s=t 

The increase in i reduces the present value of the tax savings from purchasing the capital good. Therefore, 
it increases the after-tax price of the capital good. 



Problem 8.3 

From equation (8 .4) in the text, the real user cost of capital is 

(1) r K (t) = [r(t) + 5 - (p K (t)/p K (t))]p K (t), f 

where r(t) is the relevant real interest rate, 8 is the rate of depreciation and p K (t) is the real price of capital. 
Here capital refers to owner-occupied housing. The aftertax real interest rate for owner-occupied ousmg 
is r(t) - xi(t) where x is the marginal tax rate. This is due to the feet that nominal interest payments are tax 
deductible. 

Intuitively, if an individual foregoes selling her home, she does lose r(t)p K (t) ~ the interest she could obtain 
by selling it and saving the proceeds - but she does get the bonus of deducting her nominal interest 
payments from her income. Thus she receives x times i(t)p K (t) in tax savings by holding on to her home, 
which reduces the user cost of capital. Thus for owner-occupied housing, equation (1) becomes 

(2) r K (t) = [r(t) - xi(t) + 8 - (p K (t)/px (t))]pK (t). 

Substituting i(t) = r(t) + x(t) into equation (2) gives us 

(3) r K (t) = [r(t) - xr(t) - X7t(t) + 8 - (p K (t)/pK (t))]pic (t), 
which implies 

(4) r K (t) = [(1 - x)r(t) - x*(t) + 8 - (p K (t)/pK (t))]pK (t). 



To see how an increase in inflation for a given real interest rate affects r K (t), take the derivative of r K (t) 
with respect to ic(t): 

(5) dr K (t)/0Jt(t) = -xp K (t) < 0. . „ 

An increase in inflation reduces the user cost of owner-occupied housmg since it allows the homeowner 
more in the way of tax deductions on the nominal interest payments. Thus an increase in inflation increases 
the desired stock of owner-occupied housing. 
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Problem 8.4 

(a) The planner's problem is to maximize the discounted value of lifetime utility for the representative 
household, which is given by 

(1) u= 2, e ’ |i, T3r dt c-p— 

subject to the capital-accumulation equation given by 

(2) k (t)=f(k(t)) - c(t) - (n + g)k(t). 

The control variable is the variable that can be controlled freely by the planner, which is consumption per 
unit of effective labor, c(t). The state variable is the variable whose value at any time is determined by past 
decisions of the planner, which is capital per unit of effective labor, k(t). Finally, the shadow value of the 
state variable is the costate variable, which we will denote p(t). 

The current-value Hamiltonian is thus 

(3) H(k(t),c(t)) = — ^ + p(t) [f(k(t)> - c(t) - (n + g)k(t)]. 



(b) The first condition characterizing the optimum is that the derivative of the Hamiltonian with respect to 
the control variable at each point is zero, or 

3H(k(t),c(t)) _ fi 
<4) — =c(,) 

Hie second condition is that the derivative of the Hamiltonian with respect to the state variable equals the 
discount rate times the costate variable minus the derivative of the costate variable with respect to time or 
_ 0H(k(t),c(t)) 

5 dm = ^ t)f ' (k(t)) “ ^Xn + 8) = Mt) ~ Ii(t) . 



The final condition is the transversality condition. The limit as t goes to infinity of the discounted value of 
the costate variable times the state variable equals zero, or 

(6) lim e" p V(t)k(t) = 0. 

t->00 



I 



i 



(c) From equation (4) we have 

(7) p(t) = c(t)- e . 

Taking the time derivative of both sides of equation (7) yields 

(8) |i(t) = -ec(t)- 0 ~ 1 c(t) = -0c(t)- e ^ . 

c(t) 

From equation (5), we have 

(9) |i(t) = p(t)[p - f(k(t)) + (n + g)]. 

Equating these two expressions for |i(t) gives us 

(10) -0c(t)- 0 = p ( m ~ f'(k(t» + (n + g)]. 

Substituting equation (7) for p(t) and f ’(k(t» = r(t) into equation (10) yields 

(1 1) -0c(t)“ e ^ = c(t)- 0 [p - r(t) + (n + g)]. 

Cancelmg the c^)" 6 , dividing both sides by -0, and substituting for p s p - n - (1 - 9)s gives us 

(12) r(t)-(n + g)~ p+n + (l-0)g 
c(t) 



0 
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which simplifies to 

c(t) r(t)-p-0g 

(13) — = 

c(t) e 

Equation (13) is identical to the Euler equation in the decentralized equilibrium. See equation (2.20) in the 
text. 

(d) Dividing both sides of equation (9) by p(t) leaves us with 

(14) -^77 = P + (n+g)-r(t), 

P(t) 

where we have used f ’(k(t)) = r(t). Note that equation (1 4) can be written as 

(15) 01np(t)/dt = P + (n + g) - r(t). 

Integrating both sides of equation (15) from time x = 0 to time x = t gives us 

t 1 

(15) lnp(t) - lnp(0) = [p + (n + g)] x I - S r(x)dx . 

T x=0 

Using the definition of R(t) and simplifying gives us 

(16) lnp(t) = lnp(0) + pt +(n + g)t - R(t). 

Taking the exponential function of both sides of equation (16) yields 

(17) p(t) = p.(0)e p ‘ e <n+g)l e' R<t) 

Thus e‘ pt p.(t) is proportional to e' w,) e (n+g) * . 

This implies that the transversality condition, equation (6), is equivalent to 

(18) lime" R(t) e (n+8)t k(t) = 0. 
t — >00 

From equation (2. 15) in the text, the household's budget constraint, expressed in terms of limiting behavior, 
is given by 

(19) lime" R(t) e (n+8)t k(t)>0. 

t — >oo 

Comparing equations (18) and (19), we can see that the transversality condition will hold if and only if the 
budget constraint is met with equality. Thus we have shown that the solution to the social planner s 
problem in the Ramsey model is the same as the decentralized equilibrium. Hence that decentralized 
equilibrium must be Pareto efficient. 

Problem 8.5 

The equation of motion for the market value of capital, q, is 

(1) q (t) = rq(t) - n(K(t)), 

where it '(•) < 0. The condition required for q =0 is given by 

(2) q = it(K)/r. 

The equation of motion for capital, K, is 

(3) K(t) = f(q(t)), 

where f(q) = NC *(q - 1) with f(l) = 0 and f '(•) > 0. The condition required for K = 0 is given by 

(4) q=l. 
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(a) The destruction of half of the 
capital stock does not cause either the 
K — 0 or the q = 0 loci to shift. Both 
of these are already drawn allowing for 
K to vary. At the time of the 
destruction, K falls to K 0 = K/2. 

For the economy to return to a stable 
equilibrium, q must adjust so that the 
economy is on the saddle path. Thus q 
must jump up to qo , putting the 
economy at point A in the figure at 
right. Intuitively, since profits are 
higher at the lower K, the capital that is 
left is more valuable and so the market 
value of capital is now higher. 

The economy then moves down the saddle path with q felling and K rising. Intuitively, the higher market 
value of capital attracts investment and so the capital stock begins to build back up. As it does so, profits 
begin to fell and thus so does the market value of capital. This process continues until the market value of 
capital returns to its long-run-equilibrium value of one and the capital stock is back at its original level. 
Hence the economy eventually returns to point E. 

(b) Profits at a given K are now 
(1 - x)ti(K) rather than 7i(K). The 
condition required for q =0 is now 
given by 

(5) q = (1 - x)rc(K)/r. 

At a given K, the value of q that makes 
q = 0 is now lower so the new q = 0 
locus lies below the old one. In 
addition, the slope of the q = 0 locus is 
dq/dK = (1 - x)n '(K)/r rather than 
it '(K)/r. With (1 - x) < 1, this new 
slope is less negative and so the q = 0 
locus becomes flatter. The K = 0 locus 
is unaffected. See the figure at right. 

K, the stock of capital, cannot jump at the time of the implementation of the tax. Thus q must jump down 
so that the economy is on the new saddle path at point A. Intuitively, since the government is now taking a 
fraction of profits, existing capital is less valuable and so the market value of capital fells. The economy 
then moves up the new saddle path with K felling and q rising. Intuitively, the lower market value of 
capital discourages investment and so the capital stock begins felling. As it does so, profits begin to rise 
back up and thus so does the market value of capital. This process continues until the market value of 
capital returns to its long-run-equilibrium value of one and the capital stock is at a permanently lower level 
The economy winds up at point Enew in the diagram. The lower capital and thus higher pretax profits 
offset the fact that the government takes a fraction of those profits. 








Solutions to Chapter 8 175 



(c) One of the conditions required for 
optimization is that the firm invests to 
the point where the cost of acquiring 
capital equals the value of that capital, 
q. With this tax on investment, the cost 
of acquiring a unit of capital is the 
purchase price (which is fixed at one) 
plus the tax, y, plus the marginal 
adjustment cost, C ’(1) Thus analogous 
to equation (8.18) in the text, we now 
have 

(6) l+Y + C'(I(t)) = q(t) ; 

Since C '(0) is zero, equation (6) implies 
that l(t) is zero (and thus K = 0) when 
q(t) = 1 + y. So the equation of the 
K = 0 locus is now 




(7)q=l+y. 

Thus an investment tax of y shifts die K = 0 locus up by y. 



The q = 0 locus is unaffected. 



See the figure. 



K, the stock of capital, cannot jump at the time of the implementation of the tax. Thus q must jump up so 
that the economy is on the new saddle path at point A. Intuitively, because the tax will reduce investment, 
it means that the industry’s profits (neglecting the tax) will eventually be higher, and thus that existing 
capital is more valuable. The economy then moves up the new saddle path until it reaches point Enew . 

The capital stock is permanently lower and the pretax market value of capital is equal to 1 + y; the aftertax 
market value is again equal to one. 



Problem 8.6 

The important point is that q is anticipated to jump up discontinuously at the tune of the caprtal levy, tune 
T. Consider what is required, if there is a market for shares in firms, for individuals to be willing to hold 
those shares through the interval where the one-time tax on capital holdings is imposed. Consider the 
market value of capital an instant, s, before the levy and an instant after the levy and then look at what 
happens as e goes to zero. The key point is that the market value of capital an instant before the levy, 
q(T - e), must equal (1 - f) times the market value of capital an instant after the levy. If it did not, - in 
light of the levy - holders of shares in firms would be expecting capital losses that they could avoid. 
Therefore, q(T - s) must equal (1 - f)q(T + e) or 
(1) q(T - s)/q(T + e) = (1 - f). 

For example, if f = 0. 10 or ten percent, then the value of q an instant before the levy must equal 90 percent 
of its value an instant after the levy. Thus at time T, q jumps up to close that 1 0 percent gap In addition, 
that jump must put the economy somewhere on the saddle path in order for the economy to return to a 
stable equilibrium. 
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Thus at the time of the news, q must jump 
down, putting the economy at a point 
such as A in the figure at right. The 
economy is then in a region where both q 
and K are falling. Thus between the time 
of the news and the time the levy is 
imposed, the market value of capital and 
the capital stock are falling. Intuitively, 
firms begin decumulating capital in 
anticipation of the one-time levy. 

Point A must be chosen so that at the time 
of the levy, q can jump up by the required 
amount discussed above and that required 
jump must put the economy right on the 
saddle path. The stock of capital does not 
jump at the time of the levy. Thus at time 
T, the economy jumps from a point such as B to a point such as C where q B /q c = (1 - f). 




* e tun ® of the levy, the economy moves down the saddle path, eventually returning to the original 
qui ibnum at pomt E. Intuitively, once the one-time tax is over with, since K is lower, profits are higher 
and so investment is attractive once again. Thus the capital stock begins rising back to its initial level 



Problem 8.7 

(a) The evolution of the stock of housing is given by 

(1) H=I(ph)-5H. 

Thus the condition required for H = 0 is given by I(p H ) = 5H. That is, in order for the stock of housing to 
£ T. ^vestment m housing (which is an increasing function of the real price of housing) 
must exactly offiet depreciation of the existing housing stock. Differentiating both sides of this expression 
with respect to H gives us the following slope of the H = 0 locus F 

(2) I '(p H )dp H /dH = 5, 



or 



(3) dp H /dH = 5/1 '(p H ) > 0. 

Since I '(p H ) > 0, the H = 0 locus is upward-sloping in (H, p H ) space. 



Rental income plus capital gains must equal the exogenous rate of return 

( 4 ) RW±PH =r 



r, or 



PH 

Solving equation (4) for p H yields 

(5) p h = rpH ■ R(H). 

Therefore the condition required for p H = 0 is rp„ - R(H) > 0 or p„ = R(H)/r Differentiating both sides of 
this expression with respect to H gives us the following slope of the p, T =0 locus- 

(6) dp H /dH = R'(H)/r. H 

Since R’(H)< 0 - rent is a decreasing function of the stock of housing - the p H = 0 locus is downward- 
sloping in (H, p H ) space. 
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(b) Since I '(ph ) > 0, then from equation (1), H 
is increasing in p H . This means that above the 
H = 0 locus, H > 0 and so H is rising. 

Intuitively, at a given H, if ph is higher than the 
price necessary to keep the stock of housing 
constant, investment (which is an increasing 
function of p H ) is higher than necessary to offset 
depreciation. Thus the stock of housing is rising 
above the H = 0 locus. Similarly, below the 
H = 0 locus, H < 0 and so H is falling. 

Intuitively, pH and thus investment are too low to 
offset depreciation and keep the stock of housing 
constant at a given H. Thus the stock of housing 
is falling below the H = 0 locus. 

Since R '(H) < 0, then from equation (5), Ph is 
increasing in H. This means that to the right of the p h — 0 locus, Ph > 0 and so Ph is rising. Intuitively, 
at a given p H , if H is higher — and thus rent lower — than the level necessary to keep the price of housing 
constant, this lower rent must be offset by capital gains — a rising pn — if investors are to earn the required 
exogenous return of r. Similarly, to the left of the p H - 0 locus, p H < 0 and so pH is falling. If H is lower 
— and thus rent higher -- than the level necessary to keep the price of housing constant, this higher rent 
must be offset by capital losses in order for investors to earn the rate of return r. 




(c) The p H = 0 locus is defined by ph = R(H)/r. 

A rise in r means that the ph that makes p H = 0 is 
now lower at a given H. Thus the new p H locus 
lies below the old one. In addition, the slope of 
the Ph = 0 locus is R '(H)/r and so the rise in r 
makes the slope less negative. Thus the new 
PH = 0 locus is flatter than the old one. The 
H = 0 locus is defined by IQ>h ) = 5H. Since r 
does not appear in this equation, the H = 0 locus 
is unaffected. 

At the time of the increase in r, H — the stock of 
existing housing — cannot jump discontinuously. 

The real price of housing, p H , must jump down to 
put the economy on the new saddle path. In the 
figure, at the time of the rise in r, the economy jumps from point E to point A. 

The discontinuous downward jump in pn causes the amount of investment to jump down. Thus investment 
is no longer enough to offset depreciation at the initial value of H — we are below the H = 0 locus — and so 
the stock of housing begins to fall. As H begins to fall, rent begins to rise since R '(H) < 0. As the 
economy moves up the new saddle path, the real price of housing is rising. This means that investment is 
rising back up since I '(pH ) > 0. The economy eventually reaches point Enew where ph is constant at a new 
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(1) H(K(t),I(t)) = 7l(K(t))K(t) - I(t) - C 



I(t) 

U(t) 



-5 



kt) + q(t)[I(t)-5K(t)]. 



(b) The first condition characterizing the optimum is that the derivative of the Hamiltonian with respect to 
the control variable at each point is zero. Here, the control variable is investment and thus 

1 -K(t) + q(t) = 0. 



dH(K(t),I(t)) , 

(2) — = -l-Cl 



'k(t) A 



ai(t> 



K(t) 



K(t) 



The second condition is that the derivative of the Hamiltonian with respect to the state variable equals the 
discount rate times the costate variable minus the derivative of the costate variable with respect to time. 



Since the state variable is the capital stock, we have 

- - - 'v 



(3) 



dH(K(t),I(t» 

dK(t) 



= 7i(K(t))-C' 



k(t) 



K(t)J 



-m 

U(t y 



K(t) - C 



<K(t), 



5q(t) = rq(t) - q(t) 



The final condition is the transversality condition. The limit as t goes to infinity of the present value of the 
costate variable times the state variable must be zero. Thus, we have 

(4) lim e -rt q(t)K(t) = 0 . 

t— >00 



(c) Equation (2) states that each firm invests to the point at which the purchase price of capital plus the 
marginal adjustment cost equals the value of capital: 1 + C '(k/k) = q. Since C '(k/k) is increasing in k/k, 
this condition implies that k/k is increasing in q. And since C '(0) is zero, it also implies that k/k is zero 
when q equals one. Finally, note that since q is the same for all firms, all firms choose the same value of 
k/k. Thus the growth rate of the aggregate capital stock, K/K, is given by the value of k/k that satisfies 
(2). Putting this information together, we can write 
(5) K(t)/K(t) = f(q(t)) f(l) = 0, f ’(•) > 0, 

where f(q) is the value of K/K that satisfies C '(K/K) = q - 1 : f(q) = C 1 (q - 1). Equation (5) implies that 
K is increasing when q > 1, decreasing when q < 1 and constant when q = 1 . Thus the K = 0 locus is a 
horizontal line at q = 1 when drawn in (K, q) space. 



(d) Rearranging equation (3) to solve for q (t) yields 



(6) q(t) = (r + S)q(t)- 



7t(K(t)) + C 






m 

U(t)AK(t) 



-c 



K(t)Jj 



To simplify this expression, note first that I/k equals (k + 8 k)/k or (k/k) + 8. In addition, as we just 
showed, the growth rate of the representative firm's capital stock, k/k, is the same as the growth rate of the 
industry-wide capital stock, K/K. Thus we can rewrite equation (6) as 

^K(t)Y K(t) | ' 

,K(t)JU(t) J 

We can now use equation (5), K/K = f(q), to substitute for K/K, and then use the feet that the definition of 
implies C '(f(q)) = q - 1. This yields 

(8) q(t) = (r +8)q(t) - [7r(K(t)) + [q(t) - l][f(q(t)) + 8] - C(f(q(t)))] s G ( K(t), q(t)) . 



(7) q(t) = (r+8)q(t)- 



jt(K(t)) + C' 



-C 



(m" 

U(t). 



(e) The condition G(K, q) = 0 implicitly defines the locus of points in (K, q) space for which q is zero. To 
see how q varies with K along this locus, we therefore implicitly differentiate this condition with respect to 
K. This yields 
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W G K (K,q) + G q (K,q)£| 

dK 



= 0 , 



q=0 



or 



dq 

(10) -i 
dK 1 



-G K (K,q) 
lq=0 G q (K,q) ’ 

where subscripts denote partial derivatives and — — 

dK 

the q = 0 locus. 



q=0 



denotes the derivative of q with respect to K along 



Using equation (8) to compute the derivatives in (10) yields 

0 1) G k (K, q) = -tc '(K), 

and 

(12) G q (K, q) = (r + 5) - [(, - l)f<(q) + (Rq) + 5) . C '(Rq))f '(q)l - r - f(q) 
where we again use the fact that C '(f(q)) = q - 1 . 

Substituting equations (1 1) and (12) into equation (10) gives us 

fin ir YF) 



03) 



dq 

dK 






iq=o r “f(q)' 

T^nlv u 'm/ iS T 1“ q eqUa,S °" e - 711115 ** Slape 0fthe 4 = 0 ,ocu * at the point where q = 1 ,s 
P y (K)/r. Note that at this particular point, this slope is exactly the same as the slope of the a = 0 
ocus m e version of the model in the text where adjustment costs took the form C(k ). 

Problem 8.9 

(a) One of the conditions for optimization is that the marginal revenue product of can if a I wKYtrt ^ i 

T ;««». Rea ™ 8 " 8 ftiS “““ ^ r 

(2“* q t = a • tK ' ^ ® — - 

The q = 0 locus is therefore given by 

(3) rq - a + bK = 0, 

or solving for q as a function of K, we have 

(4) q = (a-bK)/r. 

So the q =0 locus has a constant slope of - b/r. 

To find the lcmg-run-equilibnum value of K, we need to find the intersection of the q = 0 locus - as given 

b , rr y q = 1 ^ 

for K* gives us q ’ q ’ e SubstItutm 8 q - 1 into equation (4) and solving 

(5) K* = (a - r)/b. 

Wa^naedlosoh**, 

^ MS ' ,, ” lnS qUad ”' C ^ of ad J«. C(* ) - «*’ O, and thus «he tnargntal 
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(9) G K (K,q) + G q (K,q)^| 

dK 

or 



= 0 . 



q=0 



(10) -^-1 
dK 1 



q=0 



-G K (K,q) 

G q (K,q) ’ 



where subscripts denote partial derivatives and — 



the q = 0 locus. 



dK 



q=0 



denotes the derivative of q with respect to K along 



Using equation (8) to compute the derivatives in (10) yields 

(11) G K (K,q) = -7r’(K), 

and 

02) G, (K, q) = (r -f 5) - [(q . l)f(q) + Wq) + 6) - C Yffq))f'(,)] = r . ffo) 
where we again use the fact that C ’(f(q)) = q - 1 . WJ W ’ 

Substituting equations ( 1 1 ) and ( 1 2) into equation ( 1 0) gives us 
dq rcYK^ 



(13) 

dK 1 



q=0 r- f(q) ‘ 

Mote that ^q) is zer o when q equals one. Thus the slope of the q = 0 locus at the point where q = 1 is 
simply 7i : (K)/r. Note that at this particular point, this slope is exactly the same as the slope of the q = 0 
ocus m e version of the model in the text where adjustment costs took the form C(k ). 

Problem 8.9 

fauS e ci*r!,r“m S D r0, ^^ i “ istefterar ^ aIr ^ u8 P r ^“«<>f«pW *(K(t)) equals 
(l)Tft“r,W-u(KW, ^ th ' S “ ndlt, °" “ s *» following eq„a«,o„ of motion for * 

^ =a ' bK> tatoequa ' i “’ us 

The q = 0 locus is therefore given by 

(3) rq - a + bK = 0, 

or solving for q as a function of K, we have 

(4) q = (a - bK)/r. 

So the q =0 locus has a constant slope of - b/r. 

To find the Icmg-run-equilibrium value of K. we need to find the intersection of the q = 0 locus - as given 

taoTthadre long-i^^folibrhtr^^lueafq^q* 1’““ q ' which nMans <■“ ™ alre3d y 

for K* gives us q ’ q ’ 0 e Substrtutin g q - 1 into equation (4) and solving 

(5) K* = (a - r)/b. 

I'^aZoTm^Kw'^eTfL^ 0 V ^ path We — •» -Ive for 

adjustment coals' aSSUm ” S * * K ““ ^ 3d i ustn,ent . C <*> * ' a, and thus the marginal 
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4k 



(6) 3C(k )/3k =ak. 

Thus we have 1 + ak = q, which implies 

(7) k = (q - l)/a. 

Since q is the same for all firms, all firms choose the same value of investment, k . Thus the rate of change 
of the aggregate capital stock, K , is given by 

(8) K=N(q-l)/a, 

where N is the number of firms. 

- Ptrv^ 

Define q=q-q*andK = K- K*. Since q* and K* are constants, q and K are equivalent to q and K 
respectively. Thus we can rewrite the equations of motion, equations (2) and (8), as 

(9) i = rq - a + bK, and (10) R = N(q - l)/a. 

Dividing both sides of equation (9) by q gives us 

q rq-a + bK 

(11) r= — : • 

q q 

From equation (5), we can write 

(12) K = (bK - a + r)/b, 

or rearranging to solve for bK: 

(13) bK = bK +a-r. 

Substituting equation (13) into equation (10) gives us 

q rq-a + bK + a-r r(q-l) bK K 

(14) - = — = — L Z — +“ =r + b— , 

q q q q q 

where we have used the fact that q* = 1 so that q = q-q* = q- l. 



Dividing both sides of equation (10) by K and noting that q* = 1 we have 

R Nq 

(15) — = — 

K a K _ _ 

Equations (14) and (15) imply that the growth rates of q and K depend only on the ratio of q to K . 

Given this, consider what happens if the values of q and K are such that q and K are falling at the same 
rate. This implies that the ratio of q to K is not changing, and thus that their growth rates are not 
changing. Thus q and K continue to fall at equal rates. In terms of a phase diagram, from a point at 
which q and K are falling at equal rates, the economy simply moves along a straight-line saddle path to 
(K*, q*) with the distance from (K*, q*) falling at a constant rate. 



Let p denote K/K. Then equation (15) implies 
N q 

(16) 

a K 

or solving for the ratio of q to K : 

q 

(17) 

v K N 

From equation (14), the condition that q / q always equals K / K is thus 



(18) p = r + (bN/ap), 
or 

(19) ap 2 - arp - bN = 0. 
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Using the quadratic formula to solve for p yields 

(20) +4 <xbN r ±^r 2 +(4bN/a) 

^ 2a 2 

If p is positive, then q(t) = q(t) - q* and K(t) = K(t) - K* are growing. That is, instead of moving along a 

straight line toward (K*, q*), the economy is moving on a straight line away from (K*, q*). Thus p must 
be negative and hence 



•--y/r 2 + (4bN/a) 



(21) P! = 

z 

Thus equation (17) with p = pi tells us how q and K must be related on the saddle path. Substituting 
equation (21) into equation (17) gives us 

s . a[r-Vr 2 +(4bN/a) 

( 22 ) = — 

K K-K* 2N 

or solving for q as a function of K: 

r--y/r 2 +(4bN/a) 



(23) q=q*+a 



2N 



(K-K*). 



Thus, the slope of the saddle path is 
r-'y/r 2 +(4bN/a) 



(24) 



dq 

dK 



= a 



■sp 



2N 



<0. 



Problem 8.10 

(a) Consider the situation where a(t + x) is certain to equal E, [a(t + x)] for all x > 0 so that there is no 
uncertainty. The value of q at some date t + x can then be written as the value of q in period t plus the 
"sum" of all the changes in q from time t to time t + x. More formally: 

(1) q(t + x,t) = q(t) + lq(t + s,t)ds, 

s=t 

where q(t + x,t) denotes the path of q when a is certain to equal its expected value. Since 
q = rq - tc(K), then with this particular profit function we have q = rq - a + bK. Thus equation (1) can be 
written as 

(2) q(t + x,t) = q(t) + J [rq(t + s,t) - E t [a(t + s)] + bK(t + s,t)]ds, 

S=t 

where we have substituted in for a(t + s) = Et [a(t + s)] and where K(«) denotes the path of K given that a 
is certain to equal its expected value. 



Now consider the situation where a(t + x) is uncertain. Then the expected value, as of time t, of q at some 
future date t + x can be written as the value of q in period t plus the "sum" of all the expected changes in q 
from time t to time t + x. More formally: 

(3) E t [q(t + x)] = q(t)+ / E t [q(t + s)]ds. 

S=t 

Since equation (8.28) in the text, E, [q (t)] = rq(t) - rr(K(t)), holds in all periods and since 
Jt(K(t)) = a - bK(t), we can write 
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(4) E, +s [q (t + s)] = rq(t + s) - a(t + s) + bK(t + s). . 

Taking the expected value, as of information available at time t, of both sides of equation (4) yields 
R Fa (t + s)l = rEt fq(t + s)l - Et [a(t + s)] + bEt [K(t + s) ], 
where we have used the law of taated projectioos so .hat Et E*. [q (t + s)] = E, [qft + .)]■ Substrtuhng 



equation (5) into equation (3) gives us 

(6) E t [q(t + x)] = q(t)+ I [rE t [q(t + s)] - E t [a(t + s)] + bE t [K(t + s)]]ds. 

If E, [q(t + x)] = q(t + x,t) for all x > 0, then the right-hand sides of equations (2) and (6) must be equal for 
all x 2 0. Thus 

(7) q(t) + ! [rq(t + s,t) - E t [a(t + s)] + bK(t + s,t)]ds = 

$=t 



q(t)+ ] [rE t [q(t + s)] - E t [a(t + s)] + bE t [K(t + s)]]ds. 

S=t 

Again, using E, [q(t + x)] = q(t + x,t) for all x > 0, this simplifies to 

(8) b 1 K(t + s,t)ds = b I E t [K(t + s)]ds. 

CanceTmg the b’s and usmg Leibniz’s rule to take the derivative of both sides of equation (8) with respect to 
x gives us 

(9) K(t + x,t) = E, [K(t + x)]. 

Equation (9) holds for all x > 0. 



(b) Consider the situation where aft + x) is certain to equal E, [aft t + x)] for all x > » “ 

uncertainty. Then from equation (8.22) in the text, we can wnte the market value of capital at tune t as the 

present value of its future marginal revenue products and so 

(10) q(t,t) = Te _rT [E t [a(t + x)]-bK(t + x,t)]dx, 

where we have' used the facts that tc(K) = a - bK and a(t + x) = E, [a(t + x>] Now q (t,t) denotes die value 
of q given that a always equals its expected value and K(t + x,t) has the same meaning as m part (a), 
the path of K given that a is always certain to equal its expected value. 



Now consider the situation where a(t + x) is uncertain. Then, using x(K) a - bK, equation (8.2 ) t 






text becomes 



(11) q(t)= Je n [E t [a(t + x)]-bE t [K(t + x)]]dx. 

T=0 






As shown in 'pa it (a), if E, [,(. + x), = q ft + x,t) for all x £ 0, then E, [Kft ♦ «l - f or 

This means that the right-hand sides of equations (10) and (1 1) are equa m ^ wllM 

the case in which it is linear and the uncertainty concerns the mtercept of fo • ^ equal 

of capital is the same with the uncertainty as it is ifdie future values of foe it function are 

their expected values. _ 5 

Even with uncertainty, each firm invests to the point at which the cost of acquiring a un 
equals the market value of capital. Tliat is, investment satisfies 
(12) l + C'(I(t)) = q(t). 



i i - -A.* ' 
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Since C al 2 12, C '(I) - al. In addition, as we have just shown, q(t) = q (t,t). Thus equation (12) can be 
rewritten as 

(13) 1 + al(t) = q (t,t). 

By definition, the change in each firm's capital stock is equal to I(t). Since each firm faces the same q (t t) 

^ ™ , ! ame J eVd ° f mvestment Thus the change in the aggregate capital stock is given by ’ ’ 

K(t) NI(t), where N is the number of firms. Substituting this expression into equation (13) yields 

(14) 1 + aK(t)/N = q (t,t). ” 

Solving (14) for K(t) gives us 

(15) K(t)=N[q(t,t)-l]/a 

Under these special circumstances - when tt is linear, the uncertainty concerns the intercept of the rt 
tunction and adjustment costs are quadratic - investment is the same with the uncertainty as it is if the 
future values of the n function are certain to be equal to their expected values. 

Problem 8.1 1 

!?! d06S n0t undertake 1116 ^vestment, its expected profits are zero. Thus we have 

(1) E[n ] = 0. 

If the fim, does undertake the investment, its expected profits are the certain payoff in period 1 plus the 

r c Ct f1 E P s ay0ff,n Pen0d 2 leSS ^ 0051 of Staking the investment. Thus we have 

(2) Eft™ 5 ] = it, + E[ti 2 ] - 1. 

mrrfhsT™ 1 ” v ' stmen ' if i its expected profits from doing so am greater than its expected 

profits from not investing, or when F 

(3) E[7T YES ] > E[7t NO ], 
or simply when 

(4) 71, + E[7I 2 ] - 1 > 0. 

(b) Suppose the firm does not invest in period 1 . Then in period 2, if tt 2 > I, it will invest and earn tt 2 - 1 

period I’are™ “ Pen0d 2 wiH eam zera 711115 ex Pected profits from not investing in 

(5) E[7t NOIN, ] = Prob(7t 2 >I)E[7t 2 -I|7t 2 >I]. 

From e ^ at L 0n (2) ’ ±e ex P ected profits from investing in period 1 are 

(6) E[7r YESIN, ] = 7r, + E[7t 2 ].I. 

Thus the difference in the firm s expected profits between not investing in period 1 and investing in period 1 

(7) Ef, «*»"•] - ] = Prob ( 7t 2 > I)E[7r 2 - 1 1 tt 2 > I] - („ + Efc ] - 1). 

5™' + ? [7t2 ] * 1 > °> as lon 8 as Prob(7t 2 > T)E[k 2 - 1 1 tt 2 > I] is greater than it, + E[tt 2 1 - 1 the firm's 
expected profits are higher if it does not invest in period 1 than if it does. 

(c) The cost of waiting is that the firm foregoes any payoff in period 1 That is, it foregoes 7 t, and hence • 
(s) cost of waiting = 7 t, . 

** *1*™ «“ *. . - if * is loss than I and decide not to invert and 

Z t .lT “ I® expected 1055 that the «nn avoids by waiting is equal to the probabdity 

roi h ’ '' mfifPi'ed by the expected loss given that tt, < I, which is E[I ■ a, | a, < IJ Hence 

(9) benefit of waiting = Prob(7t 2 < I) E[I - 7 t 2 1 it 2 < I], 

Note that by the definition of conditional expected values, we can write 

(10) E[tt 2 - I] = Prob(7t 2 > I) E[ti 2 - 1 1 7t 2 > I] + Prob( 7 t 2 < I) E[ 7 C 2 - 1 1 ti 2 < I], 
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Substituting this into equation (7) yields 

(1 1) E[tc no IN1 ] = Probfo > I) E[it 2 - 1 1 a* > I] - 7t, - Prob(7t 2 > I) E[ti 2 - 1 1 n 2 > I] - 

Prob(7E 2 < I) E[7t 2 - 1 1 n 2 < I]. 

Note that we can write Prob(7c 2 < I)E[tc 2 - 1 1 tc 2 < I] = - Prob(it 2 < I) E[I - it 2 1 n 2 < I]. Using this feet, 
equation (11) becomes 

(12) E[7t N0INl ] - E[* YESIN, ] = - Ti, + Probfa < D E[I - n 2 \ n 2 < I], 

Since tci is the cost of waiting and Prob(7t 2 < I) E[I - tc 2 | tc 2 < I] is the benefit of waiting, we do have 

(13) E[7t N0 m 1 ] - E[tc yes mi ] = benefit of waiting - cost of waiting. 

Problem 8.12 

(a) Consider the value of a unit of debt. It pays off (me unit of output at time t + x, for all x > 0. The 
consumer values this payoff according to the marginal utility of consumption at each time t + x. Thus the 
value of having one unit of output at time t + x rather than at t is equal to the discounted marginal utility of 
consumption at time t + x relative to the marginal utility of consumption at time t, which is given by 

e* 1 * u '(C(t + x))/u '(C(t)). Thus the value of a unit of debt at time t is simply the appropriately discounted 
"sum" of all the future payoffs, or 

7 _ OT r U '(c(t+x))* 

(!) P(t) = I e ^E, Y /' dt. 

T=o L u(C(t)) J 

Equity holders are the residual claimant and thus at time t + x, x > 0, they receive the additional profit 
generated by the marginal unit of capital, ;c(K(t + x)), minus the total amount paid to bond holders, which 
is b (the total number of outstanding bonds). Again, individuals value this payoff at time t + x according to 
the discounted marginal utility of consumption at time t + x relative to the marginal utility of consumption 
at time t. Thus the value of the equity in the marginal unit of capital is 

7 -or ru'fCd + x)), , . .1 

(2) V(t)= J e E t[ ~ ^ (t j) " (*( K(t 4- x)) - b) jdx . 

(b) Adding equation (2) to b times equation (1) gives us the following market value of the claim on the 
marginal unit of capital: 

7 r U '(c(t+x))i 7 __ r U '(c(t+x))/ . . J 

p) p(,)b + v ( t>= u ^ e .[ „'(c ( ,)) J d,+ i 0 e E 1 i(c ( r ( ” (K(t+t)> ' b) J d '- 

Combining the integrals yields 

7 -or r-'tot + x)), / x \ 

(4) P(t)b + V(t)= / e »"E t f- b + it K(t + x) -b) dx, 

t=o L u (C(t)j J 

and thus 

7 -tyr U'(C(t+x)) . . 

(5) P(t)b + V(t)= J e »"E t - / tt K(t + x) dx. 

t=o L u (C(t)) J 

The division of financing between bonds and equity as captured by b, the number of outstanding bonds, 
does not affect the market value of the claims on the marginal unit of capital. The present discounted value 
of that unit of capital is determined by its expected effect on the path of profits. Since the division of 
x(K(t + x)) between bonds and equity does not affect the size of x(K(t + x)), it does not affect the market 
value of the claim on the unit of capital. 
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(c) The market value of each of the n assets is given by 

7 _ Mect+x)) 

(6) Vi<t)= io ' E lw di(,t T' 

There will be n equations of the form of (6). Adding these n equations together gives us the following total 
value of the n financial instruments: 

(7) V](t)+...+V n (t)= ^ e_pTE t ^|^^(d 1 (t + x)+...+d n (t + T)) dx. 

Since di (t + x) + . . . + d„ (t + x) = x(K(t + x)), we can rewrite equation (7) as 

7 j"u'(C(t + X)) , v 

(8) V,(t)+...+V n (t)= i^e E t[ ^ (c(t)) ^ (K(t + x))jdx. 

The total market value of the n financial instruments is determined by the expected effect on the path of 
profits of the marginal unit of capital. It does not depend upon the individual payoffs to the assets. 

(d) The value of a unit of debt continues to be given by equation (1). The value of a unit of equity is now 



(9) V(t)= e -pt E t {(1 - 6) [tx( K(t + x)) - b]} 



Adding equation (9) to b times equation (1) gives the following market value of the claims on the marginal 
unit of capital: 

(10) P(t)b + V(t)= ? e’^bE, U ^ ( ^- dx+T e’P'E, ^^^{(l-0)[*(K(t+x))-b]} dx. 



Combining the integrals yields 

(11) P(t)b + V(t)= T e -px E t - ^^~ T--[(1 ~ 9)4 K(t + x)) + 8b] dx. 

t=o L u W)) -I 

Now the division of the financing between bonds and equity does matter. The number of bonds issued, b, 
does affect the market value of the claim on the marginal unit of capital. The division of the additional 
profits between bonds and capital does affect the size of those profits. Specifically, a switch toward debt 
financing increases profits since interest payments are tax deductible. 
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Problem 9.1 

(a) Substituting the expression for the average wage, w, = fw„ + (1 - f)w„ , into the expression for the 
nonunion wage, w„ = (1 - bu)w, /(I - P), yields 

0) w n=”^[ f wu+( 1 - f ) w n] 

Substituting the union wage, w„ = (1 + p)w„ , into equation (1) yields 
(l-bu)r , (l-bu) r , 

(2) Wn= (1-p) [ f C 1 + t i ) w n + ( 1 - f ) w n] = ' (1 "p^ [0 + M f )w n ]. 

Simplifying gives us 

(3) (1 - bu)(l + pf) = (1 - P). 

Since (1 - bu)(l + pf) = 1 + pf - bu - bpfu, equation (3) can be rewritten as 

(4) -u(b + bpf) = -p - pf, 

and thus the equilibrium unemployment rate is 

(5) u — . 

b(l + pf) 



(b) (i) Substituting p = f = 0. 15, p = 0.06 and b = 1 into equation (5) gives us 

(0.06) + (0.15)(0.15) 0.0825 

(6) u = - — - = = 0.081. 

1 + (0.15)(0.15) 1.0225 

Equilibrium unemployment is approximately 8.1%, which is higher than the 6% obtained with p = 0.06 and 
b = 1 in the standard version of this model without a union sector. 



In order to determine by what proportion the cost of effective labor in the union sector exceeds that in the 
nonunion sector, we need to calculate the equilibrium effort level in each sector. The union wage as a 
function of the average wage is 
(7) w u = (1 + p)w„ = (1 + p)(l - bu)w, /(I - P). 

Substituting equation (7) and the definition of the index of labor-market conditions, x = (1 - bu)w» , into the 
expression for effort, e = [(w - x)/x] p , gives us 

(1 + p)(l - bu) - (1 - p)(l - bu) 1 13 

(1 - p)(l - bu) J ’ 



(8) e u = 



[(1 + p)(l - bu)w a /(I - p)] - (1 - bu)w a 



IP I 



(l-bu)w a 



or simply 
(9) e u = 

Substituting w„ = (1 - bu)w, /(1-P) into the expression for effort yields 

(l-bu)-(l-P)(l-bu) 
(l-p)(l-bu) 



(10) e n = 



[(1 - bu)w a /(l-P)]-(l-bu)w a 



(l-bu)w a 



1 + p 

U-p> 



iwf 

ll-P/ 



or simply 

(ID e n = 



Ll-P 



-1 



P 



a-p; 
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In the union sector, it costs a firm w„ to buy one unit of labor which provides e„ units 

Thus it costs a firm w„ /e. to buy one unit of effective labor. Using the fact that w„ = 
equation (9), we can write 

(12 ) - w u ( 1 + P> w n 

® u [(fx -f- P)/(l - P)] P 



of effective labor. 
(1 + p)w n and 



t0 3 n0mmi0n firm ° f obtainin 8 one «nit of effective labor is w„ /e. . Using equation 



(13) ^ = 
e„ 



w, 



[p/(l - P)] ^ v 

™.itr atl0n (12) by 6(1113110(1 (13) gives us Ae following ratio of the cost of effective labor in the 
union to the nonunion sector: 



(14) 



w u/ e u _ (1 + H)w n [p/(l-3)l 



p 



-=(l+p) 



l*+p. 



w n/ e n [(P + P)/(1-P)] p 
Substituting p = 0. 15 and p = 0.06 into equation (14) gives us 

nn Wu/6u n i<\f ° 06 ') 006 

(15) — = (1.15) =1.0667. 

w n/ e n '0.21/ 

f ^ ' ab ° r “ * he »** exceeds <he cost of labor in the nonunion sector by a 

nnton wlrs e*tt a “^rtge^ * ° f ^ ' ° 7 ' ™* » »—• 

S “lK ,5 by 03 = 

(10) U = — — -0101 

0.5[1 + (0.15)(0.15)] 0.51125 

^ higher ^ 3b0Ut 10 3% Substitutin g P = 0.15 and p = 0.03 into 



Problem 9.2 

^b^ ® = 1 3,1(1 13,0118 w as S '™’ 1116 finn,s problem is to choose L in order to maximize profits as 

(1) 7t = L“/a - wL. 

The first-order condition is 

(2) dn/d L = L a '* - w = 0, 

and thus the firm's choice of employment is 

(3) L = w- ,/(, - a) . 

Substituting equation (3) into the expression for profits yields 
n = w' ,/(I '“) /a - W tO^lTO-ct) _ w -o/(l-a) ^ 1/a j _ 

and thus the level of profits is 

(4) it = [(1 - a)/a]w' a/(, ' a) . 
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(а) (ii) Substituting equation (3) for L into the union's objective function, U = (w - x)L, gives us 

(5) U = (w-x)x' ,/ °- a) . 

Using equation (5) and equation (4) for profits gives us the following bargaining problem: 

max (w-x^w"^ 1 ^ f- — — 

w LV a / 

It will simplify the algebra to maximize the log of U 7 7 t'‘ Y and so the problem becomes 

max yln(w-x) — hi w + (1 - y)lnf— - -- ^ -- ^ lnw. 

w 1 — a V a / 1 — a 

The first-order condition is 

(б) r . «o-t)i. 0- 

dw w-x 1-aw (1-a) w 

Equation (6) can be rewritten as 

(7) Y _1 _ Y+«~«Y l 

w-x 1-a w 
Cross-multiplying yields 

(8) (1 - a)yw = [a + y(l - a)](w - x). 

Subtracting (1 - a)yw from both sides and rearranging yields 

(9) aw = [a + (1 - a)y]x, 

and thus finally, the wage chosen in the bargaining process is 
a + (l-a)y 

(10) w = x. 

a 



(b) (i) Substituting e - [(w - x)/x] p into the expression for profits allows us to write the firm's problem as 
lfw-xY* 

(11) max it = — I L a -wL. 

L av x / 

The first-order condition is 

and thus the firm's choice of employment is 

fw-xY^ 1 ^ x 

(13) L = |^ — - — -J w _1/(1_a) . 

Substituting equation (15) into the expression for profits yields 

1 (w -x'l a| Yw - y , , f,„ v 1« P/fl-a) 

(14) *=—•[— — — — w -«/d^)_ w Hi/(i-a)] IZl 

a \ x J \ x J V x / 

Since ap + [a 2 p/(l - a)] = [ap - a 2 p + a 2 p]/(l - a) = ap/(l - a) and 1 - [1/(1 - a)] = [(1 - a - 1)/(1 - a)] 
= -a/(l - a), equation (14) can be written as 

(is) 



■ _ xop/a-a) 



a v x 



Collecting terms and simplifying yields 

1 - a f w — xY*^ 1-01 ) * 

(16) tc = — — w“ a/(1_a) 

a \ x / 
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(b) (ii) Substituting equation (13) for L into the union's objective function, U = (w - x)L, gives us 

(17) U = (w - x)(w - x) 1_a (1/x) 1-a w 1-a f 
which simplifies to 

1-«(1-P) ap _-i_ 

(18) U = (w-x) 1_a (1/x) w 1-a 

Using equation (18) and equation (16) for profits gives us the following bargaining problem- 

M « ^POlY) aP(l-V) -a(l-y) 

1-0 (1/x) l -a w I -a I - — — I 



max (w - x) 



W 



— J (w-x) 1 “ <x (1/x) 



l ~ a w 1_a 



^rg^lpTob^^r 1126 Ae 108 0fUr7tH 3nd S0 ’ i8n0ri ” 8 Ae termS not mvolvm g w - we have ^6 following 

max n Z a(l-P)]y y 00(1 -y) a(l-y) 

w 1 -a ^ X; 1 -a l^T“ ln(w “ x) “ _ [I^~ lnw - 

The first-order condition is 



d to(uV 7) [l- a (i_ p)]y 



(19) 

c w 

which can be rewritten as 
( 20 ) — [y-ay(l-p) + ap-a Py ] 1 



1 



J + a P(!-y) 



l 



l-a w-x 1-a w 1-a w-x 1-a w 



a d-y)l _ 0 



l l 

= “ [y +a-ay] — . 

w-x 1-a w 



Multiplying both sides of (20) by (1 - a) and simplifying yields 

(21) [y— a(y — P)]— !— = [a + (l-a)y]— . 

w-x w 

Cross-multiplying gives us 

(22) [y - a(y - P)]w = [a + (1 - a)y](w - x). 

Subtracting yw from both sides of (22) and simplifying yields 

(23) -a(y - P)w = a(l - y)w - [a + (1 - a)y]x. 

Collecting the terms in w gives us 

(24) [-ay + ap - a + ay]w = - [a + (1 - a)y]x, 
which simplifies to 

(25) - [a(l - P)]w = - [a + (1 - a)y]x, 

and thus finally, the wage chosen in the bargaining process is 
a+(l-a)y 

( 26 ) w = — - x . 

a(l-p) 

Note that in the case of p = 0, equation (26) does simplify to equation (10). 

ft) (Hi) The Proportional impact of workers' bargaining power on wages can be measured by the elastieity 

eLaTSl m 'r absal “ 0f effic,ency wa 8 es - 1)16 wa e e chosen in the bargaining process is given by 
equa .on (101 Companng equation (10) to equation (26) we can see that efficiency-wage contention. 

Wage by .* mu hiphcative factor of 1/(1 - p). Thus the presence of efficiency wages does 
not affeathe elasticity given by S[lnw]%. Thus in this model, the proportional impact on wages of 
workers bargaining power is not greater with efficiency wages than without and is not greater then 
efficiency-wage effects are greater. 
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Problem 9.3 

The no-shirking condition (NSC) is given by 

f r n- 



(1) W = * + l P+ E ^Vq' 

and the labor demand curve is given by 

(2) F'(eL) = w/e. 

Equation (2) states that firms choose L so that the marginal product of effective labor equals the marginal 
cost of effective labor, where the wage, w, is set to satisfy (1). 



(a) An increase in p shifts up the no- 
shirking locus. From equation (1), for a 
given NL, the wage needed to get workers 
to exert effort is now higher. Intuitively, 
since workers discount the future more, it 
matters less to them if they are caught 
shirking, are fired and have to go through a 
period of unemployment. Thus at a given 
level of employment, firms must pay a 
higher wage to deter shirking. The labor 
demand curve is unaffected. As shown in 
the figure at right, equilibrium employment 
falls and the equilibrium wage rises. 




(b) An increase in file job breakup rate, b, shifts up the no-shirking locus. From equation (1), for a given 
NL, the wage required to get workers to exert effort is now higher. Intuitively, since workers are more 
likely to lose their job anyway, the value of being employed is lower. Thus workers are not as concerned 
about being caught shirking and fired. So at a given level of employment, firms must pay a higher wage to 
deter shirking. The labor demand curve is unaffected. Equilibrium employment falls and the wage rises. 



(c) The rise in A shifts the labor demand 
curve to the right. The no-shirking locus is 
unaffected. As shown in the figure at right, 
the equilibrium wage rises as does the level 
of employment. Note that if efficiency 
wages were not present, inelastic labor 
supply would mean that increases in 
technology would lead only to increases in 
the wage, not to increases in employment. 
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(d) The vertical portion of the labor supply 
curve shifts to the right. The labor demand 
curve is unaffected. The no-shirking locus 
shifts down. Intuitively, at a given NL, 

L - NL is now higher. Thus at a given 
level of employment, if workers become 
unemployed, they are likely to stay 
unemployed longer. Thus at a given level 
of employment, the cost of shirking is 
greater for a worker and thus firms can get 
away with paying a lower wage to deter 
shirking. From the figure at right, the 
equilibrium wage fells and employment 
rises. 



Problem 9.4 

(a) The total number of unemployed workers is L - NL. If there is no shirking, the number of workers 
becoming unemployed per unit time is the number of firms, N, times the number of workers per firm, L 
times the rate of job breakup, b. In a steady state, this is also the number of workers becoming employed 
per unit tune. If people who have been unemployed the longest are hired first, the length of time it takes to 
get a job, which we can denote t*, is equal to the total number of unemployed workers divided by the 
num er of people who get hired per unit time. For example, if there are 1000 unemployed workers and 100 

become em ployed per unit time, then the number of units of time it takes to get a job is 1 000/100 = 
10. Thus m general 




( 1 ) 



L-NL 
NLb ' 



0>) There is no uncertainty involved when calculating the value of becoming newly unemployed as a 
function of the value of being employed. When a worker loses her job, she knows that she will be 
unemployed for t* = (L - NL)/NLb units of time, at which point she will become employed again. Thus 
the value of becoming newly unemployed is that t* units of time into the future, the individual will have the 
value of being employed. The discounted value of being employed t* units of time into the future is given 
by e' p V E . Thus 6 

( 2 ) V u =e" p(E ' NL)/NLb V E . 

(c) As in the usual version of the Shapiro-Stiglitz model, the firm chooses a wage so that the value of being 
employed, V E , just equals the value of shirking, V s . From equation (9.35) in the text, this implies 

(3) V E -V„--. 

9 

Substituting equation (2) into equation (3) yields 
V E -e -pt *V E = — . 

q 

Solving for V E gives us 
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The next step is to determine what the wage must be in order for the value of employment to be given by 
equation (4). From equation (9.30) in the text for the return from being employed, which is given by 



pVe = (w - e ) - b(V E - Vu ), we can solve for w: 

(5) w = e" + pV E + b(Ve - Vu ). 

Substituting equations (3) and (4) into equation (5) yields 

pe be 

(6) w = e + — — + — . 

(1 — e pt )q q 

Substituting t* = (L - NL)/NLb into equation (6) gives us 



(7) w = e + 



+ b 



Li- e _p(L_NL)/NLb -19 



Equation (7) is the no-shirking condition. Note that as NL -> L (as unemployment goes to zero), there is 
no wage that will deter shirking. This is because as the number of unemployed workers goes to zero, there 
is no line to stand in and wait for a job. An individual who is caught shirking and is fired will be at the 
front of the line and will be rehired instantly. As NL -» 0, the wage needed to deter shirking goes to 
F + (p + b)F /q. This is exactly the same wage needed to deter shirking as NL -» 0 in the standard 
Shapiro-Stiglitz model. 



(d) In order to compare the equilibrium unemployment rate in this model with the equilibrium 
unemployment rate in the Shapiro-Stiglitz model, we need to compare the two no-shirking loci. If the wage 
needed to deter shirking for a given level of employment is higher in one of the two models, equilibrium 
unemployment will be higher in that model. 

Intuitively, in both models, the value of being newly unemployed comes from the possibility of becoming 
employed. For a given level of employment, the expected time to becoming employed is the same in the 
two models. Here it is certain; in die Shapiro-Stiglitz model it is uncertain. That is, in this model, the 
newly unemployed worker knows that she will be rehired in t* units of time; in the Shapiro-Stiglitz model, 
she has probability 1/t* per unit time of becoming employed again and thus on average will be employed 
again in t* units of time. 



Now, since e‘ p * is convex in t, the uncertainty about the time it takes to get employed again in the Shapiro- 
Stiglitz model raises Vu for a given V E relative to this model. This means that firms must pay a higher 
wage in the Shapiro-Stiglitz model, for a given level of employment, to deter shirking. Thus equilibrium 
unemployment is higher in the Shapiro-Stiglitz model. 



More formally, our claim is that 

(8) NSC wage for a given NL in Shapiro-Stiglitz > NSC wage for a given NL in this model. 
From equation (9.39) in the text and equation (7) here, the claim is 



(9) e + 



p + rr 



L-NL 



e 

|— >e + 

q 



Ll-e -pt 



T + b 



Subtracting e from both sides and dividing both sides of the resulting expression by e /q leaves us with 
(10) p+ _ L — b> ~r + b. 



-b>- 
L-NL i- e 



-pt* 



Now, using the definition of t* = (L - NL)/NLb, we can write NLbt* = L - NL or 
(11) NL = L/(l + bt*). 

Substituting equation (1 1) into [L/(L - NL)]b gives us 
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( 12 ) =" 



b = — 



-b = - 



1 + bt * 



L-NL L - [L/(l + bt*)] (1 + bt*) - 1 

Substituting equation (12) into our claim gives us 
P 



b = - 



1 + bt* 



1 + bt* 

(13) p+ — > 



• + b. 



t* l-e -pt * 

Multiplying both sides of (13) by t* gives us the following equivalent expression: 
Pt* 



(14) pt * +1 + bt* > 



1 - e 



-pt* 



+ bt*. 



Subtracting bt* from both sides of (14) and then multiplying both sides of the resulting expression by 
(1 -e p, ‘) yields 



(15) pt*-pt*e -pt * + l-e -pt * > pt*. 

Thus, finally, our original claim is equivalent to 

(16) l-e -pt *-pt*e _pt * >0. 



We need to show that (16) actually holds. Note that it takes the form 1 - e' x - xe" x where x = pt*. This 
expression is greater than zero for x > 0. To formally see this, let f(x) denote the left-hand side of equation 

(16) . Then f(0) = 0 and 

(17) f '(x) = e’ x + xe' x - e x = xe x > 0 for x > 0. 

Thus, since f is equal to zero at zero and is increasing for all x greater than zero, it must be positive for all 
x > 0. Therefore our claim holds and equilibrium unemployment is higher in the Shapiro-Stiglitz model 
than it is in this model. 



Problem 9.5 

(a) The firm obtains e units of effective labor 
for a wage cost of w. Thus the cost to the firm 
of one unit of effective labor is w/e. 



For w/w* < 1, e = w/w* and so we have 
w w 

(!) - = - ■ ;■ - ' - = w*. 
e w/w * 

For w/w* > 1, e = 1 and so we have 
w w 

(2) - = - = w. 
e 1 



See the figure at right, which plots the cost of 
a unit of effective labor, w/e, as a function of 
the firm's wage relative to the fair wage, w/w*. 
minimizes the cost of effective labor. 




We can see that any wage such that w/w* < 1 or w < w*, 



(b) (i) Given the assumption that the firm pays the highest wage in the range described in part (a), it 
chooses w = w*; that is, in order to minimize the cost per unit of effective labor, the firm chooses to pay the 
fair wage. Thus 
(3) w = w +a - bu. 
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(b) (ii) Assume that there is positive unemployment. If this is the case, the firm is unconstrained in its 
choice of the wage and therefore pays the fair wage, nothing more. Since this is true for all firms, the 
average wage, w, must equal w. Thus we have 
(4) w = w + a - bu. 

Solving equation (4) for the unemployment rate yields 
(6) u = a/b. 

Note that the higher is a — the higher above the average wage is the perceived fair wage -- the higher is the 
equilibrium unemployment rate. Also, the lower is b - the less responsive is the fair wage to 
unemployment - the higher is the equilibrium unemployment rate. 

Since we have derived this under the assumption of positive unemployment, we need to verity that this is 
actually the case. If u = 0, then the fair wage is w* = w + a, where we have used the fact that w = w (all 
firms pay the same wage). But if a > 0, this means that w < w* and so firms are paying less than the fair 
wage. But this violates our assumption that firms do not choose to pay below the fair wage. So as long as 
a > 0, there will be positive unemployment in equilibrium. 

(b) (iii) From part (b), (ii), we can see that if a = 0, equilibrium unemployment will be zero. The fair wage 
will equal the actual wage. If a < 0, the perceived fair wage is always less than the average wage for any 
value of unemployment. Thus the representative firm, taking the average wage as given, wants to pay less 
than the average wage. Since workers are willing to work at any positive wage, firms need only pay e 
above zero to get workers to be willing to work, even with zero unemployment. 

(c) 0) Analysis such as that in part (a) continues to hold for each type of worker. The representative firm 
attempts to minimiz e the cost of effective labor for each type of worker. If the firm is unconstrained in its 
choice of w, this can be accomplished by paying any wage such that wi < wi* for the high-productivity 
workers and w 2 < w 2 * for the low-productivity workers. Assuming the firm pays the highest wage in these 
ranges, neither type of worker will be paid less than its fair wage. 

(c) (ii) Firms will hire each type of worker until the cost of one unit of effective labor is the same for each 
type of worker. If this were not the case, firms could reduce their costs by hiring more of the workers with 
lower effective labor costs and fewer of the workers with higher effective labor costs. 

For a low-productivity worker, the firm obtains e 2 units of effective labor at a wage cost of w 2 . Thus the 
cost to the firm of one unit of low-productivity effective labor is w 2 /e 2 . For a high-productivity worker, 
the firm obtains Aei units of effective labor at a wage cost of wj . Thus the cost to the firm of one unit of 
high-productivity effective labor is wi /Aei • Equating these effective labor costs gives us 

W. Wi 

(7) _ L = _^L. 

A e i e 2 

Since both types of workers are paid at least the fair wage, ei = e 2 = 1 and so equation (7) can be rewritten 
as 

(8) W] = Aw 2 . 

The wage for the high-productivity workers exceeds that of the low-productivity workers by a factor of A. 

(c) (iii) In equilibrium, there will be no unemployment among the high-productivity workers. Suppose 
instead that there was. We have just shown that high-productivity workers have a higher wage than low- 
productivity workers and so wi is higher than the average wage or 

(9) W! > (w t + w 2 )/2, 
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where we have used the feet that all firms pay the same wage so that w i = Wi and w 2 = w 2 . Thus the feir 
wage for high-productivity workers is 

(10) w,* = (w, +w 2 )/2-bu, <w,. 

But inequality (10) says that the firm is paying a wage higher than the feir wage to a group that has 
unemployment. But the firm does not need to do this; it is unconstrained in its choice of wi if ui > 0. It 
could cut the wage down to the fair wage level. Thus there cannot be unemployment among the high- 
productivity workers. 

(c) (iv) In equilibrium, there will be unemployment among low-productivity workers. In part (c), (ii), we 
explained that the low-productivity workers receive a lower wage than the high-productivity workers. This 
means that their wage is less than the average wage, or 

(11) W 2 < (W! + w 2 )/2. . 

Now suppose that there was no unemployment among the low-productivity workers. Then the fair wage 

for them would be 

(12) w 2 * = (W! + w 2 )/2 > w 2 . 

But ineq uali ty (12) violates our assumption that firms will not pay a wage below the fair wage. Thus there 
must be some positive unemployment rate, u 2 > 0, such that w 2 = w 2 *. 



Problem 9.6 

(a) Suppose there are N states of the world. Then the firm's expected profits are 
(1) E(it) = SpijAiFai) - Cj^Lj - Ci U (L - L^] . 

i=l 



The expected utility of a representative worker is 
(2) E(u)=Zp i |(^-)[U(C i E )-K]+[^Y ± ^ 




The firm's problem is to choose the L; 
equation (2). Thus the Lagrangian is 

^=Z Pi [A i F(L i )-C i E L i -C i u 

i=l 



's, Ci E 's and Cj U 's in order to maximize equation (1) subject to 



(L-L^J+X 



| iPi |k) [u<Ci B,_ K]+ (^L) u(Ci u 



)| _u 0 



(b) The first-order conditions are 

dJ =p i A i F'(L i )-p i C i E +p i C i u + Xp 1 ^][U(C i E )-K]-Xp i (ijU(C i u ) = 0, 



(3) 



dLj 
8 A 



(4) — = - Pi L i+ X Pi [^-)U'(C i E ) = 0,and 



(5) 



aCi E 

ej 



Li 



8Ci 



u 



— — Pi(L — Lj) + Xpj 



r L-L^ 
L ; 



U'(Ci U ) = 0. 



Solving equation (4) for U * (Ci ) gives us 



(6) U’(Ci E )= L/X. 

Equation (6) implies the marginal utility of consumption for the employed workers is constant across 
and thus, with U " (•) < 0, consumption of the employed workers is constant across states. 



states 



Solving equation (5) for U ' (C* u ) gives us . 
(7) U ' (Cj U ) = L/X. 
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Thus consumption of the unemployed workers is also constant across states. Comparing equations (6) and 

(7) , it is also true that the marginal utility of consumption is the same for both employed and unemployed 
workers. This implies that the level of consumption of both types of workers is the same. That is, 

(8) C E = C U . 

So C E and C u do not depend on the state and are always equal to each other. 

(c) The unemployed workers are actually better off. They consume the same amount as the employed 
workers and do not suffer the disutility of work, K. 

Problem 9.7 

(a) We can maximize 2 E(tc) = Ao F(Lg ) - wLo + Ab F(Lb ) - wLb - FB(Lg ■ Lb ) subject to 
(w - K) + (L b /Lq )(w - K) + [(L G - L B )/L G ]B = 2u 0 . Thus the Lagrangian is 

(1) ^ = AGF(L G )-wLG + ABF(LB)-wLB-fB(LG-L B ) + 

X{(w - K) + (L b /L g )(w - K) + [(L G - L B )/Lg ]B - 2uo } . 

(b) The first-order conditions are 

(2) dj Idw = - Lg - L B + A, + X(L B /L G ) = 0, 

(3) dJ/dU = A B F '(L b ) - w + ffi + (X/L G )(w - K) - (X/L G )B = 0, and 

(4) dJ. Id Lg = Aq F '(Lg ) - w - fB - (XL B /Lq 2 )(w - K) + (XL b /Lq )B = 0. 



(c) We can solve equation (2) for X: 

X[(Lg + Lb )/Lq ] = Lq + Lb , 
or simply 

(5) X = L G . 

Substituting equation (5) into equation (3) yields 
A b F '(L b ) - w + fB + (w - K) - B = 0, 
which implies 

(6) A b F '(L b ) - K - B(1 - f) = 0. 

Differentiating both sides of equation (6) with respect to f gives us 

(7) A b F "(L b ) [dL B ldf\ + B = 0. 

Solving equation (7) for 5 L b /cf yields 

dL B -B 

(8) — — = >0, 

V df A B F"(L B ) 

since B > 0, A B > 0 and F "(•) < 0. Thus a fell in the fraction of the unemployment benefit paid by the firm 
actually causes the firm to hire fewer workers in the bad state. 



Similarly, we can differentiate both sides of equation (6) with respect to B to yield 
(9) A b F "(L b ) [3L B /0B] - (1 - f) = 0. 

Solving equation (9) for 5 L b Id B gives us 



( 10 ) 



dL B 

dB 



A 



as long as f < 1 . 
state. 



— < 0 , 

B F'(Lb) 

Thus a rise in the unemployment benefit causes the firm to hire fewer workers in the bad 



(d) Substituting equation (5) into equation (4) yields 
AgF '(L g ) - w -fB - (L 0 /L g )(w - K) + (L b /L g )B = 0, 
or simply 
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(11) Aq F '(Lo ) - w - fB - (L b /L g )(w - K - B) = 0. 

Equation (1 1) can be rearranged to obtain 

(12) Ag F '(Lo ) - fB = w + (L b /L g )(w - K - B). 

Multiplying both sides of the expected utility constraint by two yields 

(13) (w - K) + (L b /L g )(w - K) + [(L G - L B )/L G ]B = 2u 0 . 

Equation (13) can be rearranged to obtain 

(14) w + (L b /L g )(w - K - B) = 2u 0 + K - B. 



Equations (12) and (14) therefore imply 

(15) A G F'(L G )-fB = 2u 0 + K-B, 

or simply 

(16) Ag F '(L g ) = (2u 0 + K) - (1 - f)B. 

Differentiating both sides of equation (16) with respect to f yields 

(17) Ag F "(L g )[<3L g /df] = B. 

Solving equation (17) for 3L G /df yields 

( 18 ) ^- = ? <0 

Of A g F"(L g ) <0, 

since B > 0 Aq > 0, and F (•) < 0. Thus a fell in the fraction of the unemployment benefit naid bv the 
firm actually causes the firm to hire more workers in the good state. P Y 

Si^ferly ihfferentiating both sides of equation (16) with respect to B yields 

(19) Aq F (L g )[SL g 16 B] = - (1 - f). 

Solving ( 1 9) for 5L G /8B gives us 

(20) = >Q 

dB A G FU G ) ’ 

« long as f < 1. Thus a rise in the unemployment benefit causes the firm to hire more workers in the good 

tZZZZ 6 “ m ™ p]oyment benefits ° r a reduction in the fraction of those benefits paid by firms will 
r^te fluctuations by causing firms to hire less labor in the bad state and more labor in the 

Problem 9.8 

^,, Wlth effi< T ,ent contracts > as shown “ Section 9.5 of the text, C = wL is constant across states In 

” CreaSin8 mAsotaL ° >L » Oven A and green the fact that wL is constant 
profit, it AF(L) - wL, is increasing m employment. Thus when the true state is A B the firm is better off 
announcing feat A ,s actually Ag and employing L G . When the true state is t fee fi ^ 

“ T? T h instate is Ao.it is in the firm's interop to aTo“i fetrueZe 

-0 — dtet^^andaodto^r 

SaJd. e ZfZ° mP 1 atibi% C ? Str ? in ' * h * t is bindin s is flat the finn not prefer to claim that A = Ao 
m A m t r*“ ft' 5 “nstraint holds with equality, this requires 

W a b - C B = A b F(L g ) - Cg . 

£ e ':tT d / d : °i equatIOn W is Ann’s profit in the bad state if it announces fee bad state whereas 
fee right-hand side of equation (1) is fee firm's profit in fee bad state if it announces fee good state The 
other constraint is feat workers' expected utility be equal to u 0 or 
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(2) [U(C B ) - V(L b )]/2 + [U(C G ) - V(L g )]/2 - u 0 

The firm's expected profit is 

(3) E[ir] = [A b F(L b ) - C B ]/2 + [Aq F(L g ) - C g ]/2. 

the problem feeing the firm is to choose L„ , C. , U and Co to maximize expected profits subject to 

cX" “ ) - Co V2 ♦ X. ([U(Cb ) - V(La )]« ♦ PWo ) - V(U W - - ) 
+X, 2 {[Ab F(L b ) - Cb ] - [Ab F(Lg ) " Cg ]} • 

The first-order conditions are 

(5) dJ ldC B = (-1/2) + (l/2)Ai U ' (C B ) - >-2 = 0, 

(6) dJ /8Ca = (-1/2) + (l/2)Ai U ' (C G ) + X 2 = 0, 

(7) 8J I8U = (1/2)A B F ' (L b ) - (l/2)^i V ' (L B ) + X, 2 A B F ' (L B ) - 0, and 

(8) 8J /dU = (1/2)Ag F ' (L g ) - (1/2)X, V ' (L G ) - X 2 A b F ' (L g ) - 0. 

(c) Adding equations (5) and (6) yields 

-1 + (1/2)X, U ' (C B ) + (l/2)Xi U ' (C G ) = 0. 

Solving for Xi gives us 
2 

(9) Xl = U'(C B ) + U'(C G )' 

Substituting equation (9) into equation (5) yields ?U'tCn) 

2U'(C b ) -U (Cr)-U (Cq) + 2U (*-bJ 

2X 2 = -l + u , (Cb) + U'(C G ) ~ U'(C B ) + U'(C G ) 
and thus 

U'(C B )-U'(C G ) 



° 0) Xl 2[U'(C b ) + U'(C g )] 



Substituting equations (9) and (10) into equation (7) yields 

! V'(L b ) ApF > (L b )[U , (C B )-U , (C g )1 



(11) ~A b F'(L b )- 



= 0. 



„ U'(C B ) + U'(C G ) + 2[U'(C b ) + U'(C g )] 

Multiplying both sides of equation (1 1) by 2[U * (C B ) + U • (Cg )] gives us 

(12) AbF'(Lb)[U’(Cb) + U'(Cg)]-2V , (Lb) + AbF'(L b )[U (Cb)-U (Co)] 

Simplifying yields 

(13) 2A b F ' (L b ) U ' (C b ) = 2V ' (L b ), 
and finally 

x VXLb) 

(14) A B F'(L B )- • 

Equation (14) states that in fee bad state, fee margmal product and fee marginal disutili* of labor are 
equated. 

(d) Substituting equations (9) and (10) into equation (8) yields 

, V(Lo> A R F(L 0 )lU'(C B )-U-(Co)L n 

(15) -A 0 F(L 0 ) u . (Cb) + U '(C 0 ) 2[U'(C b ) + U'(C 0 )] 

Multiplying both sides of equation (15) by [U ' (C, ) + U • (Co)] end rearranging yields 
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(16) 



A 0 F-(L 0 )[u-(C B ) + U'(C r ,)l A B F-(L G )[u-(C B )-U'(C r ,)l 



= V'(L 0 ). 



2 2 
Dividing both sides of equation (16) by U ' (C G ) and factoring out an F ' (L G ) from the left-hand side 
leaves us with 

a g , A B ^ A g U'(C b )-A b UXC r ) ' 

. 2 2 2U'(C g ) 



This is equivalent to _ 

a A g ;A b A g U'(C b )-A b U'(C r ) 
”* - + _ + 



FUo 

U'(C 0 ) 



2 2 
Collecting terms yields 



2U'(C g ) 



i Ar, +■ 



U'(C B ) 



2 LU'(C g ) 
and thus finally 



-1 



Ab 


’u'(C B ) 


2 


U'(C G ) 



-1 



F'(L 0 ) = ^> 
U'(C G ) 



fyl y v '( l g ) 

g) U'(C 0 )’ 



07) f Ao 4^^ te)- U>( C G ) | FXLg ) = ^o) 

{ ' 2 J[ U'(C G ) JJ 1 G ' U'(C G )‘ 



The contract must clearly involve L G > L B and must therefore have C G > C B to be incentive-compatible. 
[Note that if L G = L B , then C G must equal C B for incentive-compatibility. But then equation (10) implies 
X 2 = 0, which implies that equations (7) and (8) cannot both be satisfied ] Since C G > C B , it follows that 
u ’ (C B )> U ' (Co ) and so the second term in brackets is positive. Thus V ' (L G )/U ' (C G ) exceeds 
Ac F (Lo ). The marginal disutility of work exceeds the marginal product of labor in the good state or in 
other words, there is overemployment in the good state. 

(e) Given the fact that there is no unemployment in the bad state and overemployment in the good state, 
this model does not appear to be helpful in understanding the high level of average unemployment. But 
since it is in the good state that the overemployment occurs, the model does suggest a reason that 
employment might be procyclical and more responsive to shocks than under symmetric information. 

Problem 9.9 

(a) (i) The firm chooses L in order to maximize profits as given by 

(1) n = AL“ /a - wL. 

The first-order condition is 

(2) &k/6L = AL a '' - w = 0 => L a ‘‘ = w/A => L = (w/A) I/(a ‘ ,> , 

and thus the firm's choice of L is 

(3) l = A ,/(1 ‘ a) w' ,/(I ' a) . 



(a) (ii) Substituting equation (3) for the firm's choice of L into the union's objective function yields 
U u = [U(w) - K]A ,/(1 ‘ ot) w' 1 ^ + U(w u ) [N - A ,/(1 ' a) w - ,/(,<t) ] y 

Collecting terms gives us 

(4) U u = A ,/(, -“> w' ,/(, ' a) [U(w) - K - U(w„ )] + U(w D )N. 

The union's problem is to choose w in order to maximize its utility as given in equation (4). The first-order 
condition is 

(5) dU u /dw = -[1/(1 - a)] A 1/(, ' a) [U(w) - K - U(w D )] + A ,/(, * 0) w' 1 ' 0 ^ [U ’ (w)] = 0. 

Equation (5) can be written as 
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[1/(1 - a)] A ,/(, ' a) vF**** [U(w) - K - 
which simplifies to 

[1/(1 - a)]w' 1 [U(w) - K - U(w. )] = U ' 
and thus w is defined implicitly by 
U(w) - K- U(w u ) 



(6) w = 



1-a 



U'(w) 



U(w u )] = A 1/(lHX) W - ,/(, ‘ a) U • (w), 
(w), 



Although equation (6) only defines the union's choice of the wage implicitly, we can see that this choice 
does not depend on the shock to labor demand, A. From equation (3), since w does not vary with A, the 
elasticity of L with respect to A is 
3LA dlnL 1_ 

(?) 6A L _ 01nA~l-a‘ 



(b) The union's objective function is 



(8) U u = [U(w) - K]L + U(w u ) [N - L], 


w 




L s 


If the wage is such that U(w) - K > U(w„ ), then the 
union's objective function is maximized by having all of 
its members employed; that is, by choosing L = N. If the 
wage is such that that U(w) - K < U(w„ ), the union's 
objective function is maximized by having no one 








employed. Finally, if the wage is such that that 
U(w) - K = U(w u ), the union is indifferent as to how 
many of its members are employed. 








The union's labor supply curve under spot markets is 




N L 



depicted in the figure at right. The way in which the I — 1 

wage and employment vary with A will depend on whether the labor demand curve intersects the 
completely elastic or the completely inelastic portion of the labor supply curve. 

So first of all, if the labor demand curve intersects the inelastic portion, L does not vary with A under spot 
markets; employment does not vary in response to shocks to labor demand. Rearranging equation (3) to 
solve for w yields 

(9) w = AL‘ ,/(, " a) , 

where L = N. Thus the elasticity of the wage with respect to A is 

dw A <31nw 

( 10 ) = = 1 . 

3A w 6 In A 

However, if the labor demand curve intersects the elastic portion of the labor supply curve, we get the 
opposite result. The real wage does not respond at all to changes in A. From equation (3), this means that 
the elasticity of employment with respect to A is 1/(1 - a). 

(c) (i) With spot markets, the union takes w as given and chooses L to maximize U u = wL - [o/(a + 
l)]L (a+,)/c . The first-order condition is 

(11) au u /aL = w-L ,/a = o, 

and thus the union's choice of labor supply as a function of the wage is 

(12) L = w a , 

and so o represents the elasticity of labor supply with respect to the wage. 
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Under spot markets, w will adjust to equate labor demand and labor supply. Setting the right-hand sides 
equations (3) and (12) equal to each other gives us 

(13) A ,/(Nx) w- ,/(, - a> = w a => Aw' 1 = w° (,H1) , 
and thus the spot-market wage is 

( 14 ) w = A i/H^(i-a)i 

The elasticity of the spot-market wage with respect to the labor demand shocks is 
dw A din w 1 

3A w dlnA l + a(l-a)‘ 

Substituting equation (14) into either the demand or supply curve will give us equilibrium employment. 
Substituting it into equation (12) yields 
(16) l = A° /ll+CT(I ' a)] . 

The elasticity of employment with respect to the labor demand shocks is 
dL A d In L a 

dA L d In A l + a(l-a) 



(c) (ii) Substituting equation (3) for the firm's choice of L into the union's objective function yields 
(18) U u = A 1/(1_a) w“ a/(1_a) - [o/(o+ l)]A (CT+1)/CT(1 ~ a) w _(a+1)/o(1_a) . 



The union's problem is to choose w in order to maximize its utility as given in equation (18). The first- 
order condition is 

tU / _ N 



(19) 



air 

dw 



■ = (— 
U-cx 



A l/(l-«) w -l/(l-a) 



f CT ) 


cr+1 


lo+lJ 


_a(l-a)_ 



A («i+l>/o(l-a) w [-((T+l)-c3(l-a)]/cj(l-a) _ q 



Equation (19) can be written as 

(20) aA 1/(1 ' a) w" 1/(1_a) =A (w+1) /°< 1_a >w [ " (CT+1) " 0(1 " a)1/o(1 “ a) 

Taking both sides of equation (20) to the exponent ct( 1 - a) yields 

(2 1) a*'* A° w* = A° +1 w <a+l) ' CT °- a) , 



or simply 

(22) w ' [,+0 ( , ‘ a )l = a °o-<x) A -i^ 

and thus the union's choice of w is 



(23) w =a°^ 1 " a ^ 1 ‘^ 1 ' a ^ 

And thus the elasticity of this wage determined by the union with respect to the labor demand shocks is 
dw A ainw 1 

dA w ainA l + <r(l-a) 

This is exactly the same elasticity as when the wage was determined by the spot market. Thus with this 
union objective function, the behavior of the wage in response to labor demand shocks does not depend on 
whether or not unions get to set the wage or whether the wage is determined by supply and demand in a 
spot market. 



Substituting equation (23) into the firm's choice of L given in equation (3) yields 

(25) L = A 1 ^ 1_a ^a _< ^ 1_ct ^ 1-a ^ 1+c ^ 1_a ^A~ , ^ 1-a ^ 1 ' H ^ 1-a ^ 

Combining the terms in A gives us 

L = a-o/ll-KJd-a)] A [ 1 -KKl- a H]/(l-oX 1 -w(l-a)] 

9 

or simply 

(26) L = a l+o( 1-a)] A o/[l+o( l-a)J 

The elasticity of equilibrium employment with respect to A is 
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3L A dlnL a 
^ dA L 31nA l + c(l-a) 

Again, this is exactly the same elasticity as in the spot-market case. With this union objective function, 
whether there is a spot market or whether the union sets the wage, the behavior of employment in response 
to labor demand shocks is the same. 

Problem 9.10 

(a) (i) The union's problem is to choose w and L in order to maximize [U(w) - K]L + U(w u )[N - L] subject 
to AL“ fa - wL > Ho • Since the union has no reason to give the firm profits greater than ito , it satisfies the 
constraint with equality. The Lagrangian is 

(1) A = [U(w> - K]L + U(w„ )[N - L] + X[AL a /a - wL - tc 0 ]. 

(a)(ii) The first-order conditions are 

(2) dA fdw = U ' (w)L - XL = 0, and (3) dA fdL = U(w) - K - U(w„ ) + XAL 01 ' 1 - Xw = 0. 



(a) (iii) The wage is the means by which the union extracts the rent from being able to reduce the firm s 
profits to its minimum required level. 



(a) (iv) From equation (2), X = U ' (w). Substituting this fact into equation (3) yields 

(4) U(w) - K - U(w„ ) + U ' (w)AL a ‘' - U ' (w)w = 0. 

Rearranging equation (4) yields 

(5) U ' (w)AL“-' = U ' (w)w - U(w) + K + U(w n ), 
and thus solving for the union's choice of L gives us 

U«A 



(<) L L U'(w)w - U(w) + K + U(w u ) J 
From equation (6), the elasticity of employment with respect to the labor demand shocks is 



(7) 



3L A 31nL 1 



dA L 3 In A 1-a 



> 0 . 



In part (b) of Problem 9.9, if labor demand intersected the elastic portion of labor supply, the elasticity of 
employment with respect to the labor demand shocks was the same as it is here. 



(b) Now the union's problem is to choose w and L in order to maximize wL - [c/(a + 1)]L ( ° subject to 

AL a /a - wL > Tto . The Lagrangian is 

(8) A — wL - [ct/(ct + l)]L <c * 1>a + X[AL CT fa - wL - ito ]. 



"The first-order conditions are 

(9) dA fdw = L - XL = 0, and (10) dA Id L = w - L ,/a + XAL"’ 1 - Xw = 0. 
From equation (9), X = 1. Substituting this fact into equation (10) gives us 

(11) w-L 1/a + AL“-'-w = 0. 

Equation (1 1) can be written as 

L 1/ct = AL^ 1 => L [ t-o(a.i)VCT _ a, 

and thus the union's choice of L is 

(12) L = A*^ 1 ' K * 1 '' aM . 

The elasticity of employment with respect to the labor demand shocks is 
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( 13 ) dL A 8 InL a 

8A L 8 InA l + cr(l-a) 

Note that this is exactly the same elasticity as in the spot market case; see equation (17) in the solution to 
Problem 9.9. Thus equilibrium employment varies in exactly the same way (due to the labor demand 
shocks) re^rdless of whether the union controls the wage and employment or whether the labor market 
equilibrium is determined by the forces of demand and supply. 



Problem 9.1 1 

(a) hi equilibrium, the number of people in the primary sector will be equal to the number of employed 
people, which in turn equals the number of primary sector jobs, N p , plus the number of unemployed people 
in e economy, U. Since people are picked at random for jobs, in equilibrium, the probability of obtaining 
a primary-sector job, q, is equal to the total number of jobs, N p , divided by the equilibrium pool of 
primary-sector workers, N p + U. Thus in equilibrium 
(1) q = N p /(N p + U). 



In addition, in equilibrium, the expected utility of choosing the primary sector, < 
the expected utility of choosing the secondary sector, w s . Thus in equilibrium 
(2) qw p + (1 - q)b = w s . 



Solving equation (2) for q gives us 
(3) q = (w a - b)/(w p - b). 

We have two conditions that q must satisfy in equilibrium. Setting the right-hand sides of equations (1) and 
(3) equal, we have M w 



N p /(N p + U) - (w s - b)/(w p - b) => N p (w p - b) = N p (w, - b) + (w s - b)U. 
Solving for equilibrium unemployment we have 
(w 5 - b)U = (w p - w, )N P , 
or simply 

(4) U = 



w P~ w s 

w s ~b ) 



K 



(b) To see how an increase in the number of primary-sector jobs affects unemployment, take the derivative 
of U with respect to N p : 

Pi 



dN. 



w s -b 



since we are assuming b < w, < w p . Equation (5) implies that a rise in the number of primary-sector jobs 
actually increases equilibrium unemployment. The fact that there are more of these jobs does for a given 
number of primary-sector workers, increase the likelihood of getting a job. But that very fact encourages 
more people to choose the primary sector over the secondary sector. And indeed, so many more people 
c oose the primary sector that the number of primary-sector workers who do not get jobs actually rises. 



(c) To see the effects of an increase in the level of unemployment benefits, take the derivative of U with 
respect to b: 

d\J (w p -w s ) 

(6) — = — - r N o >0. 

5b (w s -b) 2 p 

Thus unemployment rises when b rises. Again, the intuition is that higher unemployment benefits make the 
primary sector more attractive. Thus more people choose the primary sector. Since there are a fixed 
number of jobs in the primary sector, more people will end up unemployed. 
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Problem 9.12 

(a) Note that V = E[w - Cn' ] = E[w] - CE[n' ] and is the expected value of the wage the worker will 
eventually accept if she searches more minus the expected cost of further searching. The expected cost of 
further searching is the expected number of jobs to be sampled multiplied by the (known) cost of sampling 
each job. Thus V can be interpreted as the expected value of further searching. Clearly, if the worker is 
offered a job that pays a wage of w, where w exceeds the expected value of further searching, it is optimal 
to stop searching and take that job. However, if the wage offered is less than the expected value of further 
searching, it is optimal to reject that job and continue searching. 



(b) Note that 

00 

(1) V = F(V)V + Jwf(w)dw - C 

w=V 

can be rewritten as 
00 

fwf(w)dw 

(2) V= w=v 

K) l-F(V) l-F(V) 

Consider the first term on the right-hand side of equation (2). The denominator is the probability that a 
wage drawn from the distribution will be greater than the cutoff, V. Thus this first term represents the 
expected wage conditional on that wage being greater than the reservation wage of V. 

Now consider the second term on the right-hand side of equation (2). Since 1 - F(V) is the probability of 
drawing a wage greater than V, 1/[1 - F(V)] is the expected number of jobs that will need to be sampled in 
order to draw a job with a wage greater than V. For example, if the probability of drawing a wage greater 
than V is 1/2, then on average it will take two draws in order to obtain a wage greater than V. Therefore, 
C/[l - F(V)] is the expected cost of sampling jobs. Thus V = E[w] - CE[n'] must satisfy equation (2). 



(c) By Leibniz's rule and the chain rule, we have 



6 


00 

1 wf(w)dw 

_w=V(C) 


d 


CO 

\ wf (w)dw 
_w=V(C) 


av 


(3) - 


ac 




dV 


ac 



av 



- vf(v) ^- 



Differentiating both sides of equation (1) with respect to C and using the result in equation (3) yields 



av 

(4) ac“ 



av 

f(v) ^ 



av av 

V^Vj—VfyV)-- 1 . 



Collecting terms in equation (4) gives us 

(5) [1 - F(V)]av/ac = -1, 

or simply 

av -1 

( 6 ) = . 

V ’ ac l-F(V) 

With F(V) < 1, aV/aC < 0 so that an increase in the cost of sampling jobs reduces the value of the 
reservation wage. 



(d) A searcher will never accept a job that she has previously rejected. From equation (2), V is a constant. 
If a searcher rejects a job paying some wage w, it must mean that w is less than V and will always be less 
than V. Thus the worker will never accept the job paying w . 
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Problem 9.13 

(a) The distribution of wages is depicted at 
right. The cost of sampling a job, C, is also 
depicted under the assumption that C < p. Over 
the interval from (p - a) to (p + a), this uniform 
distribution has a probability density function 
given by „ 

(1) f(w) = l/2a, 

and an associated cumulative distribution 
function given by 

(2) F(w) = —^~ a) , 

2a 

As explained in the solution to part (b) of 
Problem 9. 12, the cutoff or reservation wage, V, must satisfy 
H+a 

(3) V = F(V)V+ Jwf(w)dw - C. 

w=V 




N<rte that we can write the upper bound of the integral as (p + a) since f(w) = 0 for all w > (p + a) 
Substituting equations (1) and (2) into equation (3) yields 

(4) v J V “^‘ a) 



2a 



H+a 

V+ J(w/2a)dw-C. 
w=v 



The value of the integral in equation (4) is 

• •in t~ — 



M+ a 1 

(5) J (w/2a) dw = — 
w=v 2a L 2 



1 2 | w =H+al 1 r , ,, 

~ w lw,v J = 3rk +a ) - y ] 



giwf us 1 *" 8 6(11131,011 ^ mt ° equation ^ 311(1 multiplying both sides of the resulting expression by 4a 

(6) 4aV = 2V 2 - 2(p - a)V + (p + a) 2 - V 2 - 4aC. 

Collecting terms yields 

(7) V 2 - 2(p + a)V + (p + a) 2 - 4aC = 0 . 

Using the quadratic formula, we have 

*»■ 2 (P + a)± A /4(p+a) 2 -4(p + a) 2 +16aC 2(p + a) + 4VaC 
. 2“ ^ ~ 2 

We can ipiore the solution with V > (p + a) since (p + a) is the highest possible wage. Thus V is given by 
(9) V = (p + a) - 2a 1/2 C . 

Note that if there is no cost to sampling a job so that C = 0, then V = (p + a) meaning that the worker 
simply keeps searching until she is offered the highest wage in the distribution. In addition, if C = a, then 

V - (p + a) - 2a or V = (p - a) meaning that the worker will accept any wage. Finally, if C > a, then 

V < (p + a) and so again, the worker accepts any wage that is offered. 



To see how V vanes with a (which measures the dispersion of wages), use equation (9) to find the 
denvative of V with respect to a: 

(10) dV/da = 1 - a' 1/2 C 1/2 = 1 - (C/a) ,/2 

With C < a, a rise in a increases the reservation wage, V. The fact that there are now more higher paying 
jobs increases the value of further searching and thus increases the cutoff wage. 
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Problem 9.14 

(a) From equation (9.82) in the text, the rV v locus is given by 

(1) rVy = -C + * — A. 

v a + a + 2b + 2r 

Thus an increase in b directly reduces rV v for a given level of employment. However, a and a also depend 
on b and so we must examine how a rise in b affects them for a given level of employment. From equation 
(9.83) in the text, a, the rate at which unemployed workers find jobs, is 
bE 

(2) a = — . 

L-E 

Thus a rise in b increases a for a given level of employment. From equation (1), a rise in a reduces rVv for 
a given level of employment. From equation (9.86) in the text, a, the rate at which vacancies are filled, is 

(3) a = K 1 ' 7 (bE) (lM)/Y (L - Ef y . 

With y < 1, a rise in b reduces a for a given level of employment. From equation (1), 

5[rV v ] A(a + a + 2b + 2r)-aA A(a + 2b + 2r) 

(4) — 9 9 

(a + a + 2b + 2r) 2 (a + a + 2b + 2r) 2 



-> 0 . 



da 



same direction. The rise in the job breakup 
rate, b, reduces rV v for a given level of 
employment. Thus the rV v locus shifts down 
as shown in the figure at right. 

The equilibrium level of employment, which is 
given by the intersection of the rVv locus with 
the free-entry condition that implies rVv = 0, 
falls from E to E*®* . 




(b) We need to determine if the rVv locus shifts up or down as a result of the increase in r. At a given 

level of employment, since a and a do not depend on r, we have 

5[rV v ] -2<xA 

(5) — — = r<0. 

dx (a + a + 2b + 2r) 2 

Thus the rVv locus shifts down; the equilibrium level of employment falls as a result of the increase in the 
interest rate. See the figure from part (a). 



(c) At a given level of employment, a, which is 
given by bE/(L - E) does not depend upon K. 
At a given level of employment, a, which is 
given by K ,/7 (bE) (y ' 1)/y (L - E) p/y , is increasing 
in K. As shown in equation (4), a rise in a 
causes rV v to rise for a given level of 
employment. Thus an increase in the 
effectiveness of matching, K, shifts the rVv 
locus up as depicted in the figure at right. The 
increase in the effectiveness of matching causes 
the equilibrium level of employment to rise 
from E to Emew • 
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Problem 9.15 

(a) Substituting equation (9.77), (V E - Vu ) = w/(a + b + r), and equation (9.78), which is given by 

(Vf-V v )= (A - w)/(a + b + r), into the assumption that fraction f of the surplus goes to the worker 
whereas fraction (1 - f) goes to the firm yields 

r - 1 ■'a - 

A - w 



0) (1-f) 



w 



a + b + r 



= f 



La + b + r J 



We need to solve for w. Rearranging equation (1) and obtaining a common denominator gives us 
w(q + b + r) - w[f(a + b + r)] + w[f(a + b + r)] fA 

(a + b + r)(a + b + r) a + b + r’ 

or simply 

(3) w[a(l - f) + fa + b + r] = £A(a + b + r), 
and thus w is given by 

fA (a + b + r) 

(4) w — . 

fa + (1 - f)a + b + r 



Substituting equation (4) into equation (9.77), (V E - Vu ) = w/(a + b + r), yields 

(5) V E -Vu= — (a + b + F) = — 

[fa + (1 - f)a + b + r](a + b + r) fa + (l-f)a + b + r' 

Equation (9.75) in the text states that rV v equals -C + a(V F - V v ). Our assumption about how the surplus 
is split implies that V F - V v = [(1 - f)/f][V E - Vu ]. Thus 

(6) rV v = -C + <x[(l - f)/f][V E - Vu ]. 



Substituting equation (5) into equation (6) yields 
(7) rV v = -C + — = -C + - 



(l-f)a 



■A. 



f fa + (l-f)a + b + r fa + (l-f)a + b + r 
It is straightforward to verify that equation (7) reduces to equation (9.82) in the text when f = 1/2. 

Recognizing the feet that a and a are functions of E, and imposing rV v = 0 gives us 

(8) -C + ^ (E > A = 0 

fil(E) + (1 - f)a(E) + b + r 

Equation (8) is analogous to equation (9.87) in the text. 



(b) For a given level of E, a and a do not depend on f. Thus we can use equation (7) to examine the effect 
of a change in f on the rVy locus. We have, for a given level of employment, 

( 9 ) dt rV vl _ -aA[fa + (1 - f)q + b + r] - (1 - f)aA(a - a) 

df fe + (1 - f)q + b + r 

The sign of <5[rVy /df] will be determined by the sign of the numerator in equation (9). Simplifying that 
numerator, we have 

-qA[fa + (1 - f)q + b + r] - (1 - f)qA(a - q) = 

-fcxAa - (1 - f)q 2 A - qA - qA(b + r) - qAa + fqAa + (1 - f)q 2 A = -qA(a + b + r) < 0. 
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Thus an increase in f causes rVv to 
be lower for a given level of E. That 
is, it causes the rV v locus to shift 
down as shown in the figure at right. 
An increase in the fraction of the 
surplus that goes to the worker 
reduces the equilibrium level of 
employment. Intuitively, the only 
decision that a firm has is whether to 
enter or not. If f rises, so that the 
worker gets a bigger fraction of the 
surplus from a job, entry is less 
attractive. Thus the equilibrium 
level of employment falls. 




Problem 9.16 . 

After the fall in A, there is no reason for firms whose positions are filled to discharge their workers. Thus 

employment and unemployment do not change discontinuously at the time of the shock. The reduced 
attractiveness of hiring does cause the value of a vacancy, V v , to fall. However, since exiting is not 
allowed, we do not require Vv = 0 and so vacancies do not change. Since employment, unemployment and 
vacancies are not affected at the time of the fell in A, the number of new matches, M — KU P V*, continues 
to equal the flows into unemployment, bE. In summary, if we rule out entry and exit, unemployment and 
vacancies do not respond at all to the fall in A. 



Problem 9.17 

(a) In a steady state, M(U, V) = bE(N). The number of matches per unit time mustequal the number of 
jobs that end per unit time. In addition, the number of unemployed workers is U = L - E(N) and the 
number of vacancies is V = N - E(N). Substituting these expressions for U and V into the matching 
function, M(U, V) = KU P V', and setting it equal to bE(N), we have 

(1) bE(N) = K[L - E(N)] P [N - E(N)] Y . 

To find how E varies with N, differentiate both sides of equation (1) with respect to N: 

(2) bE • (N) = Kp[L - E(N)f' [N - E(N )] Y [-E ' (N)] + K[L - E(N)] P y[N - E(N)] r4 [1 - E ' (N)]. 



Simplifying yields 

Kp[L - E(N)] P [N ~ E(N)] Y [~E'(N>] Ky[ L - E(N)] P [ N - E(N>] Y [ 1 - E'(N)] 

(3) bE (N) = L-E(N) + N-E(N) 



Using equation (1) for bE(N), equation (3) can be written as 
Collecting the terms in E ’ (N) and dividing through by b yields 



(5) E'(N) 



l + = 



pE(N) yE(N) 



L-E(N) N - E(N) J N - E(N) ’ 



yE(N) 



or simply 
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(6)E'(N) = 



yE(N) 

-^~ E(N) yE(N)[L-E(N) ] 

1 + ^^N) + N~^) t N " E(N )H E " £ (N)] + PE(N)[N - E(N)] + yE(N)[L - E(N)| ' 



(b) Since welfare is given by W(N) = AE(N) - NC. the change in welfare due to a change in the number of 
joos is given oy 

(7) W ' (N) = AE ’ (N) - C. 

Substituting equation (6) into equation (7) yields 

(8) W'(N) yE(N)[L-E(N>] 

[N - E(N)][L - E(N)] + PE(N)[N - E(N)] + yE(N)[L - E(N)] A " C 

^In T ** ,,EQ " SUbSCnptS 011 N ’ recal,in 8 Aat N is ^ nu "*er of jobs 

m equilibrium. In the case of r = 0, equation (9. 82) in the text simplifies to 

(9) C = aA/(a + a + 2b). 

Substituting a = a = bE(N)/V(N) into equation (9) gives us 

(10> C bE(N)/ [L - E(N)j + bE(N)/V(N) + 2b A ‘ 

Multiplying the top and bottom of die right-hand side of equation (10) by V(N)[L - E(N)l/b yields 

„n E(N)[l -E(N)1 

E(N) V(N) + E(N) [ L - E(N)] + 2 V(N) [ L - E(N)] A ’ 

Finally, using the definition of V(N) = N_- E(N), equation (1 1) can be written as 

(12) C = E(N)[L-E(N)1 

E(N) [N - E(N)] + E(N) [ L - E(N)] + 2 [ N - E(N)] [ L - E(N)] A ' 

(d) Using the definitions of U(N) = L - E(N) and V(N) = N - E(N), equation (12) for C can be rewritten 

(13) c= 

E(N)V(N) + E(N)U(N) + 2V(N)U(N) 

m '° eq " ati0 ' 1 <8) * iV “ ”* the f0ll0Wi ” 8 exprKsi0 " for how welftre ** 

(14) W'(N) = a{ yE(N)U(N) E(N)U(N) 1 

V ( N )U(N) + PE( N ) V( N ) + yE(N)U(N) E(N)V(N) + E(N)U(N) + 2V(N)U(N) J ' 
A fter obtaining a common denominator, the sign ofW’ (N) will be determined by the sign of 

wh~r + E(N)U(N) + 2V(N)U(N)J - U(N)[V(N)U(N) + PE(N)V(N) + yE(N)U(N)], 

(y - p)U(N)E(N)V(N) + (y - y)E(N)U(N) 2 + (2y - 1)V(N)U(N) 2 = U(N)V(N)[(y - P)E(N) + (2y - 1)U(N)]. 

fort dittuSl 0 - r ' SLwu be deteT T^ by Sign 0f (r ‘ P)E(N) + (2 V - ! )U(N). Finally, using the 
fact that U(N) - L - E(N), the sign of W ’ (N) will be determined by 

(15) sign[(y - P)E(N) + (2y - 1)L - (2y - 1)E(N)] = sign[(2y - 1)L + (1 - y - P)E(N)]. 

1x7- C ° nStant r6tUmS “ ** Sign of W ’ (N) is determined by the sign of (2y - 1) 

If y 1/2, W (N) > 0 and thus an increase m the equilibrium number of jobs would raise welfare or in 
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other words, equilibrium unemployment is inefficiently high. But if y < 1/2, W ' (N) < 0 and thus an 
increase in N reduces welfare and so equilibrium unemployment is inefficiently low. 

If y = 1/2, the sign of W * (N) is determined by the sign of (1 - y - P) = [(1/2) - p]. Thus if p < 1/2 so that 
y + P < 1 — matching has decreasing returns — W ' (N) > 0 and so equilibrium unemployment is 
inefficiently high. But if p > 1/2 so that y + p > 1 - matching has increasing returns - W ' (N) < 0 and so 
eq uili brium unemployment is inefficiently low. Thus a greater role of unemployment in creating matches 
(that is, a larger value of p given y) makes it more likely that the decentralized equilibrium involves too 
many jobs. 
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Problem 10.1 

(a) From m t - p t — c - b(E, p t +i - p, ), collecting the terms in p t yields 



p, (1 + b) = m, - c + bE, p t+ i , 
and so p t is given by 




(b) Equation (1) holds in all periods so that we can write p,+. as 

f b ( 1 ' 



(2) Pt+i = 



Vl + b 



E t+iP 



t+2 



Vl + b 



(m t+1 -c). 



Taking the expected value, as of time t, of both sides of equation (2) yields 



(3) E tPt+1 = 



1 + b 



E t p 



t+2 



1 

Vl + b 



(E t m t+ i-c), 



where we have used the law of iterated projections, which states that E, E,+i p t+2 = E, p t+2 If this did not 
hold, individuals would be expecting to revise their estimate of p,+ 2 either up or down, which would imply 
that their original estimate was not rational. 



(c) Substituting equation (3) into equation (1) yields 

<4) Pt = (l+b) E ' Pt+2+ (T7^1 ,m '- c ) + (T7b) (Etm < + '- c * 



Again using the fact that equation (1) holds in all periods, we can write p, +2 as 

' b V ( IV , 

|m t+ 2 -c). 



(5) Pt+2 = 



1 + b 



E t+2Pt+3 + 



i* v 1 7 

£)<■ 

Taking the expected value, as of time t, of both sides of equation (5) gives us 
( 6 > E tPt+2=(Y7^) E tPt+3 + (^]( E t m t+2~c)» 

where we have again used the law of iterated projections so that E, E, +2 p, +3 = E, p,+ 3 . Substituting equaticm 
(6) into equation (4) leaves us with 
\3 



(7) Pt = 



1 + b 



E t P t+3 + 



1 



1 + b 



( m t _c ) + (7^)( E t m t+i _ c ) + (iTb ) ( Etmt+2 ~ c ) 



The pattern should now be clear. We can write p t as the following infinite sum: 



(8) Pt = 



Vl + b 



^ mt ” c ^ + (l7b)f Etm,+1 " c ) + (l7b] ( E t m t+ 2 -°) ( E t m t+3-c)+... 



(d) With output and the real interest rate constant, the price level must adjust to clear the money market. 

If m t+ j is higher, p,+j will need to be higher to clear the money market. Thus if individuals expect, in period 
m t+i-i , that nvn will be higher they will also expect p^i to be higher. Thus in period t + i - 1, expected 
inflation will be higher. This reduces real money demand in period t + i - 1 . For a given value of m,+j.i , 
this means that pt+i-i will need to rise to clear the money market. Now go back one more period. Suppose 
that individuals expect, in period t + i - 2, that m t +j will be higher. Then they expect, through the reasoning 
above, that p t +j.i will be higher. Thus expected inflation in t + i - 2 will be higher, real money demand will 
be lower and thus p t +i. 2 will be need to be higher to clear the money market. Reasoning backward, as soon 
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as people expect the nominal money supply to rise in some future period, the price level will rise in the 
current period. 



(e) Equation (8) can be written using summation notation as 



(9) Pt = 



1 00 
— r 

1 + b i=o 



1 + b 



(E t m t+ i-c). 



Substituting the assumption that Et m, +i = m t + gi into equation (9) yields 



(10) p t = 



1 



1 + b j-o'v 1 + b 

Now we can use the facts that 



(m t +gi-c) = 



1 



1 + b 



*/ b 

(m t - c )L 



b Y */ b Y 

i^Vl+bJ +8 5il+bJ 



(11) X 



i=0 Vl + b 



= i + 



1 + b/ vl + b 



+...=• 



1 



l-[b/(l + b)] 



= l + b. 



and 



(12) Zi 



b / (1 + b) 



b / (1 + b) 



= b(l + b) . 



i=o ^1 + b/ {l-[b/(l + b)]r 1 / (1 + b)" 

Equation (12) uses the result that 

(13) fix 1 =-^4-. 
i=0 (1 ~ x) 2 

A (not entirely rigorous) way to see why (13) and thus (12) hold is to note that with x < 1, we have 



(14) 1 + x + x 2 +x 3 +... = . 

1- X 

Differentiating both sides of equation (14) with respect to x (which means differentiating term by term on 
the left-hand side) gives us 



(15) l+2x+3x 2 +...= 5-. 

(1-x) 2 

Multiplying both sides of equation (15) by x yields 

(16) x + 2x 2 +3x 3 +...= y ■ 

(1-x) 

Note that (16) and (13) are equivalent; the left-hand side of equation (13) is simply the left-hand side of 

(16) written in summation notation. 



Substituting equations (1 1) and (12) into equation (10) yields 

(17) Pt =Y~^[( m t -c)d+b)+ g b(i+b)]. 

Thus the price level is given by 

(18) p, = (m t -c) + bg. 



To see how the price level changes when money growth changes, use equation (1 8) to take the derivative of 
p, with respect to g: 

(19) ^- = b>0. 

dg 

Thus a rise in money growth, even without a rise in the level of the current period's money supply, causes 
an upward jump in the current price level. 




214 Solutions to Chapter 1 0 



Problem 10.2 

(a) Substituting the normalized, flexible-price level of output, y 0 = 0, into the IS equation, y 0 = c - aro , 
gives us 0 = c - ar 0 . Solving for the real interest rate in period 0 yields 

(1) r 0 = c/a . 

Since the nominal money stock is expected to be constant, the price level is expected to be constant and 
thus expected inflation from period 0 to period 1 is 

(2) E 0 [pi ] - po = 0. 

The nominal interest rate in period 0, i 0 = r 0 + [Eo [pi ] - po ], is simply equal to the real interest rate: 

(3) i 0 = c/a. 

Finally, substituting the assumptions that mo = 0 and y 0 = 0 as well as equation (3) into the LM curve, 
mo - po = b + hy 0 - ki 0 , yields - p 0 = b - (ck/a) or simply 

(4) p 0 = (ck/a)-b. 

(b) In period 2, the economy is once again at the flexible-price equilibrium level of output, which is 0. 
Substituting this fact into the IS equation allows us to solve for the real interest rate in period 2: 

(5) r 2 = c/a. 

Since expected inflation from period 2 to period 3 is equal to g -- the price level is expected to rise by the 
same amount as the nominal money supply each period -- the nominal interest rate in period 2 is given by 

(6) i 2 = (c/a) + g. 

Since m was equal to 0 in period 0 and then increases by g in each following period, the nominal money 
supply in period 2 is m 2 = 2g. Substituting this fact as well as y 2 = 0 and i 2 = (c/a) + g into the LM 
equation leaves us with 
2g - p 2 = b - (ck/a) - kg. 

Solving for p 2 gives us 

(7) p 2 = - b + (ck/a) + (2 + k)g. 

(c) The price level is completely unresponsive to unanticipated monetary shocks for one period. Thus the 
price level in period 1 does not change from its period 0 value and hence 

(8) p, = (ck/a) - b. 

The expectation of inflation from period 1 to period 2, Ej [p 2 ] - Pi , is therefore 

(9) E| [p 2 ] - pi = - b + (ck/a) + (2 + k)g - (ck/a) + b = (2 + k)g, 
where we have used equations (7) and (8) to substitute for p 2 and pi . 



Now substitute the IS equation, y, = c - ar t , into the LM equation, mi - pi = b + hyi - kii , to obtain 

(10) mi - pi = b + he - ahr t - kii • 

By assumption, the nominal money supply in period 1 is g. In addition, ii = n + [Ei [p 2 ] - pi ], which, 
using equation (9), is equivalent to ii = r t + (2 + k)g. Substituting these facts as well as equation (8) for the 
price level into equation (10) gives us 

(11) g - (ck/a) + b = b + he - ahri - kri - (2 + k)kg. 

Simplifying and collecting the terms in n yields 

(12) ri [ah + k] = he + (ck/a) - g - (2 + k)kg. 

Thus the real interest rate in period 1 is given by 

he + (ck/ a) - g - (2 + k)kg 

(13) r ‘ 5TH; 

Finally, substituting equations (9) and (13) into ii = X\ + [Ei (p 2 ] - pi ] gives us 

he + (ck/a) - g - (2 + k)kg , x he + (ck/a) - g - (2 + k)kg + (2 + k)ahg + (2 + k)kg 

(14) i 1= — + (2 + k)g = . 

ah + k 

Thus the nominal interest rate in period 1 is given by 



ah + k 
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(15) ij = 



he + (ck/a) - g + (2 + k)ahg 



ah + k 



(d) Using ^ 05) " 

i i" i o = ^ (C/a)= + k 

Simplifying yields 

(2 + k)ahg - g 
(16) ij - io = T~T • 

We can determine the condition required of the parameters in order for the nominal interest rate to fell from 
period 0 to period 1 ; that is, for i, - i 0 < 0. From equation (16), this condition is 

g[(2 + k)ah — l] Q 

ah + k 
or simply 

The smaller is a (the elasticity of output with respect to changes in the real interest rate), the smaller is ^h 
fthe income elasticity of real money demand) and the smaller is k (the interest semi-elasUcrty of real money 
S i more Seely it is for the condition in (17) to be satisfied and thus the more likely it is for the 

nominal interest rate to fall in response to the monetary expansion. 

For the nominal interest rate, i = r + < to fell, we need the liquidity effect to^l* ** TriS'Vtth 
inflation effect That is, we need the real interest rate to fall by more than expected inflation nses^ With 

by assumption in period 1, y and i must adjust to ^ure money market » 

k is small changes in i will not affect real money demand very much. We need y to nseto 
mtmevdemand and get it equal to the new higher real money stock. If h is small, we need y to nse a let m 
"^"hSs U y is to rise a lot, we need - from fee IS equarion - fee 
a lot If furthermore, a is small, we need r to fell a lot just to generate an increase m output. Thus sma 
values of k, h, and a all work to make the drop in r larger and thus make it more likely that i wil 

«o ft' nominal money supply in period t + 1 is felly reflected in the price 'ovelbypenod 
t + 2 That is the only reason fee price level will change from penod t + 1 to period t + 2 is if fee 
nou-zero realization of u in period t + 1 From the law of iterated projections, we have 

StaMfe^e^’vata,^ ^periodri It um is zero, the price level is not expected to change from period 
t + 1 to period t + 2. Thus 

(2) Et [Ehi [pt+2 ] -pt+i] = 0 

Since the LM equation must hold each period, we can write 

(3) nu+i - Phi = b + hyt+i - Wi - k(Et+i IP* 2 1 " . jakina the expected value of both sides of 

where we have substituted in for it+i — r t +i + (Et+i [pt +2 ] P*+i )• 8 P 

equation (3) yields _ 

( 4 ^ F.ni* ,i — E*o + 1 1 = b H" hy kr , . 

where we have used the result from equation (2) that E, [Em [Pm ] - Pm ] = 10 m th^r 

Zl^ly depend on fee um shock, which is expected to be zero, they are expected to be equal to then 

average values. 
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(b) Rearranging equation (4), we have 

(5) EfPt+l = E t m t+1 - b -hy + kr. 

yields ~ ^ + ^ ^ m * +1 = m * Us “S ^ ls fact 311(1 subtracting p, from both sides of equation (5) 

(6) E,p t+ j -p t =(m t -p t )~ b-hy + kr. 

As explamed in part (a), expected inflation is equal to u, and thus we can write 

(7) u t =(m t -p t )-b-hy + kr. 

Substituting m, = m,., + u, into equation (7) and rearranging to solve for p, yields 

(8) p, =m t _! -b-hy + kr. 



Tbe next step is to solve for output in period t. Rearranging the LM equation to solve for i, yields 

(9) ! t =[b + hy t -(m, -p t )]/k. ** 

From equation (7), we have 

(10) (m t -p t ) = u , +b + hy-kr. 

Substituting equation (10) into equation (9) gives us 

(11) •_ b + hy t -u t - b-hy + kr h(y t -y) + kr-u t 

k k ' 

Substitutmg equation (1 1) for i, and using the fact that n t e = u, , the IS equation becomes 

( 12 ) y , -*>+*-■ 1 



Collecting the terms in y t , we have 
r i i I . 



+ au* 



03) 



k + ah 



ahy-akr + au t 
y t= c + ~ + au t , 



L k . 

which implies 

(14) y k c + ahy-akr + au t +kau t 

‘ k + ah ’ 

and thus ouqiut in period t is given by 

(15) 3 - kc + a[hy - kr + (1 + k)u t 1 

k+ah 

In order to deteimine the real interest rate, rearrange the IS equation to obtain 

(16) r, = (c/a) - (y t /a). 

Substituting equation (15) into equation (16) yields 

( 17 ) r c kc + a[hy-kr + (l + k ) Uf 1 

a a(k + ah) ' 

which implies 

(18) r t -- ck + cah ~ kc ~ a [ h y -kr + (l + k)u f ] ch-[hy-kr + (l + k)u f 1 

a ( lc + ah) k + ah 

Thus the real interest rate in period t is 

(19) h(c - y) + kr - (1 + k)u f 

k + ah 

The nominal interest rate is i, = r, + 7 t, e , where n, e = u, : 

(20) i, = r, + u, . 

Substituting equation (19) into equation (20) gives us 

(21) i t - _ h ( c ~y) + k ^-( 1 + k)u t +(k + ah)u f h(c-y) + kf + (ah-l)u t 

k + ah 



k + ah 
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(c) From equation (2 1), with n t e - u, , we have 
h(c - y) + kf ah — 1 _ e 
(22) i t = k + ah ~ + i^h 7Ct ' 

From eauation (22) we can see that changes in expected inflation are not reflected one-for-one in the 
nominal rate. This is due to the fact that prices are completely unresponsive to the monetary disturbance 
for one period. This means that, in general, output and the nominal interest rate will adjust to c : ear e 
money market. In order for output to change, the real interest rate must change and therefore, in gene , 
the nominal interest rate will not move one-for-one with inflation. 



Problem 10.4 

(a) Under rational expectations, 

to is uncorrelated whh anytog taro™, at «. Now consider the regression: 

(2) i» = a + bttt+i "t" 6( . , 

Using the hint in the question, the OLS estimator of b is given by 

r cov(i,,7t t+1 ) 

(3) b= - r - • 

var(it t+1 ) 

Using i t = r, + E, and equation (1), we can write the covariance in the numerator as 

(4) cov(it , 7Tt+i ) = cov(r t + Et ftt+i > ^t+i ®hi )• . • • 

Since r« and E, ir t+ , are uncorrelated and s t+ , is uncorrelated with anything known at t, this imp les 

Agahushig^uatim (1)! the Variance in the denominator of equation (3) can be written as 

var( 7 rt+i ) = var(Et rc t+i + e t+i ) = var(Et ftt+i ) + var(s t +i ), 

2L we have used the fact that cov^ , e t+1 ) = 0. Substituting equations (5) and (6) into equation (3) 

allows us to write the OLS estimator as 
var(E t 7i t+1 ) 

(7) b = — — <L 

var(E t rc t+ i ) + var(e x+ \ ) 

The hypothesis that the real interest rate is constant, so that changes in expected inflation cause one-for-one 
movements in the nominal interest rate, only predicts that the coefficient on a., should be posfve and less 

than one, not that it will take on any specific value. 

(b) Now consider a regression of the form 

(8) jc t+ , = a* + b' i, + e,’. 

The OLS estimator of b' is of the form 

r, cov(i t ,ttt+i) 

(9) b var(i t ) ‘ . . _ 

The covariance in the numerator of equation (9) is still given by equation (5). Since 1 , - r, + E, w l+ , , we can 

write the denominator of equation (9) as 

i!hereTe (l 'have^the' fe^coW, E«^.) = 0- Substituting equations (5) and (10) into equation (9) 

gives us the following OLS estimator: 
var(E t 7t t+1 ) 

(11) b' = — — — “• 

The hypothesis that the real interest rate is constant, so that var(r) = 0, predicts a coefficient of one on l, . 
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(c) Consider the following regression: 

(12) i, = a + b 0 rc, + bi rc,., + ... + b„ rc,. n + e, . 

So, for example, the coefficient b 0 represents the direct impact on i, of a change in rc, , holding the other rc's 
constant. 

Now suppose that the behavior of actual inflation is given by 

(13) rc, = p7c t -i + e, . 

If i, = r + E, 7t,+i , with r constant, changes in expected inflation should cause one-for-one movements in i, . 
Thus since rc, +] = prc, + e,+i , a change in rc, of Arc, will cause E, rc, +] , and thus i, , to change by pArc, . So 
we would expect b 0 = p in the above regression. 



But now, controlling for rc, , the other variables - rc,., , ..., rc,. n ~ provide no new information about rc, +I . 
Any effect that rc,.i , say, has on rc,+, is already captured indirectly by rc,.i's impact on rc, . Thus we would 
expect b, = ... = b„ = 0 in the above regression. Thus the claim is incorrect since we would have 
b 0 + bi + ... + b„ = p, not b 0 + bi + ... + b„ = 1. 



Problem 10.5 

(a) We have rc, = p, - p,., and rc, e = p, e - p,.i . Thus rc, - rc,' = (p, - p,., ) - (p, e - p,.i ) = p, - p, e . We can 
therefore write the Lucas supply function as 

(1) y, = y + b(p, - p, e ). 

Setting aggregate supply equal to aggregate demand (which is given by y, = m, - p, ) gives us 

(2) m, - p, = y + b(p, - p, e ). 



Solving equation (2) for p, yields 
1 b , 1 

(3) P t =" — -m* +■ 



Pt 



y 



l + b 1 l + b l + b 
With rational expectations, the expected value of both sides of equation (3) must be equal. Hence 
e l/ \ b e 1 
( 4 > Pt =— ( m t-i +a )+77TPt -Trry. 



l + b' 



l + b 



l + b 



where we have used the fact that the expected value of m, = m,.i + a + e, is equal to m,., + a since s is white 
noise. Subtracting equation (4) from equation (3) yields 

(5) Pt _p * = 77b mt 'TTb^*- 1 +a )=T^( mt ~ m t-i _a )- 

Substituting equation (5) into equation (1) gives us 

_ b / \ 

(6) y t =y + — (m t -m t _j - a). 



(b) From equation (6), we can see that we also need to know a, as well as m, and m,„i , in order to 
determine the current level of output. Intuitively, equation (6) says that only unexpected money affects 
output since the difference between m, and (m,.j + a) is the random shock, e, . However, if we don't know a, 
we cannot determine how much of the change in the nominal money stock from period t - 1 to period t was 
due to a (and thus was expected) and how much was due to e (and thus was unexpected). 



(c) Again, it must be true that with rational expectations, the expected value of both sides of equation (3) 
must be equal. However, the expected value of m, is now m,.i + p(0) + (1 - p)a = m,.i + (1 - p)a since 
private agents believe that the probability that a = 0 is p. Thus 



(7) 



p ' = T7b( mM +<1 ' p)a l + T7b p * 
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Subtracting equation (7) from equation (3) yields 

(8) Pt ~ P? = — [ m t ~ m t-l - 0 " P) a ] • 

1 + b 

Substituting equation (8) into equation (1) gives us 

(9) y t =y + “[m t -m t _ 1 -(l-p)a]. 

(d) Equation (6) holds in any period in which there is no regime shift. Thus if there is no regime shift in 
period t - 1, we can write 

(10) y t -i=y+— ( m t-i~ m t-2-a)- 

1 + b 

Subtracting equation (10) from equation (6) yields 

(1 1) y t " yt-1 = — [( m t - m t-l) " ( m t-l “ m t-2 )] • 

Defining Ay t = y t - y,., and Am, = m, - m,., , we have 

(12) Ay t =— [Am t -Am M ]. 

Equation (12) states that in the absence of regime shifts, output growth is determined by the change in 
money growth. 

If there is a regime shift in period t, equation (9) holds. Subtracting equation (10) from equation (9) yields 

vt - y t -i = 7“^[( m t - m t-i ) - ( m t-i - m t-2 )] + Y^I a " (1 " P )a l » 

or simply 

pab b r i 

(13) Ay t = — +— [Amt-Amt.j]. 

Under the null hypothesis of no credibility of the announcement of the regime shift, p = 0, the first term on 
the right-hand side of equation (13) is equal to zero. Thus if the announcement is not believed, equations 
(13) and (12) are identical. Thus we can run a regression of Ay, on [Am, - Am,., ] and a dummy variable 
that equals one in the period of a regime shift. The coefficient on that dummy variable will reflect the 
amount of credibility of the policymaker's announcement. In fact, since we will have an estimate of 
b/(l + b) and can determine a (the average change in the money stock before the regime shift), we can 
calculate an estimate of p from the coefficient on the dummy variable. 

Problem 10.6 

(a) (i) The one-period nominal interest rate is given by i, 1 = E, tc,+, since the real interest rate is assumed 
constant at zero. Since 71,+, = Am,+, , we have 

(1) i, 1 = E, Am,+, . 

Since money growth is given by 

(2) Am, = kAm,., + 8, , 

and since equation (2) holds in all periods, we can write 

(3) Am,+, = kAm, + s,+, . 

Substituting equation (3) into equation (1), we have 

(4) i, 1 = E, [kAm, + e, + 1 ] = kAm, , 

where we have used the fact that Am, is known as of time t and E, [s,+, ] = 0. 
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(а) (ii) The expectation, as of time t, of the nominal interest rate from period t + 1 to t + 2 is 
(5) E, i t+ i = E, itf +2 = Et Am, +2 . 

Since equation (2) holds every period, we cafl write 

(б) Am, +2 = kAnvi + e, +2 . 

Substituting equation (3) into equation (6) gives us Am, +2 as a function of Am, : 

(7) Am, +2 = k 2 Am, + ke^i + e,* 2 . 

Substituting equation (7) into equation (5) gives us 

(8) E, it+i 1 = E, [k 2 Am, + kB t+1 + 6, +2 ] = k 2 Am, , 

where we have used the fact that Am, is known at t and the s's are mean-zero disturbances. 

S i ; at i onal - ex P ectatlon s theory of the term structure, the two-period interest rate is 

W U - L 1 + Et it+i ]/2. 

Substituting equation (8) into equation (9), we have 

(10) i, 2 = [i, 1 + k 2 Am, ]/2. 

From equation (4) kAm, = i,' and so equation (10) can be rewritten as 

(1 1) i, 2 = [i, 1 + ki, 1 J/2 = i, 1 (1 



t V eqU * tl ° a ( 1) ’ a " se “ k Wl11 the two-period interest rate, i, 2 , for any given one- 

penod rate. For a given level of inflation in period t, expected inflation for period t + 1 will now be higher 
Thus for a given one-penod interest rate in t, the one-period rate in t + 1 is expected to be higher. 

Therefore i, , which is the average of the one-period rate in t and the expected one-period rate in t + 1 will 
now be higher for a given i, 1 . F * 1 

hfotethat as k goes to one, so that money growth and thus inflation approach a random walk, the two- 
period “»terest rate becomes equal to the one-period interest rate. That is because with inflation a random 

pmod s “ flat,on . (and 111113 next P enod ' s one-period nominal rate) is expected to be equal to this 
period s inflation (and thus this period's one-period nominal rate). 

^ ® Equation (4) holds in all periods and thus the actual one-period interest rate in t + 1 is 

(12) W =kAnvi • 

Substituting equation (3) into equation (12) yields 

(13) it+j 1 = k 2 Am, + ke^, . 

Thus 

(14) i,+i* - i, 1 = k 2 Am, + kE, + , - kAm, = k(k - l)Am, + ke, + , . 

From equation (11), we can write 

(15) i, 2 - i,* = [i,» (1 + k)/2] - i, 1 = [i, 1 (1 + k - 2)/2], 
or substituting in for i, 1 = kAm, , we have 

( 16 , ,2 

i t 2 • 



Using the hint in the question, the OLS estimator of b in the following regression - 

(17) i,+i - 1 , — a + b[i, 2 - i, 1 ] + e^j , 

is given by 

(18) g_ cov t(i!-n-ij)>(i?-i!)] 

var(i?-ij) 

Using equations (14) and (16), the covariance in the numerator of (18) can be written as 
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(19) cov[(i{ +1 -i{),(i 2 -i{)] = cov 



k(k - l)Am t + kE t+1 , 



k(k-l)Am t 



Since e is white noise and var(Am, ) = a e , we have 

, i2i k 2 (k - 1) 2 , 

(20) cov[(iJ +1 - ij ),(i? - i{ )] = <* e • 

Using equation (16), the variance in the denominator of equation (18) can be written as 

(21) var(i?-ii)= k (k ~ 1) -a e 2 . 

Substituting equations (20) and (21) into equation (18) gives us 



k 2 (k-l) 2 2 

— /r *• 



(22) b = — j 



= 2 . 



k"(k-l y 



(b) (ii) With the time-varying term premium, equation (16) becomes 

:2 i k(k - l)Am t 

(23) i t -i t = - +O t - 

Using equations (14) and (23), the covariance in the numerator of equation (18) is now given by 

(24) cov[(i} + j - i{ ), (i 2 - i} )] = cov 



k(k - l)Am, 
k(k-l)Am t +ke t+1 , +0 t 



Since s and 0 are white noise, this is simply 

, , , , k 2 (k - 1) 2 , 

(25) cov[(i‘ +1 -ij),(i? -»!)] = cj e 2 . 

This covariance is the same as it was without the time-varying term premium. However, the variance of 
(i, 2 - i t ‘ ) will change however. It is now given by 

2 , k 2 (k-l) 2 2 

(26) var(i J - i| ) = a, 2 



■s +a e ’ 



where we have used the fact that the covariance between e and 0 is zero. 



Substituting equations (25) and (26) into equation (18) gives us 



k 2 (k-l) 2 2 

— rr 



(27) b = 



^k 2 (k — l) 2 



+ Oq 2 1 + 



4oe 2 

U 2 (k-1) 2 



(b) (iii) Since k 2 ( k - 1) 2 reaches a maximum at k = 1/2, the OLS estimator is highest when k = 1/2. For 
k > 1/2, an increase in k (more persistent money growth and inflation), reduces the value of the OLS 
estimator. As k approaches one, so that money growth, inflation and thus the one-period nominal interest 
rate all approach random walks, the OLS estimator goes to zero. 

Problem 10.7 __ 

As described in the text, in equilibrium, output equals y and inflation equals it* + (b/a)(y* - y ). 
Substituting these values into the loss function given by equation (10. 1 1) in the text, which is given by 
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L (I/2)(y - y») ! + (l/2)a(it - a*) ! , yields the following value of the loss function in equilibrium 

(,, L BQ^y_ yf+ I a [i(y.--)P f (y ._. )2 l^.^^ 



or simply 

(2) L^wjfy.-y) 2 



1 +- 



a 



Oufout equals y in equilibrium, regardless of the value of a. Thus to see how foe equilibrium loss varies 
with a, use equation (2) to take foe derivative of L EQ with respect to a- 
cU EQ -b 2 

( <0 

to 3 " Cr T LEQ n * “ ■ * redUC,i0 " ta “* of increases the 

a ®‘ ven * • *“ mar 8 mal cost of additional inflation is now lower for foe policymakfr For a 

rfrt for LLvjT ■ beC ° meS ° Pt T a u '° *“ * hlgher inflation rate But the puhhc knows this anTfous foe level 
2 u .u , ‘ S n0W hlgher A tums °“ to ft« that rt EQ exceeds rr* by more thaTh^ fo 

outwerghs the foot that any given deviation in a* 2 from a* has a lower cost to socie^r. 

Problem 10.8 

(a) Suppose that 7c differs from ir in some period to Then n' = b/a for all nnH^e ,a 0 * c . . 

^ nte,o ° mto Ucas supp,y » - ? + - *• > 8 iv't“: 8 m 

(1) y. = y + b(jt, - b/a) for all t > to . 

p^its?srr P r^i^r' ,he equimrim ' k rach penod is “*■*■ ^ 

(2) w, - y + b(7t, - b/a) - an, 2 12 for all t > to . 

The first-order condition for the choice of inflation is 

(3) dw, /dn, = b - an, = 0, 

and thus the policymaker chooses 

(4) n, = b/a for all t > to . 

Since n, ^n, — b/a, then from the Lucas supply function we have 

(5) yt - y for all t > to . 

1L°!TT StaP '?’ 3SSUme that *» mcnctary authority chooses to depart form a » a in 

r,r L r^, y "^r 8 r:r “ a 

(6) yo - y + b(ji 0 - b/a). 

affm *l!Ttht^TS'!7 mker « Ch °° Sm8 to - a , the particular choice of a. does not 

mauers to ^ 

(7) w 0 =y +b(n 0 -n)-(an 0 2 /2). 

The first-order condition for the choice of n 0 is 
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(8) dvr 0 /dito = b - ait 0 = 0, 

and thus the policymaker chooses 

(9) 7i 0 = b/a. 

With this choice of inflation, using the Lucas supply function, output in period 0 is given by 

(10) yo = y + b[(b/a) - n ]. 

Substit uting equations (9) and (10) into the policymaker's objective function, w 0 = yo - (ait 0 2 /2), yields 

(11) w 0 = y + (b 2 /a) - bit - (b 2 /2a), 
or simply 

(12) w 0 = y + (b 2 /2a) - bit . 



As shown in part (a), in all subsequent periods after the policymaker has deviated, it, = b/a and y, - y . 
Substituting these values of output and inflation into the objective function, w, = y, - (ait 2 12), gives us 

(1 3) w, = y - (b 2 /2a) for all t > 0. 

Thus the policymaker's lifetime objective function if she deviates is given by 

(14) W D = y + (b 2 / 2a) - bit + lp*[y-(b 2 /2a)l. 

t=i 

Pulling the [y - (b 2 /2a)] out of the summation sign and using the feet that, since p < 1, we have 



(i5) ip* =p+p 2 +p 3 +...=p(i+p+p 2 +...)=p/a-p), 

t=l 



2a 



we can write the lifetime objective function as 

< i6 > w D =y4- bi+ (4r y ' 

or simply 

( 1 1 

(I 7 ) W D = — y-bk + 

VI — py 



= 1 +- 



1-P 



y — bit + 1 — 



i-p; 



b_ 

2a 





b 2 


Il-P j 


2a 



If the policymaker chooses it = it every period, output will be equal to y every period. The policymaker's 
objective function in each period is therefore given by 

(18) w, = y - (air 2 /2). 

Thus the policymaker's lifetime objective function if she does not deviate is given by 

(19) W*® = I p* [y - (ait 2 / 2)] . 



t=o 



Pulling the [y - (ait 2 /2)] out of the summation sign and using the feet that, since p < 1, we have 

(20) IP*=1 + P + P 2 +...= 1/(1-P), 

t=0 

we can write the lifetime objective function as 



(21) W*® = 






~ 2 
an 



(c) One way of solving the problem is to calculate the benefit and cost of deviating as a function of n and 
the other parameters. We can then examine the range of it 's over which the cost exceeds the benefit and 
thus the range of it 's over which the policymaker will choose not to deviate from it = it . 
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The benefit of departing from it = it in some period to is that welfare in period to is y + (b 2 /2a) - bit [see 
equation (12)] rather than y - (ait 2 IT) [see equation (18)]. Thus the benefit of deviating, B, is 
B = y + (b 2 /2a) -bit - y + (an 2 IT), 
or simply 

(22) B = (b 2 /2a) + (ait 2 IT) - bit . 



The cost of deviating is that in all periods subsequent to to , welfare will be y_- (b 2 /2a) [see equation (13)] 
rather than y - (ait 2 IT). Thus the cost of deviating in each future period is y - (art IT) - y + (b /2a) or 
simply (b 2 /2a) - (ait 2 IT). The total cost of deviating, discounted to time to is 

(23) C= S p t_t o[(b 2 / 2 a)-(ait 2 /2)]=[(b 2 /2a)-(aii 2 /2)](p + p 2 +P 3 +..-)- 

A A. i 1 l 



t=t„+l 



o — 

p ) 


b 2 


-2 ” 

an 


u-pJ 


2a 


2 



(24) C = 



We can plot the benefit and cost from deviating as a function of it First, we will deal with the bene t 
from deviating. From equation (22), we have 

(25) dB/dn = ait - b, and (26) & B/dn 2 = a > 0. . R = h 2 n* 

Thus B is a parabola that reaches a minimum at it = b/a. From equation (22), at it 0, B n / . 

Finally, at its minimum at it = b/a, B = (b 2 /2a) + (b 2 /2a) - (b 2 /a) = 0. B, the benefit from deviating as a 

function of it , is plotted in both figures below. 



Now dealing with the cost of deviation, we have from equation (24) 

(27) dCldn = - [p/(l - P)]ait , and (28) d 2 C/dn 2 = -[p/(l - P)]a <0. 

Thus C is an inverted parabola that reaches a maximum at it = 0. From equation (24), the value of the 
cost of deviating at it = 0 is given by C = [p/(l - P)](b 2 /2a). In addition, at it = b/a, C - 0. 




The case of P < 1/2 - so that p/(l - P) < 1 - is depicted in the left figure. The case of P > 1/2 - so that 
p/(l - P) > 1 is depicted in the right figure. 
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We need to solve for the values of n where the benefit of deviating equals the cost of deviating. Setting the 

_ /man _ 1 /r\ A \ - 1 t n fll C 



arc 



2a 2 
or simply 

1 )ait 

• pj2 



— b-fc = 



1-P 



b_ 

2a 



aii 2 



1 + 



p ] 


an J 


l-pj 


2 



-- bit + 1 — 



p y 

l-p/2a 



= 0, 



(29) 



-b* + 



l-2pV 



• = 0 . 



vl-p; 2 U-p;2a 

Multiplying both sides of equation (29) by (1 - p)2a gives us an equivalent condition for B - C : 

(30) a 2 n 2 - 2a(l - P)b« + (1 - 2P)b 2 = 0. 

Using the quadratic formula, we have 



, U1C 4U0U1OUV ~ ' — _ 1 

2ab(l - P) + ^4a 2 b 2 (1 - P) 2 - 4a 2 b 2 (l - 2P) ~ 1 + 2P 1 

* = l ? 



b(l - P) - bp 
a 



b(l-2p) 

a 



(31) % = 

Some further algebra yields 

. 2ab(l - P) ± 2abp b(l - p) ± bp 

02) — _* — — -r— ■ 

and thus finally 

„ b(l-p) + bp b - _ 

(33) *!=— — J = “, 2 nd (34) « 2 - a a 

These two values^f n for which the benefit of deviating just equals the cost of deviating are depicted in the 
figures above. Note that for the case of p > 1/2 - the figure on the right - n 2 is negative and is thus not 
relevant. We can now interpret the figures. 

For the case of P > 1/2 - depicted in the figure on the right - the cost of deviating exceeds the benefit of 
deviating for any n such that 0 < ft < b/a. With these values of the parameters, the policymaker will 
choose not to deviate from *- ft. Right at % = b/a, the policymaker is mdifferent and feet at * -b/a, 
deviating is actually the same as producing n = i. Finally, for any value of it > b/a, die benefit of 
deviating exceeds the cost of deviating and hence the policymaker will in feet deviate from it it . 

For the case of P < 1/2 - depicted in the figure on the left - the cost of deviating exceeds the benefit of . 
deviating for any value of it such that [b(l - 2P)]/a < it < b/a. With th«e^ of fee parsers, the 
policymaker will choose not to deviate from it = it Right at it - b/a and it [b(l - 2p)]/a 
policymaker is indifferent. Finally, for any value of it < [b(l - 2P)]/a or it > b/a, the bene g 

exceeds the cost of deviating and hence the policymaker will in fact deviate from it - it . 

For the policymaker to actually set it = 0 if n = 0, we would need the cost of deviating to exceed 
benefit of deviating, evaluated at n = 0. From our earlier discussion, we know this will be true as long 
p > 1/2. Thus regardless of the values of a and b, the policymaker will choose to set inflation to zero if 
n = 0 as long as fee discount rate is greater than 1/2. 

(a) We can use fee same technique as in part (c) of fee solution to Problem 10.8. We can examinefee 
range of it 's over which fee cost of deviating from setting it = it exceeds fee benefit of deviating, ms 
gives fee range of n 's over which fee policymaker chooses it = it each period. The benefit from deviating, 
B, is fee same as it was in Problem 10.8. Thus we have 
(1) B = (b 2 /2a) + (ait 2 /2) - bit . 
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The cost of deviating in some period is that in the following period, 7 t* = b/a rather than ti® = n . As shown 
in part (a) of the solution to Problem 10.8, when n c - b/a, the policymaker chooses it = b/a. Thus output is 
equal to y in the following period. Note that since the policymaker chooses n = iC in the period after 
deviating, expected inflation reverts to it 9 = it in all subsequent periods. Thus there is only a one-period 
cost to deviating in this setup. Specifically, the cost is that in the period after deviating, the value of the 
policymaker's objective function is y - (b 2 /2a) rather than y - (air 2 II). Discounting that back to the 
period in which the deviation occurs yields the following cost, C: 

(2) C = P[y - (ait 2 /2) - y + (b 2 /2a)] = p[(b 2 /2a) - (ait 2 12)]. 



We can now plot the benefit and cost of deviating as a function of it . The benefit from deviating is the 
same as in Problem 10.8 and so we can concentrate on the cost. From equation (2): 

(3) dC/dn = -Pair , and (4) & C/dir 2 = -Pa < 0. 

Thus C is an inverted parabola that reaches a maximum at it =0. From equation (2), the value of the cost 
of deviating at it = 0 is given by C = p(b 2 /2a) < (b 2 /2a) since p < 1 . The next step is to solve for the 
values of it where the benefit of deviating equals the cost of deviating. Setting the right-hand sides of 
equations (1) and (2) equal to each other yields 



an 2 pb 2 

• + b7t = 

2 2a 



Pair 2 



(1 + P)a *2 

71 

2 



M+ .< , - p)b 



= 0. (5) 



2a 2 2a 2 2 2a 

Multiplying both sides of equation (5) by 2a gives us an equivalent condition for B = C: 
(6) (1 + P)a 2 it 2 - 2abit + (1 - p)b 2 = 0. 

Using the quadratic formula, we have 



„ 2ab ± ^4a 2 b 2 - 4a 2 b 2 (1 + p)(l - P) 2ab±^4a 2 b 2 1-1 + p" 
Tt = ^ = r 



( 7 ) 

2a (1 + P) 

Some further algebra yields 

2ab±2abp b(l±P) 



2a^(l + P) 



(8) it = - 

2a (1 + P) 
and thus finally 

- b < 1 + P> 

(9) 71 j =• 



a(l + P) ’ 



a(l + P) a 



and (10) it 2 = 



b(l-P) 
a(l + P) 




From the figure at left, we can see that the cost of 
deviating from ti = it exceeds the benefit from 
deviating for any it such that 
b(l - P)/a(l + P) < it < b/a. 

With these values of the parameters, the 
policymaker will choose not to deviate. For any 
value of it greater than b/a or less than 
b(l - P)/a(l + P), the benefit from deviating 
exceeds the cost of deviating and hence the 
policymaker will in fact deviate from 7t = it . 
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(b) Again, we will employ the same technique. The benefit from deviating remains the same; it is given by 
equation (1), B = (b 2 / 2a) + (air 2 / 2) - bit . 

We need to determine the cost of deviating for the policymaker. Suppose the policymaker deviates in some 
period t. Then in period t + 1, rc,+i e = rc 0 > b/a. We can also write this as 7 tt+i e = b/a + x x > 0 The 
variable x will capture the extent of the punishment for deviating. When the policymaker takes expected 
m ation as given, she chooses to set inflation equal to b/a. Thus, using the Lucas supply function output 

m period t + 1, the period after deviating, is ’ V 

y t +i = y + b[(b / a)-(b/a)-x] = y-bx. 

Thus output is below the natural rate the period after deviating. The value of the policymaker's objective 
function m period t + 1 is 

(12) w t+ , =y t+1 - (arc 2 /2) = y-bx-(b 2 /2a). 

Thus the cost of deviating in period t + 1 is that welfare is given by (12) rather than being equal to 
y - (ait / 2) . Discounting this back to period t, we have the cost in period t + 1 : 

03) C t+1 = P[y- (ait 2 /2)-y + bx + (b 2 /2a)], 
or simply 

(14) C t+1 =p[bx-(ait 2 /2) + (b 2 /2a)]. 

Now consider the situation in period t + 2, two periods after a deviation. Expected inflation equals b/a. 
Taking expected inflation as given, the policymaker chooses to set inflation equal to b/a. Thus output is at 

the natural rate. The value of the policymaker's objective function in t + 2 is 

(15) w t+2 = y t+2 - (arc 2 / 2) = y - (b 2 / 2a) . 

Thus the cost of deviating in period t + 2 is that welfare is equal to y - (b 2 / 2a) rather than y - (ait 2 / 2) 

Discounting this back to period t, we have the cost in period t + 2 ; 

06) C t+2 =p 2 [y-(air 2 /2)-y + (b 2 /2a)] = p 2 [(b 2 /2a) -(ait 2 12 )]. 

In period t + 3, since actual inflation last period was equal to expected inflation last period, expected 
inflation reverts to % and there is no further cost to the deviation in period t. 

Thus the total cost of the deviation is 

(17) C=p[bx-(aii 2 /2) + (b 2 /2a)] + p 2 [(b 2 / 2 a)-(arc 2 / 2 )], 

or simply 

(18) C = pbx + P(1 + P)[(b 2 / 2a) - (ait 2 / 2)] . 

From equation (18), 

(19) dC/drc = p(l + p)[-2aii/2] = -p(l + p)air, and (20) d 2 c/dit 2 =-p(l + p)a<0. 

Thus C is an inverted parabola that reaches a maximum at it = 0. The value of the cost of deviating at 
Jt = 0 is given by pbx + P(1 + P)(b 2 /2a). From earlier analysis, we know that the benefit of deviating at 
rc - 0 is b /2a. Thus if the value of x, the excess punishment, is high enough, the cost of deviating at it = 0 
will exceed the benefit and there can be an equilibrium with zero inflation. Specifically, we need the 
following condition to hold: 

(20) pbx + P(1 + p)(b 2 /2a) > b 2 /2a, 
or 

(21) pbx>(b 2 /2a)[l-p(l+p)], 
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or simply 

(22) x > (b 2 /2a)[l - P(1 + P)]/pb. 



We can determine the value of n at which C = 0. From equation (18), C = 0 when 

(23) P(1 + p)[(a7t 2 / 2) - (b 2 / 2a)] = pbx, 
which implies 

(24) (ait 2 / 2) - (b 2 / 2a) = bx / (1 + P) , 
and thus 



(25) it 2 = [2bx / a(l + p)] + (b : 
Therefore C = 0 when 



/a 2 ). 



2bx 



b 

>— . 
a 



(26) it = 

V a(l + P) a- 

Thus the cost of deviating is equal to zero at a value of n greater than the one for which the benefit of 
deviating is equal to zero (which is it = b / a). The values of it for which it is an equilibrium for the 
policymaker not to deviate are those -- just as in part (a) — where the cost of deviating exceeds the benefit. 
The basic idea here is that higher values of x lead to a wider range of it 's for which the cost exceeds the 
benefit and thus a wider range of it 's for which the policymaker does not deviate. 



(c) As we have shown previously, if the policymaker takes expected inflation as given, she chooses 
inflation equal to b/a. Thus if it* = b/a, the policymaker chooses it = b/a, so that the public's expectation is 
fulfilled and output is at the natural rate. There is no incentive for the policymaker to choose a different 
inflation rate and there is no incentive for the public to change its expectation of inflation and thus 
it = it* = b/a will be an equilibrium for any a > 0, b > 0. 



Problem 10.10 

Consider the situation in the last period, denoted T. The policymaker's choice of ic has no effect on next 
period's expected inflation; there is no next period. Thus the policymaker's problem in the final period is to 
take expected inflation as given and choose it in order to maximize the period T objective function. From 
previous analysis in the solution to Problem 10.8, we know that the policymaker's choice of inflation in this 
type of situation is it T = b/a. Since the public knows how the policymaker behaves, expected inflation also 
equals b/a and thus output equals y . 

Now consider the situation in period T - 1 . The important point is that the policymaker knows her choice 
of it T .i will have no bearing on what happens the next and final period. Regardless of the level of it she 
chooses in period T - 1, expected inflation next period will be b/a, as described above. Since the 
policymaker's problem has no impact on the future, she chooses it, taking it* as given, in order to maximize 
the period T - 1 objective function. Again, the optimal choice is itt-i = b/a. The public knows this and so 
itT.!* = b/a and thus output in period T - 1 equals y . 

Working backward, the same thing happens each period. The policymaker knows that expected inflation 
the following period will be b/a regardless of what she does this period. Thus she acts to maximize the one- 
period objective function and chooses it = b/a, which results in output equal to the natural rate. Therefore 
the unique equilibrium for all periods is it,* = it, = b/a and y, = y . 
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Problem 10.11 t . . . 

(a) The policymaker wants to choose z i and n 2 in order to maximize the objective function given by 

(1) W = E[b(7t, - 71, e ) + C7t, - (a7ii 2 12) + b(7t 2 -n 2 ) + cn 2 - (az 2 /2)] 

Substituting n, = n t + e t and 7t 2 ® = a + Ptc, into the objective function given in equation (1) yields 

(2) W = E{b(ic , + s, - ni e ) + c(% , + e, ) - [a(x i + e, ) 2 /2] + b[7t 2 + e 2 - a -p(7c i + e, )] 

+c(it 2 + e 2 ) - [a(n 2 + e 2 ) 2 /2] } . 

The first-order condition for the policymaker's choice of it 2 is 

(3) cW/5tc 2 = E[b + c - ait 2 ] = 0. 

Solving for it 2 , noting that c is not uncertain from the policymaker's perspective, we have 

(4) ii 2 = (b + c)/a. .. - . 

Substituting equation (4) into the expected value of the policymaker's second-period objective function 

yields 

i2 



(5) E[w 2 ] = E 



b + c 



- + 62 -7t 2 + c 



b + c 
V a 



- + e 2 - 



a[(b + c)/a + e 2 ] 
2 



Since this expectation is being taken with respect to the policymaker's information set, c is not random. 
Thus equation (5) can be rewritten as 

\2 



b(b + c) , „ c(b + c) a 

(6) E[w 2 ] = b7t 2 + - - 

a a z 



a 2 a 



Note that E[e 2 ] = 0 and E[e 2 2 ] = o e 2 . Thus equation (6) simplifies to 



(7) E[w 2 ] = 



(b + c) J 



-bii') e - 



(b + c)' 
2a 



ao_ 



and thus finally 



(8) E[w 2 ] = 



(b + c)' 
2a 



aa 



E -bico*. 



(b) Using equation (2), the first-order condition for the policymaker's choice of n , is 

(9) cW/<?7t i = E[b + c - ait i - bp] = 0. . . . 

Since nothing on the right-hand side of equation (9) is uncertain for the policymaker, solving for n t gives 

US 

(10) n i = [b(l - P) + c]/a. 

(c) n t and n 2 are linear functions of c and e, which are normal random variables. Thus itj and n 2 are also 
normal random variables. Therefore we can use the following formula for the conditional expectation of a 

normal: 

(11) E[it 2 |n,] = E[n 2 ]+^^y^[iti-E[it 1 ]]. 

Equation (1 1) is intuitive. Suppose that z t and n 2 have a positive covariance which means that it 2 tends to 
be above its mean when ic, is above its mean. Then if we observe a realization of 7ti greater than its 
expected value, the second term on the right-hand side of equation (1 1) is positive. This means that given 
this realization of n, , we should expect the realization of n 2 to be greater than its unconditional mean of 
E[it 2 ]. 

We need to solve for E[7t, ], E[tc 2 ], cov(7t 2 , ) and var(7c, ). We know that ^ = 7t t + Ei and thus 

(12) E[it, ] = E[7t , ] + E[b, ] = [b(l - P) + c]/a. 
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We have used the feet that the public knows that the policymaker will choose n i according to equation 
(10). Thus with rational expectations, the expected value of it i must equal the expected value of the right- 
hand side of equation (10). In addition, we have used the fact that E[ei ] = 0. 

Since 7t 2 = it 2 + e 2 , we have 

(13) E[7t 2 ] = E[it 2 ] + E[s 2 ] = (b + cT)/a. 

Again, we have used the fact that the public knows that the policymaker will choose it 2 according to 
equation (4). Thus with rational expectations, the expected value of it 2 must equal the expected value of 
the right-hand side of equation (4). In addition, we have used the feet that E[e 2 ] = 0. 



Now we need to find the variance of inflation in period 1 : 

(14) var(7t, ) = var(it , + e , ) = var( [b(l - p) + c]/a + e, ). 

Since c and Si are independent, we have 

(15) var(7t| ) = (1/a 2 )o c 2 + a 2 . 

Finally, the covariance between Jti and tc 2 is given by 

(16) cov(7t, , * 2 ) = cov( [b(l - p) + c]/a + e, , (b + c)/a + e 2 ). 

Since E| , e 2 and c are independent, this covariance is equal to 

(17) cov(7i! , tc 2 ) = cov(c/a, c/a) = var(c/a) = (1/a 2 )a c 2 . 

Substituting equations (12), (13), (15) and (17) into equation (11) yields 



(18) E 7E 2 TCj = 



(b + c) 



(l/a 2 )a c 2 



a (l/a 2 )a c 2 +<y £ 2 



7T i - 



b(l - p) + c 



and thus p is given by 
(19) p = 



(1/ a 2 )a c 2 



(1 / a 2 )a c 2 + a e 2 



The intuition behind equation (18) is as follows. The public wants to form its expectation of inflation in 
period 2, given its observation of inflation in period 1 . In order to do so, the public would like to know for 
sure what the policymaker s taste for inflation, c, is. The problem is that actual inflation in period 1 does 
depend on what the true c is, but it also depends upon the random, unobservable e shock. Now, if the 
public sees a Ti\ greater than its expected value of [b(l - p) + <f]/a, it knows this could be due to a 
policymaker with a higher than average c. If this is the case, the public should revise upward its estimate 
of 7 c 2 from [b + c ]/a, its unconditional mean. However, the fact that is greater than its expected value 
could also be due to a positive realization of Ei . If this is the case, it should have no bearing on the public's 
estimate of 7 t 2 . Equation (18) says that if the variance of the policymaker's taste for inflation, ac 2 , is very 
large relative to the variance of the random shocks, cr e 2 , p will be close to one. The public will attribute 
most of the above average realization of n\ to a policymaker with a higher than average c and raise the 
expectation of n 2 accordingly. 

(d) The policymaker knows that her choice of k \ will affect the public's expectation of inflation in the 
second period, k 2 . When 7ii turns out to be high, the public attributes some of this to a policymaker with a 
high c and accordingly raise n 2 . From equation (8), we can see that a higher value of n 2 reduces the 
expected value of the policymaker's second period objective function. Thus the policymaker chooses a 
lower n \ to try and establish a "good reputation" as someone with a low c in order to keep n 2 down. In the 
second period, however, there is no future period. Thus there is no need to worry about the effects that this 
period’s inflation will have on future expected inflation. 
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w Th^pd^aker wants to choose inflation in order to maximize her objective ftadion, ' whit* is given 
by W = cyy - (arc 2 /2), subject to output being given by the Lucas Supply function, y y ( )• 

Thus the policymaker's problem is 

max W = cy[y + b(rc - rc* )] - (arc 2 /2). 

% 

The first-order condition is _____ 

(1) cW/drc = bey - arc = 0. 

Thus the policymaker's choice of rc is 

(2) rc = bey/a. 

(b) The public knows the policymaker will set inflation according to equation (2). Thus widi rational 
expectations, expected inflation must equal the expectation of the right-hand side of equation ( ). 

(3) rc* = E[bcy/a] = bcE[y]/a = bey /a. 

(c) The true social welfare function is given by = yy - (ax 2 12 ). Taking the execration of both sides 
of this expression with respect to the public’s information set, so that y is random, gives us 

C41 EfW soc 1 = Efy(y + b(rc - rc* )) - (arc 2 /2)], 

where wehave substituted fery-y + Kx-x'). Now substitute the policymaker's choice of x, equation 
(2), and the public's expectation of inflation, equation (3), into equation (4): 

(5) E[W SOC ] = E 
Simplifying yields 



_ , bey bey 

y + b| — - V 



ab 2 c 2 y 2 



2a" 



soc b 2 cE[y 2 ] b 2 cyE[y] b 2 c 2 E[y 2 ] 

(6) E[W SOC ] = yE[y] + 2a 



Since E[y] = y , equation (6) becomes 

soc b 2 c | 2l _ 2 1 b 2 c 2 E[Y^l 

(7) E[W soc ] = yy+-^-[E[y l-r ]- 2a 

Now use the facts that for a random variable X. 2 

(8) var(X) = E[X 2 ] - (E [X]) 2 , and (9) E[X ] = var(X) + (E[X]) . 

Here, this means that we can write ^ _ 2 

Substottog Ratos' (loTid (10 Mo^uata (7) gives us the following expected value of the true 
social welfare function: 



SOC 



c 



2 2 



be 






(12) E[W ; 

(d) To find the first-order condition for the maximization, use equation (12) to set the derivative of the 
expected value of the social welfare function with respect to c equal to zero: 

'scnifSOCi ^2 h^r. / - 

■K 2 + i)*°- 



5E[W SOC ] b 2 2 b ^ c 

(i3) — 4 — =— v — : 

dc a a 



Solving for c yields 
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(14) c = 



CT „ 2 + f 



There is a tradeoff here. From equation (2), we can see that choosing a more "conservative" policymaker, 
that is, one with a low c, produces a better performance in terms of average inflation. However, such a 
policymaker would not respond well to the shocks. Thus there is some optimal level of "conservatism" that 
balances these two forces. 



The value of c that maximizes the expected value of true social welfare is decreasing in the mean of y. 
Since we know that it® will equal it on average (since y will equal y on average), output will equal full 
employment output on average, regardless of the values of c or y. From equation (2), we can see that if y 
is higher on average, inflation will also be higher on average, for a given c. Thus it will be welfare- 
improving to offset this and keep inflation lower on average by having a policymaker with a lower c; that 
is, having a more "conservative" policymaker. 



However, the value of c that maximizes expected social welfare is increasing in the variance of the y shock. 
The more variable is the shock, the less "conservative" the central banker should be. Since the policymaker 
can act after y is realized, she can choose to offset any deviation in y from its expected value, which will 
raise welfare. The policymaker will do this only to the extent that she cares about the shock's effect. Thus 
the more that y varies, the better it is to have a policymaker who cares about the shock's effect and will act 
to offset it. 



Problem 10.13 

(a) Social welfare is higher when the policymaker turns out to be a Type-1, the type that shares the 
public's preferences concerning output and inflation. The choice of setting it = 0 in both periods — as the 
Type-2 policymaker does -- is a choice available to the Type-1 policymaker. She chooses not to do this; in 
order to maximize social welfare, she decides to choose another pair of inflation rates. Since she is 
attempting to maximize social welfare, welfare must be higher under the choices made by the Type-1 
policymaker. For example, as explained in the text, if P < 1/2, it is optimal for the Type-1 policymaker to 
choose 7 ti = b/a and ir 2 = b/a. That must be because it achieves higher welfare than choosing it| = 0, 

it 2 = 0. 

(b) Expected inflation, it®, is determined by the public's beliefs. So both the " a' " policymaker and the "a" 
policymaker face the same ir®, since in either case, the public believes it is facing an " a' " policymaker. 
Thus both policymakers have the same choice set. The "a" policymaker makes her choice to maximize true 
social welfare, whereas the " a' " policymaker makes her choice to maximize something else. Thus social 
welfare must be higher with the "a" policymaker. 



Problem 10.14 

(a) When the policymaker fixes i, the LM curve is irrelevant. Equilibrium output is determined by the IS 
curve and the fixed nominal interest rate, i . Substituting i into the IS curve yields 

(1) y = c-ai +e is 

The variance of y is simply 

(2) var(y) = var(e B ) = ai S 2 . 

(b) When the policymaker fixes m, the equilibrium level of output is determined by the intersection of the 
IS and LM curves. Rearranging the IS curve to solve for i gives us 

(3) i = (c + Sis - y)/a . 
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Substituting equation (3) and the assumption that m = m into the LM curve, m-p-hy-ki + Slm , gives 
us 

m - p = hy - [k(c + e IS - y)/a] + elm = [h + (k/a)]y - (kc/a) - (k/a)sis + elm . 

Solving for y yields 

m - p + (kc/a) + (k/a)e IS + e lm a(m - p) + kc + kE IS + ae LM 

<4) y= hTjwo = 

The variance of y is 



ah + k 



(5) var(y) = 



\ah + k 



°IS 2 + 



Vah + k 



°LM 



(c) If ois 2 = 0 — if there are only LM shocks — then from equations (2) and (5): 

a \2 

(6) var(y)|._T =0, and (7) var(y)| m= _ =(^J <W > °- 

Thus interest-rate targeting leads to a lower variance of output than money-stock targeting. In fact, output 
in constant under interest targeting. 



(d) If ctlm 2 = 0 -- if there are only IS shocks - then from equations (2) and (5): 

(8) var(y)| i= - = c IS 2 , and (9) var(y) | m= _ = CT IS 2 < CT IS 2 - 

Thus money-stock targeting leads to a lower variance of output than interest-rate targeting. 

(e) Consider the situation in part (c) in which there are only LM shocks. If the policymaker targets the 
nominal money stock, the LM shocks cause the LM curve to shift around and equilibrium output in the 
economy is determined by the intersection of that shifting LM curve with the stable IS curve. If the 
policymaker targets the nominal interest rate, it ensures that i remains constant in the face of any LM 
shock. Since i is not allowed to change, planned expenditure does not change and thus the level of output 
that equates planned and actual expenditure does not change in the face of an LM shock. 

Consider the situation in part (d) in which there are rally IS shocks. If the policymaker targets the nominal 
interest rate, equilibrium output changes by the full extent of the shift in the IS curve causal by a shock to 
the IS curve. Now consider the case in which the policymaker targets the nominal money stock. A positive 
IS shock shifts the IS curve to the right. With m fixed, as Y rises to equate planned and actual expenditure, 
i rises as well in order for the money market to remain in equilibrium. This rise in i reduces planned 
expenditure and thus mitigates some of the positive shock. Therefore Y does not end up rising as much. 

The came idea is true in the opposite direction. A negative IS shock shifts IS to the left. If the policymaker 
targets m, i will fell along wife Y in order to keep fee money market in equilibrium. This fell in i raises 
planned expenditure and helps to offset fee original negative shock to planned expenditure. Thus Y does 
not fell as much as if fee policymaker had kept i constant. 



(f) If there are only IS shocks, it is possible to keep y constant at some target level y . By rearranging fee 
LM curve wife y set to y , fee nominal money supply must be such feat 
(10) m = p +hy -ki. 




234 Solutions to Chapter 10 



The policymaker knows the fixed p, has picked 
y herself and can observe i. Thus when i 
changes -- and since there are only IS shocks, 
we know this must be due to a shift of the IS 
curve — the policymaker must change m 
accordingly. As i rises, for example, the 
policymaker must reduce m. 



In the figure at right, as i rises due to the 
rightward shift of the IS curve, the 
policymaker reduces m which shifts up the LM 
curve and increases i more. The policymaker 
can stop reducing m when m and i are such 
that equation (10) is satisfied. At that point, 

LM 1 ** will intersect IS NEW right at the target 
level of y . 

Problem 10.15 

(a) Using the fact that for a random variable X, var(X) = E[X 2 ] - (E[X]) 2 or E[X 2 ] = var(X) + (E[X]) 2 , 
we have 

(1) E[(y - y*) 2 ] = var(y - y*) + (E[y - y*]) 2 . 

Substituting the expression for output, y = x + (k + 8k )z + u, into var(y - y*) and simplifying yields 

(2) var(y - y*) = var(x + kz + e k z + u - y*) = z 2 <j k 2 + o 0 2 . 

Substituting for output in (E[y -y*]) 2 and simplifying yields 

(3) (E[y -y*]) 2 = (E[x + kz + 6 k z + u- y*]) 2 = (x + kz - y*) 2 , 

where we have used the fact that e k and u both have mean zero. Substituting equations (2) and (3) into 
equation (1) gives us 

(4) E[(y -y*) 2 ] = z 2 cr k 2 + o u 2 + (x + kz - y*) 2 . 




(b) The policymaker wants to choose z in order to minimize E[(y - y*) 2 ]. Using equation (4), the first- 
order condition is 

(5) <3(E[(y - y*) 2 ])/5z = 2zcr k 2 + 2k(x+ kz - y*) = 0. 

Collecting the terms in z yields - 

z(a k 2 + k 2 ) = (y* - x)k. 



and thus the optimal choice of z is 

_ (y*-x)k 

(6) z = 



<V 



+ k^ 



(c) To see how policy should respond to shocks (i.e. changes in x), use equation (6) to take the derivative 
of z with respect to x: 
dz k 

(7) : “<0. 



5x 



°k' 



+ k' 



The feet that the derivative in (7) is negative implies that higher values of x should be offset with lower 
values of z in order to keep output from varying as much. 
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Note that dzfdx does not depend upon ct„ 2 , which represents uncertainty about the state of the economy. 
Thus in this model, the optimal degree of "fine-tuning" does not depend upon the amount of uncertainty 
about the state of the economy. 



(d) In contrast, dzJdx does depend upon a k 2 , which represents uncertainty about the effects of the policy 
instrument. Infect, we have 



( 8 ) 



e[az/8x] _ k o 

«°k 2 ~k 2 + k 2 ) 2 



Since dz/dx is negative to begin with, a rise in cr k 2 makes it less negative. That is, higher values of o k 2 — 
more uncertainty about the effects of the policy instrument — reduces the amount that policy should 



respond to shocks or in other words, reduces the amount of "fine-tuning" that should be done. 



Problem 10.16 

We can focus on a situation in which g M , it, i, and r are constant and in which it* = it. Although not 
technically correct — since Y and thus M/P are growing -- such a situation will be referred to as a steady 
state in what follows. Under these assumptions, it is therefore reasonable to assume that output, and the 
real interest rate are unaffected by the rate of money growth and that actual and expected inflation are 
equal. Taking the exponential function of both sides of the money demand function, which is given by 
ln(M(t)/P(t)) = a - bi + lnY(t), yields 

(1) M(t)/P(t) = e a-bl Y(t). 

The nominal interest rate is given by i = r + iC . In steady state, it c and r are constant and thus so is the 
nominal interest rate. Thus in steady state, the quantity of real balances must grow at the same rate as 
Y(t). In other words, M(t)/M(t)-P(t)/P(t) = gy. Solving for inflation yields 

(2) 7C = gM - gv , 

where gM is the growth rate of the nominal money stock. This means that the nominal interest rate in 
steady state is given by 

(3) i = f + 7r = r + g M -g Y > 

where we have used the fact that actual and expected inflation are equal. Substituting equation (3) into 
equation (1) gives steady-state real balances: 

(4) M(t)/P(t) = eV M?+8M-8Y) Y(t). 

Seignorage is given by 

M(t) M(t) M(t) M(t) 

(5) S(t)_ P(t) “ M(t) P(t) _8M P(t) ’ 

Substituting equation (4) into equation (5) gives steady-state seignorage: 

(6) S(t) =g M e a e' b(f+gM “ gY) Y(t) = Cg M e' bgM Y(t), 

where C = e a e -b ^ r-gY ^ . We need to find the choice of nominal money growth, g M , that maximizes steady- 
state seignorage. Again, we are assuming that output is unaffected by money growth. The first-order 
condition is 

(7) SS(t)/dg M = Ce -bgM Y(t) - bCg M e" bgM Y(t) = 0, 
which simplifies to 

(8) l-bg M = 0. 

Thus seignorage is maximized wh® money growth is given by 

(9) gM = 1/b. 

From equation (2), we know that it = gM - gY and thus the rate of inflation that maximizes seignorage is 



-wiuwvuo iu vuapter ju 



(10) it — (1/b) • g Y , 

maximizes stLdy-statfs^oraS^ ” ^ ° f ^ ° UtpUt ’ ^ lower is Ae rate of inflation that 

Problem 10.17 

(a) Desired real money holdings are given by 

(1) m(t) = Ce -b7te W. 

»;zr “ ‘ ha ‘ " «•- fcward actual mfla , 1OT . Specifically, „ 

(2) * e (t) = P[x(t) - 7t‘ (t)]. 

P) S®-8M(t)m© 8 owing at rate g„ (t), we can write seignorage as 

*(t)/m(t), ilTfte^^I^e^f nZiSl ' mtey g°T“ y ’ "“V** ^ 8r0 ' Vth r * te of real "“V. 

as an equation for inflation gives us y. 8m (), minus the rate of inflation, jr(t). Rewriting this 

(4) 7t(t) = g M (t) - [m(t)/m(t)]. 

Define G as the amount of real purchase that a- 

equation (3), we have P * ** *" 8 ° Vemment nee * to finance with seignorage. Thus from 

(5) gM (t) = G/m(t). 

Taking the time derivative of both sides of equation (1) yields 

(6) m(t) = -b5t c (t)Ce~ b7ce(t >. 

Dividing both sides of equation (6) by m(t) gives us 

(7) m(t)/ m(t) = -brc e (t) . 

Substituting equations (5) and (7) into equation (4) yields 

(8) 

Substituting equation (8) into equation (2) gives us 
(9) n e (t) = p ~ + b7t e (t)-n e (t) 

Collecting the terms in n e (t) yields 
* e (t)fi-pb]=p r 0 
and thus 



Lm(t) 



-Jt e (t) 



( 10 ) n e ( t) = -i- 

' t n 



p 


G- 7 t c (t)m(t)] 


1 -pbJ 


I 

3 

12 

v w 

1 — 



m forall pos2^ "“T" ^ of seignorage) is 

is everywhere positive: regardless of where it starts exp^ted^flafion’ ^ n8ht ' hand side of to"***® (10) 
the shape of the phase diagram, substitute m(t) = Ce”^*) into^u^i^(^^ It ^° Ut ^ 0Un ^ exandne 



boumons to cnapier iu 






PG 



(11) n e ( t) = - 

(l-pb)Ce _b7C (t) 1-Pb 
The following derivatives will be useful: 



* e (t). 



dit e (t) pbGe 



b7c e (t) 



and (13) 



(12> d7C e (t) (l-Pb)C 1-Pb’ 

By setting the right-hand side of equation (12) 
equal to zero, it is straightforward to show that 

7 t c (t) reaches a minimum at it* (t) = 
[ln(C/bG)]/b. Thus the phase diagram has the 
shape depicted in the figure at right. From 
equation (1), and since it® rises without bound, 
the real money stock is continually falling. If 
m(t) is continually falling, then from equation 
(3), it must be the case that the growth rate of 
the nominal money supply, gM (t), is 
continually rising if the government is to 
obtain G in seignorage. 



dV(t) 



pb 2 Ge 



b*‘(t) 



dir e (t) 2 (l-Pb)C 



-> 0 . 




(c) Now consider the case of G < S*. The left-hand figure below reproduces Figure 10.8 from the text. It 
gives the amount of seignorage the government can obtain in steady state as a function of the growth rate of 
the nominal money supply. In the case of G < S*, there are two possible growth rates of the nominal 
money supply, labeled gi and g 2 in the figure, consistent with raising the amount G in seignorage. Recall 
that in a steady state, expected inflation equals actual inflation -which in turn equals the constant growth 
rate of the nominal money supply. Thus, by assumption, it* (t)m(t) = G at it® (t) = gi and it® (t) = g 2 . From 
equation (10) then, it c (t) = 0 at it® (t) = gi and it* (t) = g 2 . From the figure on the left, when g, < it® (t) < 

g 2 , we have it* (t)m(t) > G and thus n e (t) < 0. Otherwise, it® (t)m(t) < G and thus it e (t) < 0. Putting all 
of this information together gives us the phase diagram depicted on the right. The low-inflation steady state 
with it* (t) = it(t) = gi is stable and the high-inflation steady state with it* (t) = ii(t) = g 2 is unstable. 



n e (t) 


\ gl §2 J 




IT* (0 
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Problem 11.1 

(a) (i) Taking the time derivative of d(t) = D(t)/Y(t) gives us 
D(t)Y(t)-D(t)Y(t) 



(1) d(t) = 



Y(t)' 



Substituting D(t) - 5(t) -- the rate of change of the amount of debt outstanding equals the budget deficit — 
and the fact that Y(t) = Y(t)g, which follows from the feet that output grows at rate g, and simplifying 
gives us 



(2) d(t) = 



m 

Y(t) 



D(t)g 
Y(t) ' 



Substituting the assumption that the deficit-to-output ratio is constant - 8(t)/Y(t) = a - and using the 
definition of d(t) = D(t)/Y (t), yields 

(3) d(t) = a - gd(t) . 



(a) (ii) The phase diagram for the ratio of debt to 
output is depicted in the figure at right. 

In (d, d ) space, equation (3) is a line with slope equal 
to -g. We can see that the system is stable. If the debt- 
to-output ratio is less than a/g, d(t) > 0 and so d(t) 
rises toward a/g. 

Similarly, if the debt-to-output ratio is greater than a/g, 
d(t) < 0 and so d(t) fells toward a/g. 

Note that the value of the debt-to-output ratio to which 

the economy converges is increasing in the deficit-to-output ratio, a, and decreasing in the growth rate of 
output, g. 




(b) (i) Once again, taking the time derivative of d(t) = D(t)/Y(t) gives us ' 

(4) d(t) , p(t )Y< t)-D(.)Y(.) 

Y(t) 2 

Substituting D(t) = 8(t) = aY(t) + r(d(t))D(t) and the fact that Y(t) = Y(t)g into equation (4) and 
simplifying gives us 

(5) d(t) = a + r(d(t))D(t) ° (t)g 



Y(t) 



Y(t) 



Using the definition of d(t) = D(t)/Y(t), yields 

(6) d(t) = a+[r(d(t))-g]d(t). 



(b) (ii) When plotted in (d, d ) space, the slope of the locus given by equation (6) equals r(d(t)) - g. Given 
the assumptions about the behavior of r, this slope is negative for large negative values of d(t) and 
increases as d increases and so equation (6) defines a convex function as depicted in the figures below. 

Once again, d(t) = a > 0 when d(t) equals zero. And d(t) = 0 if d(t) = 

g-r(d(t)) 
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The case in which a is sufficiently small that d is negative for some values of d is depicted on the left-hand 
side. In this case, di is a stable equilibrium whereas d 2 is not. If the debt-to-output ratio starts off less than 
d 2 , it converges to dj . If the debt-to-output ratio starts off greater than d 2 , it rises without bound. 

TTie case in which a is sufficiently large that d is positive for all values of d is depicted in the figure on the 
right-hand side below. In this case, d will always be rising and there is no stable equilibrium. 





Problem 11 .2 

Throughout, we will assume U ' (•) > 0 and U " (•) < 0. In addition, since the expected value of Y 2 is equal 
to Yi , we can write Y 2 = Yi + e with E[e] = 0. 

(a) The individual's problem is to choose Ci and C 2 in order to maximize U(Ci ) + E[U(C 2 )] subject to 

(1) C 2 = (1 - t, )Y, - C, + (1 - x 2 )(Y, + 6). 

We can substitute for C 2 and solve the unconstrained problem of choosing Ci : 
max U(C! ) + E[u((l - x t )Yi - C\ + (1 - x 2 )(Y! + e))] . 

The first-order condition is given by 

U'(Cj) + e[U'(C 2 )(-1)] = 0, 
or simply 

(2) U'(C,) = E[U'(C 2 )|. 

If the individual is optimizing, the marginal utility of consumption in period one must equal the expected 
marginal utility of consumption in period two. 

(b) If Y 2 is not random, the first-order condition reduces to U'(C] ) = U'(C 2 ) . With U'(«) < 0 
everywhere, this implies that Ci = C 2 . If utility is quadratic then U'(C 2 ) is a linear function of C 2 and so 
E[U*(C 2 )] = U'(E[C 2 ]). Thus the first-order condition given by equation (2) can be rewritten as IT(Ci) = 
U’(E[C 2 ]). Since U’(*) < 0 everywhere, this implies that Ci = E[C 2 ]. 

(c) Now, U ' (•) > 0, U " (•) < 0 and U (•) > 0. Marginal utility is now a convex function of 
consumption and so by Jensen's inequality E[U'(C 2 )] > U'(E[C 2 ]). Combining this with the first-order 
condition, U'CCj ) = e[U'(C 2 )] , yields U*(C,) > U'(E[C 2 ]>. Since U ' (•) > 0 and U ’’ (•) < 0 we have 
Cl < E[C 2 ]. The individual plans in such a way that if second-period income turns out to be equal to its 
expected value, C 2 would turn out to be higher than Ci. Thus, in the face of uncertainty and with 

U (•) > 0, the individual undertakes "precautionary saving". 
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(d) The government is cutting first-period taxes, Xi , and raising second-period taxes, x 2 , in such a way 
that expected tax revenue remains unchanged. Expected tax revenue, R , can be expressed as 
x i Y, + X 2 E[Yj + s] = R . Using the fact that E[e] = 0, we can solve for x 2 : 

Xi y i+x 2 Yi = R => x 2 =R/Y,-x,. 

In order to keep R constant, the change in taxes must satisfy 
(3) dx 2 /dxj =-l. 



The question is whether or not this change in the timing of taxes alters the individual's consumption 
behavior. Substitute equation (1) into the first-order condition, equation (2), to obtain 
(4) U'(C 1 ) = e[U'((1-x,)Y 1 -C 1 +(1-x 2 )(Y 1 +e))]. 

Differentiating both sides of this equation with respect to Xi yields 

U'(C,)ac,/dx, =e[u*(c 2 ){-y 1 -ac,/ar, -( y, +e)ch 2 /ax,}], 

and now using equation (3), dx 2 /dx j = -1, we have 



UXC^eCj/dxj =e[u'(C 2 )(-Y, -0C,/dt, + Yj + e)] , 
U'(c,)dc, /5x, = e[u'(C 2 )(-5c, /ex, )] + e[u*(c 2 )e ] , 



or 

[U"(C, ) + e[u*(c 2 )]] ec x /ex, = e[u"(c 2 )s ] . 

Now use the fact that for any two random variables X and Y, E[XY] = E[X]E[Y] + cov[X,Y]: 

[u"(c, ) + e[u*(c 2 >]] ec, /ex, = e[u*(C 2 )] e[e ] + cov[u"(C 2 ),s | . 

Finally, E[e] = 0 and thus the change in first-period consumption due to this change in the timing of taxes is 
given by 

(5) dCi cov[u ff (C 2 ),s] 
dx x ~ U"(C, ) + e[U'(C 2 )] 



(e) If Y 2 is not random then 8=0 always and thus the covariance in the numerator of equation (5) is 0. In 
addition, if utility is quadratic, then U " (•) is a constant and again the covariance is 0. In both of these 
cases, ec, /ex , =0 and thus first-period consumption does not change in response to the tax cut. 

(0 In the case of U "'(•)> Owe need to show that eC, /ex, <0. That is, we need to show that Ci rises in 
response to the reduction in x,. Intuitively, the higher is e, the higher will be C 2 . The individual simply 
consumes any extra random income in the second period. If U (•) > 0, then as C 2 rises so will U " (C 2 ), 
and thus it will be the case that cov[U " (C 2 ),e] > 0. The denominator of equation (5) will be negative since 
U " (•) < 0 and thus dC x /dr , < 0 as required. The intuition is that the change in the timing of taxes leaves 
the individual with the same expected after-tax lifetime income, but more of it comes with certainty in the 
first period. If the individual is undertaking precautionary saving — and if U (•) > 0 she is — the amount 
of such saving will be reduced and she will consume more in the first period. 



Problem 11.3 

In the Barro tax-smoothing model in which output and the real interest rate are constant, die government 
finds it optimal to set taxes equal to a constant such that its budget constraint is satisfied with equality. 



Thus the government will find it optimal to set taxes such that T < Gh .That is, during the war from time 
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0 < t < x, T < Gh and so the government runs a deficit and its debt will be growing over time. The deficit, 
which equals the rate of change of debt, will be 

(1) £>(t) = G h - T+ rD(t) > 0. 

Even though the primary deficit, Gh - T, is constant, the total deficit will be rising over time since the 
government debt outstanding and thus interest payments on that debt, rD(t), are rising. 



At time x, government debt will be positive: D(x) > 0. To satisfy its budget constraint at that time, taxes 
must have been set so that T = Gl + rD(x) > Gl . Thus for t > x, the budget will balance so that the deficit 
is zero and the debt will then be constant at its level as of time x. See the figures below. 




Problem 11 A 

(a) First, we will use dynamic programming (see Section 9.4, the Shapiro-Stiglitz model, for more 
information regarding this technique) to find an expression for the expected present value of the revenue the 
government must raise when G = Gh , denoted Vh (At). This expression is given by 

(1) V H (At)= Te _rt e _at (GH+rD)dt + e' rAt [e _aAt VH(At) + (l-e _aAt )V L (At)]. 
t=o 

The first term on the right-hand side of (1) reflects the revenue the government must raise during the 
interval (0, At). The probability that government spending is still high at time t is e"* 1 , in which case the 
government must raise Gh + rD. The e' rt term discounts this using the constant interest rate, r. The second 
term reflects revenue needs after At. At time At, government purchases are still high with probability e"* 4 *, 
and have switched to being low with probability (1 - e'^*). Vh and V L denote the expected present value of 
the revenue the government must raise in each case. And this is then discounted by the e‘ rAt term. 



The integral in (1) can be solved as follows: 

At _i At 

(2) J e -(a+r)t (G H + rD)dt = (G H + rD) -e" (a+r)t 

t=o [(a + O t= o 

which simplifies to 

(3) t-< 8+ '>'(G„ + rD)dt=^^[l-e-< 1+r ) 4, l. 

t=0 a + r 

Substituting equation (3) into (1) yields 
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(4) V H (At) = ~ ~ +rD [l - e' (a+r)At ] + e" (a+r)At V H (At) + e - rAt (1 - )V L (At) , 

3 "i" r 

and collecting terms in V H (At) gives us 

(5) V H (At)[l - e - (a+r > At ] = — H - +rP [l - e' (a+r)At ] + e _rAt (1 - e _aAt ) V L (At) , 

3 r 



or simply 



(6) V H (At) = 



Gu + rD 

— + 

a + r 



e -rAt (l-e -aAt ) 
j e _ ( a +r)At V L ( A 0 



As described in Section 9.4, we now take the limit of the expression in (6) as the interval of time goes to 
zero. This requires using l'Hoprtal's rule. The derivative with respect to At of the numerator of the second 
term on the right-hand side of (6) is -re' rAt + (a + r)e' (a+r)At . The limit of this as At -» 0 is a. The 



derivative of the denominator of that same term is (a + r)e (a+r)At which goes to (a + r) as At -+ 0. Thus, 
as At — » 0, we have 



Gu + rD 3 

(7) V„ = — +— V, = 



G h +rD + aV L 



a + r a + r " a + r 

Rearranging (7) gives an expression that can be interpreted as an asset-pricing condition: 
(8) rV H = (Gh + rD) - a(Vn - Vl ). 



Similar analysis to the above would yield the following expression for Vl , the expected present value of the 
revenue the government must raise when G = G L : 

(9) rV L = (Gl + rD) - b(V L - V„ ), 
or 



(10) V L = 



G l + rD + bV jj 
b + r 



We can now solve (7) and (10) for Vh and Vl . Substituting equation (7) into equation (9) yields 



(11) rV L =G l +rD-b 



V T - 



G h + rD + aV L 
a + r 



) =G L +rD-b(- 



rVr — Gfj - rD 



Collecting the terms in V L yields 



a + r 



br 



Vr =Gt +rD + - 



(12) | r + 

a + r; " " a + r 

which simplifies to 
Tr(a + b + r) , 

(13) \- |V r =G t + 

L a + r 

and thus we have 

04) V L= ^- ^ L+bGH +D. 
r(a + b + r) 



(G H +rD), 



„ r(a + b + r) 

L-^— G H+ — 7 D, 
a+r a+r 



Substituting (14) into (7] 

G h + rD+a 
(15) V H = 



yields 

(a + r)G L +bG 
r(a + b + r) 



H 



+ D 



which implies 



a + r 
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aGr [r(a + b + r) + ab]G H ^ 

(16) V H = L — +— L - - + D. 

H r(a + b + r) (a + r)r(a + b + r) 

Note that r(a + b + r) + ab = br + r(a + r) + ab = b(a + r) + r(a + r) = (a + r)(b + r), and so 

aG i + (b + r)G ti 

(17) V H = — — — - + D. 

V 1 H r(a + b + r) 

Equations (14) and (17) give the expected present value of the revenue the government must raise as a 
function of its expenditures, the amount of debt outstanding, and the parameters of the model. With 
quadratic distortion costs and constant output, the optimal policy is for taxes to be expected to be constant 
also. Thus, when government spending is high, the government expects to impose a tax, T H , such that 

(18) Te -rt T H dt = Vjj. 



Solving the integral and using equation (17) for V H yields 
1 aGr +(b + r)Gti 

(19) ~t h = . ; -+p, 

r r(a + b + r) 

or simply 



(20) T h = 



aG L -h(b + r)Gjj 



' n (a + b + r) 

Similar analysis would show that when G = Gl , the government sets taxes, Tl , equal to 
(a + r)G L + bG H 

(21) Tr = — — + rD. 

(a + b + r) 



(b) From equations (20) and (21) we can see that the path of taxes during an interval in which G is 
constant is driven by the path of outstanding debt, D. In general, the change in debt — or the budget deficit 
— is given by 

(22) D = G-T+rD. 

From equation (20), the path of taxes during an interval in which G equals Gh is given by 

(23) t H = rb = r(G H -T H +rD). 

Substituting equation (20) for Th into equation (23) yields 
f aG L +(b + r)G H 

(24) T H = rG H - L | ;-;- 5 +iD +«D , 

L \ a+b+r / J 

which simplifies to 

n ,. + r(a + b + r)G H -aG L -(b + r)G H 

(25) TH=r l J' 



ar(Gti -Gr ) 

(26) Th=— 7Zh7T^ >0 - 

a + b + r 

As long as G equals Gh , the government runs a deficit and taxes are thus increasing over time because of 
the increased interest on the outstanding debt. Intuitively, the government knows there is a probability that 
its expenditures will fall in the future and so it runs a deficit in order to smooth taxes over time. 

At the moment that G fells to Gl , taxes will drop from T H to Tl . The path of taxes when G equals Gl is 
again driven by the path of outstanding debt, so that 

(27) f L = rD = r(G L -T L + rD). 

Substituting equation (21) for T L yields 
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(28) f L =r 



(29) t L = r 



G t - 



r (a + r)G L +bG H _ 

+ rD +rD 

a+b+r J 

which simplifies to 

(a + b + r)G L -bG H ~(a + r)G T 
a + b + r 



or 

,30) 

a + b + r 

As long as G equals G L , the government runs a surplus and taxes are thus decreasing over time because of 
the decreased interest on the outstanding debt. Intuitively, the government knows there is a probability that 
its expenditures will rise in the future and so it runs a surplus in order to smooth taxes over time. 



Problem 11.3 

It is true that the model has an implication about the long run that is clearly incorrect and undesirable. But 

a ^' vlth al Lj nodels ’ we need t0 ,ook at Aether this is important for the issues the model was meant to 
address. This implication about the long run does not mean that the model does not provide a good 
approximation to actual and/or optimal fiscal policy in the short and medium terms. 



The motive for studying tax smoothing was to examine its implications for the behavior of deficits over 
short and moderate time frames. And in feet, the model does provide interesting implications for the 
behavior of deficits during such short-run phenomena as wars and recessions. The simplifying assumptions 
that give nse to the result that the tax rate is a random walk - and thus that the tax rate would eventually 
exceed 100 percent or become negative - should only be considered problematic if they cause the model to 
give incorrect answers to the questions it was meant to address. 



Problem 11.6 

Assuming that everyone votes truthfully in each two-way contest, policy A would beat policy B by a vote 
of two to one and policy B would beat policy C by a vote of two to one. If society's preferences as a whole 
exhibited transitivity we would then expect policy A should beat policy C. But instead policy C would 

defeat policy A by a vote of two to one. 



pius Ae order of the pairwise voting would determine the outcome. If policies A and B were voted on 
first C would be the eventual winner whereas, for example, if policies B and C were voted on first, A 
would be the eventual winner. Thus the voting choice essentially reverts back to the choice of agenda. 

Also note that this provides for the incentive not to vote truthfully. For example, consider Voter 2 If the 
first vote is between policies B and C and Voter 2 votes truthfully (as do the other voters), then A - Voter 
2 s least-desired outcome - would be the eventual winner. If, however, Voter 2 casts her ballot for policy 
C in the first vote then C wins that vote and goes on to beat A in the second vote. Thus Voter 2 winds up 
better off with her second-best alternative by misrepresenting her preferences in that first vote. 



Problem 11.7 

S*. tTrl T T “ aSS “! d *? be “ ro - policymaker has no interest payments on the 
initial debt, Do . Thus the period-1 budget constraint remains 

(1) M, + N, = W + D, 

where W is the economy's endowment and D is the amount of debt the period-1 policymaker issues. In 

penod 2jhe policymaker must now pay off the initial debt, D 0 , plus whatever was borrowed in the first 
period. Thus the period-2 constraint is 
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(2) M 2 + N 2 = W-(D + Do). 

As explained in the text, the period-2 policymaker simply devotes all available resources, which are now 
given by W - (D + Do ), to the type of government purchases preferred by the period-2 median voter. 



Consider the first period and assume the period-1 median voter has a = 1 Her expected utility, denoted 

E[V], as a function of D is given by 

(3) E[V] = U(W + D) + xU(W - (D + D 0 )) + (1 - tc)U(O). 

The first term on the right-hand side of (3) reflects the fact that with a * 1 for the median voter, the 
period-1 policymaker chooses M, = W + D and N, = 0 and thus receives utility U(W + D). With 
probability n, the period-2 median voter has a = 1 and devotes all available resources, W - (D + D 0 ), to 
military goods giving utility U(W - (D + D 0 )) to the period-1 policymaker. Finally, with probability 
(1 - 7 t), the period-2 median voter has a = 0 and so all available resources are devoted to non-military 
goods giving U(0) to the period-1 policymaker. 



The first-order condition for the period-1 policymaker's choice of D is 
(4) U '(W + D) - irtJ '(W - (D + D 0 )) = 0. 

To see how the first-period deficit, D = Mi + Ni - W, responds to a change in D 0 , implicitly differentiate 
equation (4) with respect to D 0 to obtain 



3D 



(5) U'CW+D)— — *U*(W-(D + D 0 )) 



3D 



3D 

3D, 



— 1 



= 0 . 



Collecting the terms in 3D/3Do gives us 
(6) [U’(W+ D) + 7tU’(W-(D + D 0 ))]^r-= -*U'(W - (D + D 0 )), 

V Dr 



3D 



-7tU*(W-(D + D 0 )) 



and thus 
3D 

(?) 3D 0 ~ U"(W+D) + 7cU' , (W-(D + D 0 ))’ 

Since U "(•) < 0 and n is between zero and one, we can see that -1 < 3D/3D 0 < 0. 



Similar analysis for the case in which the period-1 median voter has a - 0 would yield the following 
expression for the change in the first-period deficit due to a change in D 0 : 

3D -(l-7t)U*(W-(D + Do)) 

(8) SDo^'fW + DJ + a-rOU’fW-fD + Do))’ 
and so again we have -1 < SD/<?Do <0. 



Thus an increase in initial debt reduces the period-1 deficit; that is, it reduces borrowing by the first-period 
policymaker. An increase in debt, all else equal, reduces the resources available to the period-2 
policymaker since she is the one that has to pay off this initial debt. In this model, the reason there ^ are 
deficits is that there is a positive probability that the period-2 policymaker will devote the economy's 
resources to an activity that, in the view of the period- 1 policymaker, simply wastes resources. The 
period-1 policymaker therefore has an incentive to reduce resources available in the second period by 
transferring resources from the second period to the first period by borrowing. 



There is, however, also a chance that the period-2 policymaker will share foe same preferences as foe 
period-1 policymaker and devote all resources to foe same type of purchases. But since an increase in 
initial debt reduces foe resources available in period two, it reduces foe amount foe period-2 policymaker 
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Thus the period-1 policymake^ borrows less £1^ 35 "** ** 

Problem 1L8 

i " dmdttal wrth “ ' >• th* i=. =0">eo„e who prefers military goods In period™ with 

the individual utility ofU(W + D)° With n 'bVlh rT P ° l ' C ?™ aker pu,chases al1 n,ll,,ar )' goods giving 
purchase of JlSZgg ^SSSSS vT ^ ° 

available resources *w ' T'ZZZT'Z? ^ ‘ “ d “ ** P<**— devotes al, 

probabilit^TT’th^’ 1 7®' 50,15 8 '™8 ^“y of W -D) to the o- 1 individual. With 

mtwduamo; “ “ = ° reS “' t, ” g " *» l""*- <*« - oon -military goods givutg (he 

Thus the individual with a = 1 has expected utility, denoted E[V] given by 

(1) E[V] = *U(W + D) + (1 - x)U(0) + 7tU(W - D) + (1 - ,)U(0). 

^ ^yj St ‘° rder condition for this individual’s most preferred value of D is 

(2) = xU'(W+ D) + 7tU'(W- D)(- 1) = o, 
or 

(3) U’(W + D) = U , (W-D). 

JTw + W D = W- V D . * my fimC "° n - f ° r eXample U » < 0 everywhere, dns unplies 

and thus implies 

(5) D = 0. 

The individual prefers a balanced budget so that no debt is issued. 

given by'a’^ f0r SOmeOn ' W,thC "0- « ~ *> P«*" all non-nnltary goods - expeaed urildy is 

= * U W> +.0 • »Wf + D) + -turn + ( 1 . jtjutw . D). 

Ine first-order condition is given bv 
_ aE[V] 

t ) — - (1 - 7t)U'(W + D) + (1 - 7t)U'(W - D)(-l) = 0, 



dD 



or 



(8) U’(W+D) = U’(W-D), 

and thus, again, this implies 

(9) D = 0. 

** ** P**— - P-e a balanced 

(e) A balanced-budget requirement forces D = 0 for evervon? w*h«,.+ , , it _ . , 

policymaker would choose D freely Thus, ,t is 
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D than an a = 1 individual; in fact, unless it = 1/2, they definitely would choose different values of D. 

™ answering part (d) does not answer the question of whether individuals will support a balanced- 

budget requirement. 

STsbcea** 1 the period-1 median voter - who controls policy in both periods one and tw> - j 

all military goods in Lse two periods giving utility of U(W + D, ) in the first : period and U(W + 1 & ) m the 

secOTid^periad, where Di represents the amount of debt issued in period L In the third 

probability it the period-3 median voter has a = 1 and devotes all available mowces, .W - i i . 

military purchases giving utility of U(W - D, - D 2 ) to the a = 1 individual. With probability (1 - it), th 

period^median voter purchases all non-military goods giving utility of U(0) to the a - 1 individual. 

expected utility for someone with a = 1, denoted E[V], is 

(1) E[V1 = U(W + D ( ) + U(W + D 2 ) + xU(W - Di - D 2 ) + (1 - tt)U(O). 

The period-1 median voter chooses Di and D 2 . The first-order conditions are 

(2) ^1Y1 = U '(W+D 1 )-tiU'(W-Di-D 2 ) = 0, 

0D! 

and 

(3) £1X1 =U - (W + d 2 )-tcU'(W-D 1 -D 2 ) = 0. 

d D 2 

Equations (2) and (3) imply 

(4) U’(W + Di) = U’(W-D 2 ). 

With U "(•) < 0 everywhere, this implies 

(5) W + D, = W + D 2 , 
and so 

Suffte policymaker issues the same amount of debt in each of the «rst two perijxis and so purchases in 
each of the first two periods, M,=W + D, and M 2 = W + D 2 , must also be equal. 

lb) To see how the amount of debt issued in period two, D 2 , varies with 7t we can implicitly differentiate 
ft 11727cm * tion given by equation (3) whh respect to * Note fta. we are treaturg D, as tpvenmce 
we am «g fta. the change in « occurs after pened one and thus after D, has been chosen. We have 
- ( d D2 ) 

(7) U'(W + D 2 ) + (-l)U'(W - Dj - D 2 ) + (-it)U'(W -Di -D 2 )|^- — J - 0 . 



Collecting the terms in dDi 15% gives us 



(8) [U''(W+D 2 ) + 7tU' , (W-D 1 -D 2 )]-^ = U r (W-Di -D 2 ), 



U'(W-Di -P 2 ) 



■<o, 



and thus 

dP 2 

(9) Sit "U'(W+D 2 ) + xU'(W-D 1 -D 2 ) . fl nd 

since U '(.) > 0 and U "(•) < 0. Thus a fell in « increases D 2 Thus the policymaker issues more debt and 
mcmases purchases in period two after the news that it is less likely that the penod-3 median voter al*> 
mefer^mditary goods Intuitively, since it is now more likely that the penod-3 median voter wil prefer 
non-military ^ds, which the period-1 median voter deems wasteful, the penod- 1 median votej Uanse 
more resources from the third period to the second penod by borrowing more and devotes the ad 
resources with certainty to the type of good she prefers. 
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Problem 11.10 

(a) The period-2 policymaker's objective function is 

(1) F 2 = U + a 2 [V(G I ) + V(G 2 )]. 

Substituting for private utility, U = W - C(Ti ) - C(T 2 ), and using the fact that taxes in period two must 
equal government consumption plus debt, T 2 = G 2 + D, gives us 

(2) F 2 = W-C(T,)-C(G 2 + D) + a 2 [V(G 1 ) + V(G 2 )]. 

The period-2 policymaker takes W, Tj , and D as given and thus the first-order condition is 

* T? 

(3) — f = -C'(G 2 +D) + a 2 V'(G 2 ) = 0. 

UKJ2 

(b) Implicitly differentiating equation (3) with respect to D yields 

(4) -C'(G 2 +D) -2- + 1 +a 2 V'(G 2 )^-=0, 
or 

QQ 

(5) [a 2 V*(G 2 )- C*(G 2 +D)]-^- = C'(G 2 +D). 

This implies 

5G 2 C'^+D) 

(6) -= — <0, 

5D a 2 V' , (G 2 )-C' , (G 2 +D) 

since C"(») > 0 and V"(») < 0. Thus an increase in debt reduces the period-2 policymaker's choice of 
government consumption. 

(c) The period- 1 policymaker's objective function, substituting for private utility, is 

(7) F, = W - C(T, ) - C(T 2 ) + a, [V(G, ) + V(G 2 )]. 

Note that G 2 is a function of D or G 2 = G 2 (D), and that since D = Gi - Ti we can write Tj = Gi - D. In 
addition, T 2 = G 2 + D. Thus (7) becomes 

(8) F, = W - C(G, - D) - C(G 2 (D) + D) + a, [V(G, ) + V(G 2 (D))]. 

The first-order conditions for the choices of Gi and D are 

(9) ^ L = -C'(G 1 -D)+a 1 V'(G 1 ) = 0, 

6G\ 

and 

(10) 45: = -C'(G 1 -D)(-l)-C'(G 2 (D) + D)[G^(D) + l] + a 1 V'(G 2 (D))G^(D) = 0, 

oD 



(d) Solving equation (3) for V’(G 2 (D)) gives us 
C'(G 2 (D) + D) 

(11) V'(G 2 (D))= 

Substituting equation (11) into equation (10) yields 

(12) C'(G! -D)-C'(G 2 (D) + D)[G 2 (D) + 1] + — C'(G 2 (D) + D)G 2 (D) = 0, 

«2 

which can be rewritten as 



(13) C'(G! - D) - C'(G 2 (D) + D) = C'(G 2 (D) + D)G 2 (D) 
Collecting terms on the right-hand side of (13) gives us 



— C'(G 2 (D) + D)G 2 (D) 
a 2 
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(14) C'(G! - D) - C'(G 2 (D) + D) = C'(G 2 (D) + D)G 2 (D)j^l - — J- 

As shown in part (b), G 2 ’(D) < 0 and since C ’(•) > 0, then if a, < a 2 , the right-hand side of (14) is 
negative. Thus 

(15) C’(G,-D)-C’(G 2 (D) + D)<0, 
or 

(16) C'(G,-D)<C'(G 2 (D) + D). 

Since C "(•) > 0 this implies 

(17) Gi - D < G 2 (D) + D. 

Since D = G, - T, or T, = G, - D and T 2 = G 2 (D) + D, this is equivalent to 

(18) T, < T 2 . 

Intuitively if o, < o, this means the period-l policymaker values government consumption Jess ton the 
pSd-2 policymaker. Thus the period-1 policymaker attempts to "sstfbrce discipline on the pc™>« 
nohcvmaker ^The lowers policymaker in period one keeps taxes low and thus passes along a relatively 
Si^S ofD m order toforcithe period-2 policymaker to choose a lower level of govemmmt 

consumption. 

(«) Not necessarily. If a, < a, , the penod-1 policymaker will choose a lower level ; of 8™^ 
purchases than the period-2 policymaker To see this, substitute equations (3) and (9) into the 8rst-orde 

-a2 VTG 2 (D))[G^ (D) + 1] +a, V'(G 2 (D))G' 2 (D) = 0, 
which can be rewritten as 

(20) a, V ’(G, ) = V ’(G 2 (D))[-ai G 2 ’(D) + a 2 (G 2 ’(D) + 1)], 
which implies 



_Xi£iI— - 2 J a2 ~ ai V 



(21) V'(G 2 (D)) aj + l tt! 



G 2 (D). 



Adding and subtracting (a 2 - at )/ai from the right-hand side of (21) yields 



V'(Gi) a 2 a 2 -o-\ \^ 2Z^\ 
V ; V'(G 2 (D)) a! a! V <*i 
or simply 



[G 2 (D) + 1], 



V'(Gi) 

(23) — =1 + 

1 ' V'(G 2 (D)) 



a 2 -ot] 



[G 2 (D) + 1]. 



From equation (6), we can see that Gi(D) > - 1 or Gi '(D) + 1 > 0. In addition, our assumption is that 

a 2 - ai > 0. Thus 

VXGO , 

<24) V'tG (D) ) >1 ' 

or V yg\ > V TC, m Since V '(•) < 0, this implies G, < G, (D) nius, not only does the period-1 
policymaker IS riLer level of taxes,’she also chooses a lower level of government consumprion than 
die period-2 policymaker. Thus D = G, - T, - T. - G, can be either positive or neganve. 

t, 

T^ mount of taxes that reform requims, fells then V '(X) at X = A also fells since 

[B - (W - T)] - 2 A 
(1) V'(X = A) = — > 
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and we have 



( 2 ) 



av'(x=A) 

dT 



1 



B-A 



>0. 



In the case in which V '(X) at X = A was already negative, it is now more negative and there is no effect on 
workers' offer or the probability of reform. Workers continue to offer X* = A and the probability of 
reform, P(X*), continues to equal one. 



If initially V '(X) at X = A was positive and the change in T is small enough, V '(X = A) will still be 
positive. In this case, from equation (1 1 .36) in the text, workers' offer is 

B-(W-T) 

(3) X* = ^ 

and so 

ax* i 

(4) — - r 0. 

Thus a fall in T reduces workers' offer. From equation (1 1 .37) in the text, the probability of reform is 

B + fW — T) 

(5) P(X*) = - V ’ 



and so 
( 6 ) 5P,X *> 



2(B - A) ’ 



-1 



<0. 



aT 2(B- A) 

The fall in T increases the probability of reform in this case. 



Finally, if V '(X) at X - A was initially positive and the change in T is large enough, it will become 
negative. In this case, workers' offer will now be X* = A and reform will now occur with certainty. 



(b) An increase in B, the upper bound on capitalists' pre-tax payoff from reform, means that V '(X) at 
X = A also increases since 



(7) 



ay , (X = A) (B- A)-[B-(W-T)] + 2 A (W-T) + A 



aB 



(B-A) 41 



(B-A) 41 



-> 0 . 



Thus, if initially V '(X) at X - A was positive, it still will be. Workers' offer continues to be given by 
equation (3) and 



( 8 ) 



ax* 

aB 



1 

=->o. 

2 



Thus workers' offer increases. That is, with an increase in the upper bound on capitalists' payoff, workers 
ask capitalists to pay a greater share of the costs of reform. Using equation (5) we have 
aP(X*) 2(B-A)-[B + (W-T )]2 ~[A + (W-T)] 

aB 4(B- A) 2 2(B- A) 2 <0 

The increase in B causes the probability of reform to fell . 



If initially V (X) at X A was negative and the rise in B is small enough, it will continue to be negative. 
There will be no effect on workers’ offer, which continues to be X* = A, or on the probability of reform, 
which continues to be one. If, however, the rise in B is large enough, V '(X) at X = A becomes positive in 
which case workers' offer will now be greater than A and the probability of reform will fall below one. 
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(c) An upward shift in the distribution of capitalists’ payoff - an equal increase in A an 
V '(X) at Ae new X = A' will be lower than V '(X) at the original X = A. We can see this since 
[B-(W-T)]-2A 

(10) V'(X = A) = — • 

An equal increase in A and B leaves the denominator unchanged and reduces the numerator. 

In the case in which V ’(X) at X = A was negative, it is now more negative at the new X = A . Thus 
workers’ offer rises and equals the new A 1 and the probability of reform continues to be one. 

If initially V ’(X) at X = A was positive and the change in A and B is small enough, V (X) will still be 
positive at the new X = A’. Note that A does not enter workers’ offer here and so we need only ex 

derivative of X* with respect to B. 

dX* 1 n 

( 11 ) — = — > 0 . 
v ' gg 2 

Hence workers’ offer rises proportionately less than B (or A). From equation (5) which gives the 
probability of reform, we can see that the probability of reform increases smce the numerator rises whereas 

the denominator is unchanged. 

Finallv if V ’(X) at X = A was positive and the change in A and B is large enough, V (X) at the new 
X = A^n^e^. Tims workers’ offer will equal the new A’ and the probability of reform becomes 

one. 

(a) If the capitalists accept the workers’ proposal and reform occurs, their payoff is it - X. If they reject 
the proposal, their payoff is now -C, C > 0, rather than zero. They therefore accept when it - X - , 
n > x - C Since it is distributed uniformly on [A, B] this probability is 
h if X-C< A or X< A + C 



(1) P(X) = 



B ~ (X Q if A<X-C<B or A + C<X<B + C 



B-A 



i 0 if X-C>B or X> B + C, 

where we have used the fact that forA + C<X<B + C, P(X) = P(n > X - C) = 1 - P(s < X - C) which in 
turns equals 1 - [(X - C) - A]/(B - A) or simply [B - (X - C)]/(B - A). 

Thf workers receive (W - T) + X if their proposal is accepted and -C if it is rejected. Their expected 
^ol VW^^eql P(X)[(W ’tA X] + [1 - P(X)](-C). Using equation (1) this equals 

f (W - T) + X lf X ^ A + C 



(2) V(X) = 



rB-(x-oir(w-T)+x+F] 



B-A 



1 - (B - (X - C)) 
B-A 



-C 



(-C) if A + C<X<B + C 
if X>B + C. 

As in the modelm the text, there are two possibilities. First, the workers may choose a vahieofX in Ae 
interior ofTA + C B + C] so Aat Ae probability of Ae capitalists acceptmg Ae proposal is strictly between 
“on^ Second, Ae workers m!y make Ae least-generous proposal Aat Aey know will be accepted 

for sure, which is X = A + C. 

Using equation (2) to find Ae derivative of V(X) wrth respect toXforA + C<X<B + C yields 
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™ w^_ B -(W-T)-2X-C + C [B-(W-T)]-2X 
B-A B-A 

Note that V "(X) is negative over the whole range we are considering. Thus if V '(X) is negative at 
X - A + C, it is negative over all of [A + C, B + C], In this case, workers propose X = A + C the least- 
~ wiU be acce P ted for sure. This occurs when V ’(X = A + C) < 0 or when 



Tl.e alternative is for V XX) to be positive at X = A + C. In this case, the optimum is interior to the 

^ “ de(ined b X v W = 0 From equation (3), this occurs when 
ic - 1 W - 1 )J - 2X - 0. Thus, analogous to equation (1 1 .36) in the text, we have 
A + c if [B - (W - T)] - 2(A + C) < 0 

(4) X*= B-(W-T) 

I j if [B - (W - T)] - 2(A + C) > 0. 



Thus usins equation (1) and substituting for X*. we have the following expression for the equilibrium 
probability that the proposal is accepted: 

fl if [B - (W - T)] - 2(A + C) < 0 

B + (W~T) + 2C 



(5) P(X*) = j 



B-A 



if [B - (W - T)] - 2(A + C) > 0. 



Equation (5) is analogous to equation (1 1 .37) in the text. 



V 'W at x - A + C is less than or equal to zero, then workers offer X* = A + C and 
(X ) 1 In this case workers get (W - T) + (A + C) and capitalists expected payoff is E[ti] - (A + C) 

Thus social welfare, SW(X*), is given by J ; 

(6) SW(X*) = (W - T) + (A + C) + E[it] - (A + C) = (W - T) + E[ir], 

Since it is distributed uniformly on [A, B], Efr] = (A + B)/2 and thus 

(7) SW(X*) = (W-T) + (A + B)/2. 



From equation (3), we can see that V ’(X) evaluated at X = A + C is decreasing in C. Thus if V '(X) is 
negative initially, it still will be after an increase in C and social welfare will remain unchanged as reform 
pr ° bab,llty ° ne> Social welfare is higher with refoim than without and so initially if 
y - a x r> ru + r 1S p0SItve 31111 1116 Crease in C is large enough, it becomes negative at the new 
a - a + 1 . The reform now occurs with certainty and social welfare is therefore higher. 

'(X) at X = C was initially positive and the rise in C is small enough, V ’(X) at the new 
X A C will still be positive. We need to determine equilibrium social welfare in this case and the 
change in equilibrium social welfare due to a change in C. 

For workers, the expected payoff, denoted V(X*>, equals the probability of acceptance times die payoff 
from acceptance plus the probability of rejection - which is one minus the probability of acceptance - 

tunes the payoff from rejection, or from equation ( 2 ), 

B-(X*-C)' 

sn-K 



(8) „ ( v,. g-'»'-01[W— TlrX^ 

B-A 



which can be rewritten as 

(9) VfX*) [B ~ (X *~ C)KW ~ T) i [B~(X*-C)]X * [A - (X * -C)]C 
B-A ~ • + 



B-A 



B-A 



Solutions to v^napici u 



For capitalists, if -turns outto be less than X- - C, they 

to be greater ton X* - C.they accept the proposal and recetve ...-X . S ”« * B “™^ italisB . 
[A B], the probability density function of it over that interval is f(rc) (B ) 
expected payoff, denoted K(X*), is given by 

r v* r' — R _ ^ 



x *f C " c , 

(10) K(X*)= ) ^"T d7t + 
jt=A B-A 



? 



ic=A jc=X*-C - -- 

The first integral on the right-hand side of equation (10) is given by 
X*-C _ c - C [(X * -C) - A] [ A ~ (X * ~C)]C 

(11) J =A B^k d%= B-A B-A 

The second integral on the right-hand side of (10)^is given by 

< 12 > J^^A *' = i^A (i** ‘ x *”) 



rc-X* 

B-A 



dit. 



x=X*-C 



or 



(13) 



? 1 



x=X*-C 



B-A 



B-A 



*=X*-C 



Ib 2 - BX*-i(X*-C) 2 +(X*-C)X« 

L2 2 



which can be factored as follows. 

(14) f i^ dl = ^--[B 2 -(X.-C) 2 l- i i I [B-(X«-C)]X.. 

U ' L r B-A 2(B - A) 1 B A 

SocUl welfare, which is the sum of the expected payoffs of workers and capitalists, can be obtained by 
adding equations (9), (11), and (14). 

[B-(X*-C)](W-T> -| A-(X»-Q1C . [tf-g’-O 1 

(15) SW(X*) = ^ +2 b-A 2(B-A) 

Since X* does not depend on C - see equation (4) - the change in equilibrium social welfare due to a 

c^cwtxT W “Tlx 2A - 2X‘+4C 2X--2C «W-T) + 4A+«C-2X». 

(>«) ~ = B^A + 2(B - A) ‘ 2(B- A) 

Substituting for X* = [B - (W - T)]/2 gives us „w_ti + 4A + 6C-B 

5SW(X*) 2(W -T) + 4A+6C-B-i-(W-T) _ 3(W T) + 4A 

(12) TZ = 2(B- A) _ 2(B-A) 

, . f R rmlativp to 3tW - T) + 4A + 6C, an increase in the cost of a crisis 

Thus, depending on the magnitude of B relative to ! ^ le ’ a high value of B - the upper 

“ «■»"■ k less likely Aat 311 C0St ° fa 

crisis will increase social welfare. 

accept the workers' pr*os>, and reform « 

the amount of aid they receive from the international agency. If they j P °P ’ . R1 f , • 

t^^om Xt when , ♦ F - X > 0, or a > X - F. Since a is distributed umfonnly on (A, B] thrs 

probability is 
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(1) P(X) = 



1 

B-(X-F) 



B-A 



if X-F< A or X<A + F 

if A <X- F < B or A + F<X<B + F 



[0 if X-F>B or X>B + F, 

where we have used the fact that for A + F < X < B + F, P(X) = P(ji > X - F) = 1 - P(x < X - F) which in 
turns equals 1 - [(X - F) - A]/(B - A) or simply [B - (X - F)]/(B - A). 



The workers receive (W - T) + X + F if their proposal is accepted and zero if it is rejected. Their expected 
payoff, V(X), therefore equals P(X)[(W - T) + X + F], Using equation (1), this equals 
f(W-T) + X + F if X< A + F 



(2) V(X) = 



[B-(X-F)][(W-T) + X + F] 
B-A 



if A + F<X<B+ F 
if X > B + F. 



As in the model in the text, there are two possibilities. First, the workers may choose a value of X in the 
interior of [A + F, B + F] so that the probability of the capitalists accepting the proposal is strictly between 
zero and one. Second, the workers may make die least-generous proposal that they know will be accepted 
for sure, which is X = A + F. 



Using equation (2) to find the derivative of V(X) with respect toXforA + F<X<B + F yields 
(3) V'(X) b ~CW-T)-2X-F + F ^ [B-(W-T)]-2X 
B-A B-A 

Note that V "(X) is negative over the whole range we are considering. Thus if V ’(X) is negative at 
X = A + F, it is negative over all of [A + F, B + F], In this case, workers propose X = A + F, the least- 
generous proposal they know will be accepted for sure. This occurs when V '(X = A + F) < 0 or when 
[B - (W - T)] - 2(A + F) < 0. 



The alternative is for V '(X) to be positive at X - A + F. In this case, the optimum is interior to the interval 
[A + F, B + F] and is defined by V '(X) = 0. From equation (3), this occurs when [B - (W - T)J - 2X = 0. 

Thus, analogous to equation (1 1 .36) in the text, we have 

[A + F if [B-(W-T)]-2(A + F) < 0 



(4) 



X* = 



B-(W-T) 



2 



if [B-(W-T)]-2(A + F) > 0. 



Thus, using equation (1) and substituting for X*, we have the following expression for the equilibrium 
probability that the proposal is accepted: 

1 if [B - (W- T)] - 2(A + F) < 0 

(5) P(X*) = jB+(W-T) + 2F 

if [B - (W - T)] - 2(A + F) > 0. 



B-A 



Comparing equation (5) to equation (1 1 .37) in the text, we can see that the presence of F > 0, the positive 
amount of aid, increases the probability of reform, if reform did not already occur with certainty. If F is 
large enough, reform now occurs with probability one since, as discussed above, reform occurs with 
certainty if [B - (W - T)] - 2(A + F) < 0 . 



Otherwise, from equation (5), we can see that P(X*) rises as F rises since 
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( 6 ) 



5P(X*) 2 

— — s >0. 

d¥ B-A 



We now need to determine the impact of the international aid on social welfare, defined as the sum of the 
expected payoffs of workers and capitalists. If, in equilibrium, V '(X) at X = A + F is less than or equal to 
zero, then workers offer X* = A + F and P(X*) = 1 . In this case, workers get (W - T) + X* + F or simply 
(W - T) + A + 2F. Capitalists expected payoff is E[it] - X* + F or simply E[it] - A. Thus social welfare, 
SW(X*), is given by 

(7) SW(X*) = (W - T) + A + 2F + E[ir] - A = (W - T) + 2F + E[n]. 

Since it is distributed uniformly on [A, B], E[n] = (A + B)/2 and thus 

(8) SW(X*) = (W - T) + 2F + (A + B)/2. 

From equation (3), we can see that V '(X) evaluated at X = A + F is decreasing in F. Thus if V '(X) is 
negative initially, it still will be. Here, since reform would have occurred anyway, social welfare simply 
increases by the total payoff from the international agency, which is 2F, and the entire amount of aid is 
extracted by workers. 

If initially, V '(X) at X = A was positive and F is large enough, the aid causes V '(X) at X = A + F to be 
negative so that reform now occurs with certainty. Since social welfare is higher with reform, social 
welfare is higher in this case also. 



Finally, if V '(X) at X = A was initially positive and F is small enough, V '(X) at X = A + F will still be 
positive. We need to determine equilibrium social welfare in this case. Equation (2) describes workers' 
expected payoff. It equals the probability of acceptance times the payoff from acceptance; the payoff from 
rejection is zero. Thus, from equation (2), 

[B - (X * -F)][(W - T) + X * +F] 

(9) V(X*) = ^ 1 l - 



Substituting X* = [B - (W - T)]/2 into equation (9) gives us 

t~ y \ nr / 



(10) V(X*) = 






(W-T) + 



B- (W-T) 



+ F 



B-A 



which simplifies to 

[2B-B+(W-T) + 2F][2(W-T) + B-(W-T) + 2F] 

(11) V(X*)= 4(B - A) 

and thus workers' expected payoff is given by 
[B+(W-T) + 2F] 2 

(12) V(X<) ° 4(B- A) ■ 



For capitalists, if it turns out to be less than X* - F, they reject the proposal and receive zero. If it turns out 
to be greater than X* - F, they accept the proposal and receive it - X* + F or it - (X* - F). Since it is 
distributed uniformly on [A, B], the probability density function of it over that interval is 
f(it) = 1/(B - A). Thus, capitalists' expected payoff, denoted K(X*), is given by 
? it-(X*-F) 

(13) K(X*)= J — r— — d*. 

it=X*-F 

Solving the integral in equation (13) gives us 
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(14) K(X*)-f— 


V i , ^ 


B 


-7r 2 -(X*-F)7r 




B-A 


\2 J 


7C=X*-F- 



which simplifies to 
(15) K(X*) = 1 



B _ aL "B* -(X*-F)B--(X*-F)" +(X*-Fr 
which can be factored as 

j ► j 

(16) K(X«)=-^-^[b 2 -2B(X*-F)+(X*-F) 2 ]=— -[B-(X*-F)| 
Substituting X* = [B - (W - T)]/2 into equation (16) gives us 



(17) K(X*) = 



1 



2(B- A) 



B- 



B-(W-T) 



+ F) 



1 



8(B- A) 



[B + (W-T) + 2F] 



2 



2 



Total social welfare is the sum of the expected payoffs for workers and capitalists. Adding equations (12) 
and (17) gives us 

[B+(W-T) + 2F1 2 [B + (W - T) + 2F1 2 

(18) SW(X*) = V(X*) + K(X*) = — — — 

4(B- A) 8(B- A) 

or simply 

(19) SW(X.) = 3[B+(W -' 0+2tf . 

8(B - A) 

From equation (19), we can see that social welfare is increasing in F and so the aid package from the 
international agency does raise social welfare unambiguously. 



Problem 11.14 

(a) Of the fraction f of the population that knows its welfare under both policies, fraction a is better off 
with Policy A. Thus fraction af of those who know their welfare prefer Policy A. 



Ex ante, the individuals in the fraction (1 - f) of the population that does not know its welfare are all 
identical. Each of these individuals will prefer Policy A if their expected utility from A exceeds that from 
B. The expected utility from Policy A, relative to that from Policy B, denoted E[U A ], is given by 
(1) E[U a ] = P(+1) + (1-P)(-1) = 2P-1, 

since with probability p they will be one unit of utility better off and with probability (1 - P) they will be 
one unit of utility worse off. These individuals will all prefer Policy A if 2p - 1 > 0 or P > 1/2. If p < 1/2, 
all of these individuals prefer Policy B and if P = 1/2, they are indifferent. 



Thus the fraction of the population that prefers Policy A under uncertainty, denoted X„ , is given by 
jaf + (1- f) if p > 1/2 

|af if p < 1/2 . 

(Note that if P = 1/2, the fraction of the population that prefers Policy A would be af plus (1 - f) times the 
fraction of those who are indifferent who decide to choose A.) 



(2) x£ = 



(b) Of the fraction f that always knows its welfare under both policies, fraction a prefer A. Now, of the 
fraction (1 - f) that previously did not know its welfare, fraction p find out that they are definitely better off 
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under Policy A. Thus P(1 - f) now prefer A. Thus the fraction of the population who prefer Policy A 
under certainty, denoted , is given by 
(3) X*=af + p(l-f). 

(c) There are cases when whichever policy is initially in effect is retained. Suppose Policy A is in effect. 
From equation (2) we can see that a proposal to switch to Policy B will be defeated if, for example, p > 1/2 
and af + (1 - f) > 1/2. The sum of the people who know their welfare and are better off with A, af, plus 
the entire fraction of the population who are uncertain, (1 - f), vote to retain A in this case. If they 
constitute at least half of the population, the proposal is defeated. 

Suppose Policy B is in effect. We are assuming that no one votes for a switch to Policy A if they know 
that once everyone's welfare is revealed, the majority would vote to revert back to Policy B. From equation 
(3), once welfare is revealed, fraction of + P(1 - f) prefer A. If this is less than 1/2, the majority would 
vote to return to Policy B. 

Thus whichever policy is in effect would be retained if P > 1/2, af + (1 - f) — 1/2, and af + P(1 - f) < 1/2. 
Because af + (1 - f) is greater than af + P(1 - f), it is easy to find parameter values that satisfy these 
conditions. One example is f = 0.5, a = 0.2, and p = 0.6. In this particular example, everyone knows that 
ex post, Policy B is preferred by the majority. Yet if Policy A is in effect, it is retained. This is driven by 
the fact that the entire portion of the population that is uncertain about its welfare maximizes its expected 
utility by voting for A but once that fraction of the population leams its welfare, not enough of them are 
better under A to constitute a majority when joined with the others who always preferred A. 



Problem 11.15 

(a) The representative from district j will maximize the utility of the representative person in that district, 
which is given by 

(1) Uj = E + V(Gj)-CCr), 

subject to the budget constraint given by 

(2) Zjf,Oi = MT, 
which can be rewritten as 



SflGi 



(3) T = 



M 



Substituting equation (3) into equation (1) gives us 

M 



(4) Uj =E + V(Gj)-C 



V 



J 



The first-order condition is given by 

> 



5U; 

(5) ^ i =V'(G j )-C' 



dC 



J 



za<Ji 



M 



iH 



or 



(6) V'(Gj) = — C' 



fzaoi 



M 
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(b) We want a value of G, denoted G N , that is optimal for a representative to choose given that all other 
representatives are choosing that level. Substituting that common choice of G N for Gj and all the Gi's in the 
condition defining the optimal choice of G, equation (6), gives us 



(7) V'(G N ) = ^C' 



^™G n 
M 



=— C' 
M 



MG 

M 



*0 



or simply 

(8) V'(G n ) = ^C'(G n ).~ 

M 

Representatives choose a level of the local public good, G N , such that the marginal utility of G N equals only 
their district's share of the marginal distortion costs of the taxes needed to finance that good. 



(c) To see if the Nash equilibrium is Pareto efficient, we can examine the social planner's problem. A 
social planner would maximize the sum of the utilities of the representative person in each district, which is 
given by 



M 



(9) = 

j=l 



E + V(Gj)-C 



SfiGi 



M 



where we have already substituted for the budget constraint using equation (3). Equation (9) simplifies to 



M 



^o, 



M 



(10) ZUj = ME + S^VCGj)- MC 

H 

The social planner chooses the same level of the public good in each district, which we can denote G . 
Thus equation (10) becomes 
M 



(11) ZUj = ME + V(G) - MC| 
j=l 



^MG^ 



l M 



= ME + MV(G) - MC(G) . 



The first-order condition for the choice of G is 



( 12 ) 



d G 



= MV'(G) - MC'(G) = 0, 



or simply 

(13) V'(G) = C'(G) . . 

The social planner equates the marginal utility of the level of the local public good with the total marginal 
distortion costs of the taxes required to finance that good. Comparing equations (6) and (13), then since 
V "(•) < 0, we can see that the social planner chooses a lower level of G for each district than the 
representatives do in the Nash equilibrium. That is, the Nash equilibrium involves an inefficiently high 
level of local public goods. 



Intuitively, in the decentralized equilibrium, an increase in the level of a local public good in any given 
district gives the representative person in that district marginal utility of V '(G). But the marginal cost of 
the distortion caused by the extra taxation needed to finance that good is borne by all individuals in all 
districts. Essentially, there is a negative externality from higher government purchases. Since individuals 
in any given district do not bear all the costs of extra purchases in that district, purchases are inefficiently 
high. 
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Problem 11.16 

(a) The representative from district j will maximize the utility of the representative person in that district, 
which is given by 

(1) Uj = E + V(Gj ) - C(T), 

subject to the budget constraint given by 

(2) D + Z&Gj-MT, 
which can be rewritten as 

D X,“,G, - 

(3) T = — + — { — . 

M M 

Substituting equation (3) into equation (1) gives us 

' iK.Oi' 



(4) Uj =E + V(Gj)-C 



JD 

M 



M 



The first-order condition is given by 

SUj (d 

(5) T7T‘ = V '( G j) -C ' ‘ 

<?G , J 



M 



M 






The Nash equilibrium value of G, denoted G N , is the one that is optimal for a representative to choose given 
that all other representatives are choosing that level. Substituting that common choice of G N for Gj and all 
the Gi's into equation (5), the condition defining the optimal choice of G, gives us 



(6) V'(O N )-^c{^ + O N )=0. 



To see how G N is affected by changes in the initial amount of debt, we can implicitly differentiate equation 



(6) with respect to D, which yields 



(7) V"(G N ) 



5G N 

od 



l_ 

M 




5G N 1 
5D + M 



Collecting the terms in cG N Id D gives us 



(8) 



v '< G V^ c ' 






dG 



N 



1 



'J dD M " 1 



g n +- 

M 



and thus 




since C "(•) > 0 and V "(•) < 0. Thus an increase in initial debt reduces the Nash equilibrium level of the 
local public good. 



(b) As explained in the solution to Problem 11.15, the representatives would choose an inefficiently high 
level of local public goods in the first period; the distortion costs of the taxation needed to finance those 
goods would be inefficiently high. As shown in part (a), the representatives know that by having D >0, 
they can reduce the purchases of public goods and thus the distortion costs of the taxes because a positive 
value of debt will reduce the inefficiently high level of government purchases in the second period. 
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(c) If representatives were to choose D before the first-period value of G is determined, the representatives 
would choose not to issue any debt. It is true that with D = 0, there will be distortion in the choice of local 
public goods each period as shown in Problem 1 1.5; the level of local public goods will be inefficiently 
high. Choosing D > 0 reduces the choice of local public goods in the second period, as shown in part (a), 
which at the margin is desirable. But analogous reasoning would show that it would raise the choice of 
local public goods in the first period, which at the margin is undesirable. Thus having D > 0 does not 
clearly counteract the "common -pool" distortion. In addition, it introduces departures from tax-smoothing 
and expenditure-smoothing, and thus it appears that representatives would not choose to issue any debt. 



Problem 11.17 

The probability density function of T is given by 



(1) f(D = 



1 

2X 



if p-x<T<p+x 



otherwise. 



(2) F(D = 



f° 


if 


H 

1 

9 s 

1 

£ 


if 


2X 


.1 


if 



if T > p - X. 



The probability of a default equals the probability that tax revenue, T, is less than the amount due on the 

debt, RD, and thus equals F(RD). So from equation (2), we can see that the probability of default, n, is 
given by 

[0 if RD<p-X or R<(p-X)/D 



(3) k=F(RD) = 



RD-(p-X) 

2X 



if p-x< RD<p+x or (p- x) / D < R<(p + x) / D 



u 



if RD > p + X or R>(p + X)/D. 



The other equilibrium condition describing combinations of R and n for which investors are willing to hold 
the economy's debt is still given by 



Equations (3) and (4) are depicted in the figure at 
right. This shows the possible situation of multiple 
equilibria. Under the plausible dynamics described in 
the text, the equilibrium at A is stable whereas the 
equilibrium at B is not. Another stable equilibrium 
occurs when investors are unwilling to hold the 
economy's debt at any interest rate. 

(a) A rise in p represents an upward shift in the 
distribution of possible tax revenue without a change 
in its dispersion. The probability of default line shifts 
to the right by the change in p. The locus given by 
equation (4) is unaffected. The stable equilibrium 
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would now involve a lower interest factor and a lower probability of default. 

(b) A fall in X represents a decrease in the dispersion of possible tax revenue without a changem its 
expected value. The locus given by equation (4) is unaffected. The slope of the probability of default line 
is given by dit/dR = D/2X. Thus this line essentially rotates; it becomes steeper over a smaller range and 
still goes through the point (x = 1/2, R = p/D). If the original intersection between the two equilibrium 
conditions was at RD < p or R < p/D (as in the case depicted in the figure above), the new stable 
equilibrium would involve a lower interest factor and a lower probability of default. 




